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PREFACE, 


IN  this  book  we  have  sought  to  give  an  account  of  a  department 
of  mathematics  which  is  now  generally  regarded  as  fundamental. 
A  list  of  the  men  to  whom  the  successive  advances  of  the  subject 
are  due,  includes,  with  few  exceptions,  the  names  of  the  greatest 
French  and  German  mathematicians  of  the  century,  from  Cauchy 
and  Gauss  onward.  And  in  line  with  these  advances  lie  the  chief 
fields  of  mathematical  activity  at  the  present  day. 

The  most  legitimate  extensions  of  elementary  analysis  lead  so 
directly  into  the  Theory  of  Functions,  that  recent  writers  on  Algebra, 
Trigonometry,  the  Calculus,  etc.,  give  theories  which  are  indispen 
sable  parts  of  our  subject.  But  since  these  theories  are  not  found 
in  many  current  text-books,  it  appears  most  convenient  for  the 
generality  of  readers  to  make  the  earlier  chapters  complete  in 
themselves.  Thus  an  account  is  given  in  ch.  i.  of  the  geometric 
representation  of  elementary  operations ;  and  in  ch.  iii.,  before  the 
introduction  of  Weierstrass's  theory  of  the  analytic  function,  the 
theory  of  convergence  is  discussed  at  some  length. 

We  have  aimed  at  a  full  presentation  of  the  standard  parts  of 
the  subject,  with  certain  exceptions.  Of  these  exceptions,  three 
must  be  stated.  In  ch.  ii.,  the  theory  of  real  functions  of  a  real 
variable  is  given  only  so  far  as  seems  necessary  as  a  basis  for  what 
follows.  In  the  account  of  Abelian  integrals  (ch.  x.),  our  object  is 
to  induct  the  reader  as  simply  and  rapidly  as  possible  into  what  is 
itself  a  suitable  theme  for  more  than  one  large  volume.  And  we 
have  entirely  passed  over  the  automorphic  functions,  since  it  was 
not  possible  to  give  even  an  introductory  sketch  within  the  space  at 
our  disposal.  However,  an  account  of  some  of  Kronecker's  work, 
which  is  necessary  for  the  study  of 'Klein's  recent  developments  of 
the  theory  of  Abelian  functions,  is  included  in  ch.  vi.;  and  ch.  viii. 
is  devoted  to  a  somewhat  condensed  treatment  of  double  theta- 
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functions,  which  goes  further  than  is  necessary  for  our  immediate 
purpose,  for  the  reason  that  the  subject  is  not  very  accessible  in  the 
English  language. 

Progress  is  intentionally  slow  in  some  places,  where  what  is 
required  is  a  formation  of  certain  new  concepts,  rather  than  an 
enlargement  of  ideas  that  pre-exist. 

As  to  the  place  of  the  Theory  of  Functions  in  the  order  of  those 
mathematical  studies  which  appear  in  all  curricula,  its  more  ele 
mentary  parts  can  be  attacked  with  advantage  so  soon  as  a  sound 
knowledge  of  the  Integral  Calculus  is  gained.  It  will  be  found 
that,  though  collateral  subjects  such  as  the  theory  of  Algebraic 
Equations  and  the  analytic  theory  of  Plane  Curves  are  freely 
referred  to,  a  previous  knowledge  of  them  is  rarely  necessary  for 
the  understanding  of  what  follows.  It  may  be  added  that  an 
acquaintance  with  the  present  subject  is  requisite  for  the  study 
of  the  modern  theory  of  Differential  Equations.  It  is  presupposed, 
for  example,  in  Dr.  Craig's  treatise. 

The  many  writers  to  whom  we  are  indebted  for  theories  or  for 
elucidations  are,  of  course,  referred  to  in  the  text.  There  has 
appeared  quite  recently  the  very  important  treatise  of  Dr.  Forsyth, 
unfortunately  too  late  to  be  included  in  these  references. 

A  Glossary  is  added,  which  gives  the  principal  technical  terms 
employed  by  German  and  French  writers,  with  the  adopted  equiva 
lents.  The  page  on  which  these  equivalents  are  defined  will  be 
found  by  consulting  the  Index. 

To  our  respective  colleagues,  Professor  C.  A.  Scott  and  Professor 
E.  W.  Brown,  our  hearty  thanks  are  due  for  valuable  assistance 
with  the  proof-sheets. 

May,  1893. 
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CHAPTER  I. 


GEOMETRIC  INTRODUCTION. 

§  1.  A  real  number  x  can  be  represented  by  a  point  on  a 
straight  line,  which  lies  at  a  distance  x  units  of  length  from  a  fixed 
point  o  of  the  line ;  and  conversely  to  every  point  of  the  line  corre 
sponds  a  definite  number.  This  representation  presupposes  a  precise 
definition  of  irrational  real  numbers  (see  Chapter  II.)  ;  also  it 
raises  the  question  of  the  continuity  of  the  system  of  real  numbers. 

To  represent  the  complex  number  x  -\-  iy,  take  two  lines  ox,  oy  at 
right  angles  to  each  other,  and  measure  off  distances  om  along  ox, 
and  mp  parallel  to  oy,  such  that  om,  mp  =  x,  y  units  of  length. 
The  number  x  -f  iy  is  considered  as  attached  to  the  point  p.  In 
this  representation,  neighbouring  numbers  are  attached  to  neigh 
bouring  points,  and  there  is  a  (1,  1)  correspondence  between  the 
numbers  of  the  complete  number  system  and  the  points  of  the  plane. 


0  a?        Real  4.xis 

Fig.  1 


From  this  point  of  view  the  complex  number  x  -f  iy  is  attached 
to   the  point  whose   rectangular  Cartesian   co-ordinates   are   x,   y, 
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The  number  x  -f  iy  can  be  replaced  by  a  single  symbol  z,  called  the 
affix  of  the  point.  We  shall  name  the  point  by  its  affix,  so  that 
by  the  point  z  we  shall  mean  the  point  to  which  z  or  x  +  iy  is 
attached.  It  is  understood  throughout  that  x  and  y  are  real. 

The  complex  number  is  constructed  out  of  two  elements,  each  of 
which  is  capable  of  assuming  a  singly  infinite  series  of  values;  this 
is  the  reason  that  it  needs  for  its  representation  a  doubly  infinite 
series  of  points.  The  plane  is  chosen  as  the  field  on  which  these 
points  are  to  lie ;  and  the  figure  formed  by  representing  points  in 
this  way  is  referred  to  as  Argand's  diagram.  Other  representations 
are  possible ;  as,  for  instance,  on  a  sphere.  We  shall  have  occasion 
to  establish  a  (1,  1)  correspondence  between  the  points  of  a  sphere 
and  the  doubly  infinite  series  of  values  of  z,  and  thus  to  use  the 
sphere  as  the  field  on  which  z  is  represented. 

§  2.     Absolute  value  and  amplitude. 

Let  p,  00  be  the  polar  co-ordinates  of  the  point  z.  where  0  ^  00<  2ir. 
The  quantity  p,  or  +  Var  +  y2.  is  called  the  absolute  value  or  modu 
lus  of  z,  and  is  denoted  by  \z\.  Thus  the  absolute  value  is  repre 
sented  by  the  distance  of  the  point  from  the  origin  taken  positively. 
The  amplitude  of  a  point  z  is  the  angle  00  +  2wir,  where  m  is  any 
integer,  positive  or  negative.  It  differs  from  the  absolute  value  in 
not  being  one-valued.  It  may  be  denoted  by  am(z).* 

It  is  clear  that  as  z  describes  a  continuous  curve  in  the  plane  of  z 
(which  will  henceforth  be  called  the  z-plane),  !z|  changes  contin 
uously.  When  an  amplitude  of  z  has  been  selected,  that  of  any 
point  on  the  curve,  which  is  infinitely  near  to  z,  is  understood  to  be 
that  one  which  is  infinitely  near  to  the  selected  amplitude.  In  this 
way  the  amplitude  is  determined  throughout  the  curve.  There  is 
one  exception  to  the  continuity  of  the  amplitude;  when  z  passes 
through  the  origin,  there  is  an  abrupt  change  of  TT  in  the  value 
of  its  amplitude.  There  is  an  obvious  advantage  in  choosing  for 
the  amplitude,  when  possible,  the  least  positive  turn  which  will 
bring  the  line  Ox  into  coincidence  with  the  line  Oz ;  this  turn,  which 
we  have  called  00>  may  be  called  the  chief  value  of  the  amplitude. 
This  plan  will  be  generally  adopted,  and  will  not  need  explicit  state 
ment.  The  context  will  show  when  it  is  inapplicable. 

§  3.     The  representation  of  the  point  zx  +  z2. 

We  are  to  construct  the  point  whose  affix  is  the  sum  of  the 
affixes  of  two  given  points. 

*  The  amplitude  is  sometimes  called  the  argument. 
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Let  «!  =  *!  +  ift.  2:,  =  .r2  +  iy« ; 

then  zx  +  2,  =  %!  +  x.2  +  i  (ft  -f  ft)  • 

The  coordinates  of  the  fourth  corner  z3  of  the  parallelogram 
are   ^  +  x2,  ft  -f  ft ;   hence,  z3  is  the  point  which  represents   zl  -f  z.? 

Tlie  representation  of  the  point  zl  +  z.2  +  z3. 

Let  zn  Zo,  z3  be  any  three  points  in  the  plane.  The  point 
Zl  _j_  2,  _|_  23  can  be  found  by  the  following  construction :  draw  lines 
^ips-  PsPs  parallel  and  equal  to  Oz2,  Or3.  The  point  p3  has  for  its  affix 
2j  -f_  z.2  +  z3.  And  so  on  for  the  sum  of  any  number  of  z's. 

§  4.  Subtraction.  If  zx  -j-  z2  =  z3,  then  of  course  z^—  Zj  =  z2.  The 
construction  is  as  follows :  join  zl  to  z3,  and  draw  Oz2  parallel  and 
equal  to  zfa.  The  point  z2  represents  the  difference  z3  —  zx. 

§  5.  Multiplication.  To  construct  the  point  zfe  use  polar  co-ordi 
nates,  and  write  zl  =  P!  (cos  01  -f  i  sin  ^),  z2  =  p2  (cos  ^2  +  i  sin  02) .  By 
ordinary  multiplication 

Zi*2  =  PIPS  Jcos  (<9j  +  ^2)  -f  i  sin  (^  -f-  02)  ^, 

so  that  the  point  z^  has  polar  co-ordinates  p^,  ^  -f  02. 

We  see  that  the  absolute  value  of  the  product  is  equal  to  the 
product  of  the  absolute  values,  and  the  amplitude  of  the  product  is 
equal  to  the  sum  of  the  amplitudes ;  this  has  been  proved  for  two 
factors,  and  can  be  proved  at  once  for  any  number. 

§  6.     Division.     zljz.1  —  pl  (cos  Ol  +  i  sin  9^/p^  (cos  02  -f  i  sin  02) 
=  PI/ PS  •  ^cos  (6l  -  0s)+ism  (Ol  -  9,)  \. 

Thus  the  absolute  value  of  a  quotient  is  the  quotient  of  the  absolute 
values,  and  the  amplitude  is  the  difference  of  the  amplitudes  of  the 
numerator  and  denominator. 

§  7.  So  far  we  have  treated  z  as  a  quantity  attached  to  a  point 
without  assigning  any  meaning  to  z  itself.  But  a  meaning  can  be 
assigned  to  z  which  is  very  useful  for  many  applications.  To  this 
we  now  proceed. 

Strokes.  When  the  magnitude  and  direction,  but  not  the  position, 
of  a  quantity  are  taken  into  account,  the  directed  quantity  is  called  a 
stroke  or  vector.  The  magnitude  is  called  its  absolute  value  or  mod 
ulus  ;  the  direction  of  the  stroke  (i.e.  its  inclination  to  some  fixed  line) 
is  called  its  amplitude  or  argument.  A  displacement  of  a  point  from 
the  position  a  to  the  position  b  is  a  stroke,  which  we  denote  by  ab. 
If  a  rigid  body  be  displaced  from  one  position  to  another,  without 
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rotation,  so  that  a,  a^  are  displaced  to  6,  61?  the  definition  implies 
that  the  strokes  ab  and  a^  are  equal.  The  strokes  ab,  6^  are  not 
equal,  but  opposite.  Equality  of  strokes  implies  two  equalities: 
equality  of  absolute  values  and  equality  of  amplitudes. 

In  the  comparison  of  strokes  it  is  convenient,  in  general,  to  refer 
them  to  the  same  initial  or  zero-point,  which  we  shall  call  the  origin, 

and  denote  by  0.  From  0  we  draw  a 
directed  straight  line  Ox,  which  serves  as 
zero  of  direction.  On  this  line  we  take 
points  a,  b  equidistant  from  0.  Then 
0  a  v  &0  =  Oa.  Now  by  the  expression  60  -f-  06 

is  meant  a  displacement  from  b  to  0,  fol 
lowed  by  a  displacement  from   0   to  b. 
The  resultant  displacement  is  evidently 
Fig-  2  zero,  or  60  +  06  =  0._Thus  60  =_-  06,  and 

Oa  =  60;  therefore  06  =  (-l)Oo^  In  this 

equation  we  may  regard  —1  as  an  operator  which  turns  Oa,  in  the 
plane  of  the  paper,  through  the  angle  ?r.  Mark  off  in  the  line  Oy 
perpendicular  to  Ox  points  c  and  d,  whose  distances  from  0  are  equal 
to  that  of  a  or  6.  Let  i  be  the  operator  which  changes  the  stroke 
Oa  into  the  stroke  Oc.  Then  Oc  =  i  •  Oa,  and  we  may  regard  i  as  a 
turn  through  w/2,  counter-clockwise,  in  the  plane  of  the  paper. 
Now  06  arises  from  Oc  by  such  a  turn,  therefore 


But  06  =  (-l)0a; 

hence  i2  •  Oa  =  (  —  1)  •  Oa. 

Since  the  operators  —  1  and  ^2  have  the  same  effect  on  Oa,  we  are 
led  to  represent  the  operator  i  by  the  symbol  V  —  1,  and  to  interpret 
the  symbol  i  by  a  turn  through  a  right  angle.  If,  in  Fig.  2,  Oa  be  of 
length  1,  we  denote  it  merely  by  1,  and  generally  by  any  real 
positive  quantity  x  we  mean  the  stroke  Ox  ;  Oc  is  i  •  1,  or  simply  i, 
it  being  understood  that  the  subject  of  operation,  when  not  men 
tioned,  is  the  stroke  unity.  Further,  06  =  i2  =  —  1,  Od  =  i3  =  —  z  , 
Oa  =  i4  =  1.  The  stroke  iy  is  the  line  which  joins  0  to  a  point  on 
the  axis  of  y,  distant  y  units  from  the  origin,  the  point  being  above 
or  below  the  line  Ox  according  as  y  is  positive  or  negative. 

To  interpret  the  sum  of  two  real  numbers,  say  2  +  3,  we 
suppose  the  displacement  3  to  follow  on  the  displacement  2,  so  that 
the  beginning  of  3  is  the  end  of  2.  Thus  in  a  sum  only  the  first 
stroke  is  drawn  from  the  origin.  We  define  the  addition  of  any 
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two  strokes  in  the  same  way.  Thus,  2  -fi'3  shall  mean  two  steps 
to  the  right  and  3  upwards ;  the  sum  is  represented  by  the  single 
stroke  from  0  to  the  point  so  obtained.  If  we  write  z  =  x  +  iy,  we 
mean  that  the  stroke  from  the  origin  to  the  point  whose  co-ordinates 
are  x,  y  is  called  z. 

We  may,  then,  regard  z  as  a  stroke  drawn  from  the  origin  instead 
of  (as  at  first)  merely  the  point  which  marks  the  end  of  the  stroke. 
And  though  in  general  we  shall  represent  z  by  a  point,  it  is  some 
times  convenient  to  fall  back  on  the  underlying  stroke  idea.  We 
now  show  that  the  method  of  strokes  gives  interpretations  of  the 
fundamental  operations  which  agree  with  those  already  given. 

§  8.     TJie  addition  of  strokes. 

The  sum  of  two  strokes  zl9  z2  is  the  diagonal  of  the  parallelogram 
whose  sides  are  ZD  z.2.  and  zl  -f-  22  means  that  zl  begins  at  o  and  z2  at  zl 
(see  Fig.  3).  To  add  several  strokes,  we  add  the  third  to  the  sum  of 


Fig.  3 


Fig.  4 


the  first  two,  giving  a  new  stroke;  the  fourth  to  this,  and  so  on. 
Since  the  length  of  the  resultant  stroke  is  not  greater  than  the  sum 
of  the  lengths  of  the  component  strokes,  we  have  the  theorem  that 
the  absolute  value  of  a  sum  is  not  greater  than  the  sum  of  the 
absolute  values  of  the  terms. 

§  9.     Subtraction  of  two  strokes. 

Let  zl  -f  z.,  =  z3,  then  z3  —  z.2  =  zt.  Hence,  to  represent  the  differ 
ence  of  two  strokes  z3,  z2,  let  both  start  from  the  origin  and  join  the 
point  z2  to  the  point  z3.  The  stroke  z<jZ3  (Fig.  3)  represents  z3  —  z2. 

§  10.     Multiplication. 

Using  polar  co-ordinates,  x  +  iy  =  p  (cos  0  +  i  sin  0)  ;  we  may 
regard  this  expression  as  an  operator  on  the  stroke  1,  which  is 
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understood.  Then  this  stroke  1  is  to  be  stretched  in  the  ratio  p/1, 
and  turned  through  an  angle  0. 

To  multiply  22  by  z1?  the  operator  z1  is  to  affect  the  stroke  z2  in 
the  same  way  as  it  affects  unity  in  order  to  obtain  the  stroke  z{. 
Let  p2,  02  be  the  absolute  value  and  amplitude  of  z2 ;  p^  Oi  those  of  Zj. 
Then  we  must  stretch  p2  till  it  becomes  pip2,  and  increase  the  ampli 
tude  02  by  0j.  Thus  we  obtain  the  same  rule  as  before.* 

Geometrically,  if  the  triangle  Oz2z3  be  similar  to  the  triangle  01^, 
then  z3  represents  the  product  Z&.  When  we  say  that  abc  and  a'b'c' 
are  similar,  it  is  to  be  understood  that  the  triangles  are  congruent, 
or  of  like  sign ;  abc  is  positive  when,  in  describing  the  perimeter 
from  a  to  c  by  way  of  b,  the  area  lies  on  the  left.  It  is  further  to 
be  understood  that  corresponding  angles  are  mentioned  in  their 
proper  order,  i.e.  that  the  angles  at  a  and  a'  or  at  b  and  b'  or  at  c 
and  c'  are  equal. 

§  11.     Division.     Let  zs/z2  =  ~i  5  therefore  z&  =  z^z2  =  z2z^ 
Hence,  to  determine  zl5  we  construct  a  triangle  Olzj.  similar  to 
the  triangle  Qz2z3. 

§  12.  The  interpretation  of  cos  0  -f  i  sin  6  as  a  turn  through 
an  angle  0  affords  an  immediate  proof  of  De  Moivre's  theorem.  For 
a  succession  of  turns  01?  02,  •••,  Ok  is  effected  by  the  operator 

(cos  Ok  -f  i  sin  Ok)  (cos  0^  -f  i  sin  0^)  •••  (cos  0X  +  £  sin  0^, 

and  the  single  turn   0±  +  6.2  -\ +  9k  by 

cos  (0,  +  02  +  ...  +  0t)  +  i  sin  (0!  +  02  +  ...  +  0*)- 

But  the  single  resultant  turn  produces  the  same  effect  as  the 
succession  (in  any  order)  of  component  turns,  therefore 

(cos  BI  +  i  sin  0X)  (cos  02  -f-  *  sin  02)  •••  (cos  6k  +  i  sin  0A.) 
=  cos  (0!  +  0,  +  ...  +  #*)+  *  sin  (^i  +  0,  +  •••  +  0.). 
An  important  special   case   is   when    0j  =  02=  •••  =  Ok  =  2X.ir/k. 
The  formula  becomes 

(cos  2 \Tr/k  +  i  sin  2X.7r/k)k=  cos  2  ATT  4-  i  sin  2  ATT  =  1. 

Hence  cos  2\7r/k  -f  i  sin  2\7r/k  is  a  Mh  root  of  unity,  and  the  A; 
distinct  roots  are  obtained  by  making  X  =  0, 1,  •••,  k  —  1. 


*  It  is  to  be  observed  that  z±zz  is  not  the  product  of  two  vectors  in  the  Quaternion  sense, 
but  the  effect  of  an  operator  denoted  by  2t  on  a  vector  denoted  by  zz.  For  this  reason  there  is 
an  advantage  in  replacing  the  word  vector  by  stroke.  [See  Clifford's  Common  Sense  of  the 
Exact  Sciences,  p.  199.] 
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§  13.  Powers  of  z.  The  positive  integral  power  is  included 
under  the  multiplication  law.  Let  the  absolute  value  of  z  be  p,  the 
amplitude  6.  Then  zn  has,  when  n  is  a  positive  integer,  an  absolute 
value  pn  and  an  amplitude  nO.  To  interpret  zp/«,  where  p  and  q  are 
integers,  call  its  absolute  value  p',  its  amplitude  <j>.  By  zp/q  is  to  be 
understood  a  quantity  which,  when  multiplied  by  itself  q  —  1  times, 
gives  zp.  Therefore  p"  =  ff,  q<f>=p9  +  2  ATT,  where  X  is  any  integer. 
The  absolute  value  p  being  positive,  there  is  a  real  positive  value  of 
pp/q,  and  this  we  choose  for  p'.  The  amplitude  <f>  has  q  distinct  values, 
got  by  giving  to  A.  the  values  0, 1,  2,  •••,  q  —  1.  Xo  two  of  these  are 
congruent  with  regard  to  2  TT,  but  any  other  value  of  the  integer  X 
gives  an  angle  congruent  to  one  of  these  q  amplitudes.  The  absolute 
values  of  the  q  roots  are  equal  to  p',  and  the  amplitudes  form  an 
arithmetic  progression  of  q  terms,  for  which  the  common  difference 
is  27r/g.  If  A  =  0  and  0  =  0Q,  then  <t>o=p90/q  gives  the  chief  root. 
The  representative  points  form  a  regular  <?-gon. 

A  negative  power  is  the  quotient  of  1  by  a  positive  power. 

§  14.  The  Arithmetic  Mean  of  n  points  zr  (/'  =  !,  2,  ••-,  n)  is 
the  point  denned  by  the  equation 

z  =  1/n  •  2zr. 

n  n 

Its  co-ordinates  are  1/w  •  2xrt  l//i  •  2yr ;  accordingly  the  point  is 

the  centroid  of  the  n  points. 

A  Geometric  Mean  of  n  points  zr  (r  =  l,  2,  ••-,  ?i)  is  a  point 
denned  by  the  equation 


Thus  the  geometric  means  are  n  in  number,  and  form  a  regular 
polygon. 

In  particular,  the  geo 
metric  means  of  za,  z2  are 
the  points  z,  z',  which  lie  on 
the  bisectors  of  the  angles 
ZiOz2,  z2Qzj,  at  a  distance 
from  0  which  is  the  posi 
tive  square  root  of  Zj|  |z2|. 
These  points  are  more  prop 
erly  the  geometric  means 

with  regard  to  the  origin.     A  geometric  mean  with  regard  to  any 
point  ZQ  is  denned  by  the  equation 
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The  Harmonic  Mean  of  n  points  (with  regard  to  the  origin)  is 
the  point  defined  by 

n/z  =  2  l/zr. 
The  harmonic  mean  with  regard  to  any  point  z0  is  denned  by 


The  arithmetic  mean  is  peculiar  in  that  it  is  independent  of  the 
origin. 

§  15.  An  extension  of  the  Argand  representation  to  points  in  space  is  not 
consistent  with  the  maintenance  of  the  rules  of  ordinary  algebra. 

If  such  an  extension  be  possible,  a  point  (£,  77,  f)  will  have  for  its  affix 
£  4-  i-rj  -\-  j{.  The  product  of  two  such  expressions,  (a  +  ib  +  jc)(a  -f  ifi  +jy), 
must  be  of  the  same  form.  Hence  i2,  i;,  j'2  must  be  linear  functions  of  z,  j. 

Let  i2  =  pl  +  qj  +  ra  j,  y  =  ji  =p.2  +  qj  +  rj,  j2  '=  p3  +  qsi  +  rj,  and  let 
the  product  in  question  be  zero.  This  requires  that  the  constant  term  and  the 
coefficients  of  i,  j  shall  vanish  separately.  Let  the  resulting  equations  be 


Dra  +  ErP  +  Fry  =  0     (r  =  1,  2,  3). 

These  equations  can  be  satisfied  by  values  of  a,  /3,  7  other  than  a=/3=7=0, 

provided  A  =  0,  where 

Dl  El  I 

A  E2  1 

A  ^3  -* 

Now  A  is  a  cubic  expression  in  a,  &,  c.  If  real  values  be  given  to  b,  c,  the 
equation  A  =  0  must  have  one  real  root ;  choose  this  for  a.  Thus  the  product 
(a  _|_  ft  4.  jc)(a  +  fj8  +  J7)  can  be  made  to  vanish  in  cases  when  neither  of  the 
factors  vanishes,  a  result  contrary  to  the  laws  of  ordinary  algebra.  [See 
Konigsberger,  Elliptische  Functionen,  p.  10;  Stolz,  Allgemeine  Arithmetik, 
t.  ii.  ch.  1.] 

§  16.     Continuity  of  one-valued  functions. 

When  to  each  value  of  a  complex  variable  z  another  complex 
variable  w  is  assigned,  so  that  when  z  is  given,  w  can  be  constructed 
uniquely,  w  is  a  one-valued  function  of  z.  When,  for  a  given  z.  n 
values  of  w  exist,  w  is  an  n-valued  function  of  z* 

A  one-valued  function  f(z)  is  continuous  at  a  point  z  =  a  of  a 
region  if  to  every  positive  quantity  c,  however  small,  a  positive 
quantity  8  can  be  assigned,  such  that  for  all  points  z  of  the  region 
for  which  z  —  a  \  <  8, 


*  The  idea  of  a  function  will  be  more  carefully  considered  in  Chapters  II.  and  III. 
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For  example,  if  in  be  a  positive  integer,  zm  is  a  continuous  one- 
valued  function  of  z  at  every  finite  point  a.     For  let  z  —  a  =  h  ;  then 


z-  -  a-  = 


therefore  (§  8) 


If)  III 

•  — ' 

By  taking  |  h  \  small  enough,  the  series  on  the  right  can  be  made 
<  any  given  positive  quantity  e ;  let  8  be  such  a  value  of  {  h  \ ;  then, 
when  |  z  —  a  <  8,  |  zm  —  am  \  <  e,  and  therefore  zm  is  continuous  at 
z  =  a. 

If  m  be  a  negative  integer,  zm  is  discontinuous  at  2  =  0. 

A  function  is  continuous  in  a  region  if  it  be  continuous  at  all 
points  of  that  region. 

The  sum  of  two  functions,  which  are  continuous  at  2  =  a,  is 
continuous  at  z  =  a.  For  if,  given  e,  we  can  assign  8j  and  82  so  that 

when  |  z  —  a    <  8D  \MZ)  —Ma)  I  <  e> 

and  when  \z  —  a    <  82,  \MZ)  ~Ma)  I  <  e? 

then,  when  \z  —  a    <  the  smaller  of  the  two  8!  and  82, 


Corollary.  —  The  same  theorem  holds  for  the  sum  of  a  finite 
number  of  functions.  In  particular 

w  =  cmzm  -f  cm_12m-1  H h  c0, 

where  m  is  a  positive  integer,  is  a  continuous  function  at  every 
finite  point.  Such  a  function  is  called  an  integral  rational  function, 
or  shortly,  an  integral  function. 

The  quotient  of  two  integral  functions  is  called  a  rational  function. 
It  may  be  left  to  the  reader  to  prove  that  a  rational  function  is  con 
tinuous  at  a  finite  point  a,  unless  the  denominator  is  zero  at  a. 

The  integral  and  rational  functions  are  special  cases  of  the  alge 
braic  function,  which  is  defined  by  the  algebraic  equation  F(wn,zm)  =0, 
where  F(ivn,zm)  is  an  integral  function  of  both  z  and  w,  of  degrees  m 
in  z  and  n  in  w.* 


*  Definitions  similar  to  those  of  this  article  are  required  in  the  case  of  several  independent 
variables.  In  particular,  a  one-valued  function  f(zv,  z.2,  ...,  zr~)  is  continuous  at  av  a2,  ...,  ar  if  to 
an  arbitrary  positive  e  positive  quantities  BK  can  be  assigned  such  that 

|/t»i,  zt »r)  -/(«i»  fh>  -,  Or)!  <e  when  \zK-aK  |<«K,  where  *  =  1,  2,  ...,  r. 
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§  17.  In  the  Cartesian  geometry  of  two  dimensions  we  consider 
an  integral  algebraic  equation  between  two  variables,  F(x,  y)  —  0. 
For  graphical  purposes  x  and  y  must  be  real,  but  to  maintain  the 
generality  of  the  algebraic  processes  employed,  imaginary  points  are 
introduced. 

(i.)  The  values  x,  yy  when  both  real,  are  the  affixes  of  real 
points  on  two  straight  lines  ox,  oy,  which  are  both  axes  of  real 
numbers ;  but  besides  these  real  points,  there  may  be  imaginary 
points  on  the  axes,  to  which  complex  numbers  are  attached. 

(ii.)  The  curve  does  not  represent  the  values  of  either  x  OY  y 
separately,  but  merely  shows  to  the  eye  the  relation  between  the 
real  variable  x  and  the  corresponding  ?/,  when  real. 

In  the  Theory  of  Functions  F(iv,  z)  =  0  is  an  equation  in  which 
both  w  and  z  are  complex,  and  in  which  some  or  all  of  the  constants 
may  be  complex.  To  represent  z  a  complete  plane  is  needed.  The 
values  of  w  which  correspond  to  a  given  z  are  represented  by  as 
many  points  in  the  w-plane,  which  may  or  may  not  be  the  same  as 
the  z-plane.  When  we  wish  to  show  to  the  eye  the  relation  of  iv  to 

2,  we  seek  to  draw  the  paths  and 

< 1 i —    (-4.)        mark  the    regions    in   the   w-plane, 

which  correspond  to  assigned  paths 
and  regions  in  the  z-plane. 

The  origin  in  the  w-plane  will  be 
(J5)     denoted  by  0'. 

A  most  important  difference  be- 
9'  tween    the    theories    of    real    and 

complex  variables  lies  in  the  face  that  in  the  former  the  routes 
from  a  point  a  to  a  point  6,  are  restricted  to  the  straight  line  a b 
(Fig  6,  A)  ;  whereas,  in  the  latter,  infinitely  many  paths  apb  connect 
a  and  b  (Fig.  6,  B). 

§  18.     The  fundamental  theorem  of  algebra. 

One  of  the  earliest  uses  made  of  the  geometric  representation 
of  the  complex  variable  was  in  the  proof  that  the  equation 

«0=/(s?)=2kz«==0 

0 

has  n  roots.  While  z  ranges  over  the  whole  plane,  w  ranges  over 
part,  if  not  all,  of  the  w-plane.  Let  us  assume  that  w  never  reaches 
0',  then  there  must  be  some  point  or  points  in  the  z-plane  for  which 
iv  is  at  a  minimum  distance  p'  from  0'.  Let  the  circle  whose  centre 
is  0'  and  radius  p'  be  called  F.  By  hypothesis  it  is  impossible  for 
w  to  move  into  the  interior  of  F,  whatever  be  the  2-path.  We  shall 


GEOMETRIC   INTRODUCTION.  11 

disprove  this  hypothesis  by  showing  that  when  z  +  k  describes  a 
small  circle  once  round  z,  ic'  =f(z  +  h)  turns  at  least  once  round  w. 
By  the  theory  of  equations, 


(i.)  Let/'(z)=£0,  and  let  ic'  —  w  =  li  [f'(z)+£\.  When  \h\  is 
sufficiently  small,  £  |  becomes  less  than  an  arbitrarily  assigned 
small  positive  quantity  e,  by  §  8  ;  and  am  (/'(z)  +  £)  tends  to  the 
limit  am  f'(z).  Hence,  approximately,  ?c'  —  v:  =  hf  (z)  .  Xow  am  (h) 
takes  all  values  from  0  to  2?r  and  amf'(z)  remains  constant,  while 
z  -f  h  describes  the  small  circle.  Hence  am  (ic1  —  10)  increases  by 
2  TT.  This  shows  that  10'  describes  a  small  closed  path  once  round 
w,  and  penetrates  into  T,  contrary  to  hypothesis. 

(ii.)  Let  f'(z)  =  0.  All  the  coefficients  cannot  vanish,  since  the 
last  coefficient  is  a  constant.  Let  fr(z)/r\  be  the  first  of  the 
coefficients  which  does  not  vanish.  The  approximate  equation 
ic'  —  ic  =  hrf(z)/rl  shows  that  iv'  turns  r  times  round  w,  while  z 
describes  its  circle.  As  before,  this  leads  to  a  result  which  is  incon 
sistent  with  the  original  hypothesis. 

It  results  from  this  argument  that  there  is  a  value,  say  zb  for 
which/(z)  =  (z  —  Zi)/!  (z)  .  By  the  same  argument  /^z)  =  (z  —  z2)/2(z), 
and  so  on.  Thus  f(z)  has  as  many  zeros  as  dimensions.  [See 
Argand,  Sur  une  maniere  de  repre"senter  les  quantites  imaginaires, 
Reprint  of  1874;  Clifford's  Collected  Works,  p.  528;  Crystal's 
Algebra,  t.  i.,  p.  244.] 

A  result  of  Cauchy's  follows  at  once.     We  have 

f(z)  =  a(z-zi)(z-z.2).-(z-zn). 

Therefore  the  amplitude  of  f(z)  is  equal  to  the  sum  of  the  am 
plitudes  of  a,  z  —  z^z  —  z.2,  •••,  z  —  zn.  Xow  let  z  describe  a  closed 
contour  returning  to  its  starting  point. 
If  a  root  zr  be  inside  the  contour,  the 
amplitude  of  z  —  zr  increases  continu 
ously,  and  the  final  amplitude  is  greater 
than  the  initial  amplitude  by  2?r  (Fig.  7, 
A).  If  zr  be  outside  the  contour,  the 
amplitude  returns  to  the  old  value 
(Fig.  7,  B)  .  Hence  if  s  be  the  number 
of  roots  inside  the  contour,  the  change 
in  the  amplitude  of  z  is  2  TTS. 

§  19.     When  a  function  has  more  than  one  value  for  a  given  z, 

each  value  is  called  a  branch  of  the  function.     Each  branch  is  a  one- 
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valued  and  continuous  function,  at  z,  certain  critical  points  being 
excluded.  Its  analytic  expression  is,  in  general,  only  possible  by 
the  aid  of  infinite  series.  For  example,  an  algebraic  function,  given 
by  F(wn,  zm)  =  0  has  n  branches  (§  18);  the  critical  points  are 
those  at  which  a  branch  is  infinite  or  equal  to  another  branch. 
Except  at  these  points,  each  branch  is  evidently  one-valued,  and 
will  be  proved  to  be  continuous.*  (See  Chapter  IV.) 

§  20.  Since,  when  z  is  given,  x  and  y  are  also  given,  any  func 
tion  w  of  the  real  variables  x  and  y  was  termed  by  Cauchy  a  function 
of  z.  Let  w  =  u  -\-  iv,  where  u,  v  are  real  functions  of  x,  y  ;  also  let 

Uj   v,    —  ,    —  ,    —  ,    —  be  continuous  functions  of  x,  y,  at  the  point 

Bx     By     Bx    By 

z.  We  propose  to  find  the  necessary  conditions  in  order  that 
(da  -f  idv)/(dx  -f-  idy)  may  be  independent  of  dy/dx.  Let  x,  y,  z 
receive  increments  Ax,  Ay,  Az  (=  Ax  +  i\y)  ;  then 


iK^  +  Ax,y  +  Ay)-^(x,y)  =  Ax  ^  +  fe  +  Ay   ^  + 

J>y 


<;(x  +  Ax,  y  +  Ay)  -  *>(x,  y)  =  Ax        + 

\6aj 

where  &,  fe,  ^^  772  tend  to  zero  simultaneously  with  Ax,  Ay.    Hence, 


Ax  -j-  i'Ay  .<    .    .  Ay 

Ax 
The  limit  of  the  expression  on  the  right  is 

^  _}_  i  —  _j_  ^  /'^  +  i  — 


dx 

The  necessary  and  sufficient  condition  that  this  limit  be  inde 
pendent  of  dy/dx,  i.e.  independent  of  the  mode  of  approach  to  z,  is 


Sy        Sy        VS»        &»> 

and  this  condition  is  equivalent  to  the  two 
Bu  _  Bv    Bu  _  _Bv 
8x~~  By     8y"~      8x 


*The  definition  of  continuity  assigns  no  meaning  to  the  phrase  '  continuous  function  '  except 
when  for  the  region  in  question  the  function  is  one-valued.  When  the  phrase  occurs,  the  atten 
tion  is  fixed  on  a  continuous  branch  of  the  function  ;  and  the  points  where  there  is  confusion  of 
branches  are  to  be  excluded,  for  the  present,  from  the  region  considered. 
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Analytic  expressions,  which  involve  a?,  y  only  in  the  combination 
x  +  iy,  satisfy  these  relations.  Cauchy  used  for  such  analytic  ex 
pressions  the  term  monogenic  function.  As  we  shall  be  concerned 
almost  exclusively  with  functions  of  this  kind  it  is  convenient  to 
omit  the  adjective.  Functions  such  as  x  —  iy,  x2  —  y2,  will  not  be 
regarded  as  functions  of  z,  inasmuch  as  they  are  non-monogenic. 

The  equations  (i.)  are  equivalent  to 

8w_lBwt 

8x~  i  By 

and  sufficient  conditions  in  order  that  a  function  of  x  and  y  may 
possess  a  determinate  differential  quotient  which  is  independent 
of  dy/dx,  are  that  8w/&x,  &w/Sy  are  to  be  continuous  and  satisfy 
the  equation  (ii.)  throughout  a  region  which  encloses  z.  [See 
Harnack's  Diff.  Calc.,  trans,  by  G.  L.  Cathcart,  p.  141.]  It  will  be 
seen  subsequently  that  the  initial  assumptions  as  to  the  continuity 
of  u,  v,  and  of  their  first  derivatives,  imply  the  existence  and  con 
tinuity  of  the  remaining  derivatives.  Hence,  by  ordinary  differen 
tiation,  it  follows  from  (i.)  that  u,  v  satisfy 


(iii.) 


The  equations  (iii.)  show  that  u,  v  are  solutions  of  Laplace's  equa 
tions  for  two  dimensions.  It  is  evident  from  (i.)  that  the  solutions 
u  and  v  are  related.  They  are,  in  fact,  the  well-known  conjugate 
functions  of  Physics.  [See  Clerk  Maxwell's  Electricity  aud  Magnet 
ism,  3d  ed.,  t.  i.,  p.  285;  Minchin's  Uniplanar  Kinematics,  p.  226.] 

§  21.  A  theorem  of  great  importance  follows  from  the  fact  that 
dw/dz  does  not  depend  on  dz*  Let  z,  ZH  z.2  be  three  near  points  in 
the  z-plane  and  wt  w^  w2  the  corresponding  points  of  a  branch  w  ;  then 

lim  (iul  —  M)/(ZI  —  z)  =  lim  (w2  —  W)/(ZA  —  z). 
Hence,  if  dw/dz  be  neither  zero  nor  infinite, 

lim  (icz  —  W)/(IL\  —  iv)  =  lim  (z2  —  z)/(z^  —  z). 

Now  the  absolute  value  of  (z.2  —  z)/(zl  —  z)  is  the  ratio  of  the 
two  sides  of  the  triangle  z^z^  and  the  amplitude  is  the  included 
angle.  Therefore  the  triangles  w^ww^  ztzz.2  are  ultimately  similar. 
In  other  words,  corresponding  figures  in  the  two  planes  are  similar 
in  their  infinitesimal  parts,  except  at  points  which  make  dw/dz  =  0, 
or  co.  The  scale  dw/dz  depends  upon  the  part  selected. 

*  Rieraann  (Werke,  p.  5)  defined  a  function  of  z  aa  a  variable  whose  differential  quotient 
is  independent  of  dz. 
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The  significance  of  the  equations  dw/d.z  =  0,  dw/dz  =  co  can  be  readily  dis 
covered  in  the  case  of  the  algebraic  function.  It  will  appear  from  the  theory  of 
series  (Chapters  III.,  IV.),  which  affords  a  precise  basis  for  a  knowledge  of  func 
tions,  that  for  a  finite  pair  of  values  w,  z  the  condition  dw/dz  =  co  requires  that 
two  or  more  values  of  w  become  equal  at  2,  so  that  w  cannot  be  regarded  as  one- 
valued.  Similarly  it  will  appear  that  dw/dz  =  0  requires  that  two  or  more 
values  of  z  become  equal  at  w.  Accordingly  the  theorem  holds  when  the  corre 
spondence  between  w,  z  is  (1,  1)  at  and  near  the  points  considered.  It  is  not 
implied  that  near  points  at  which  dw/dz  is  neither  zero  nor  infinite,  w  must 
be  one-valued.  There  may  be  values  of  w  and  z  which  afford  more  than  one 
value  of  dw/dz.  (See  Chapter  IV.) 

If,  for  a  given  pair  w,  z,  n  values  of  w  and  m  values  of  z  become  equal,  the 
theory  of  series  will  show  that  an  angle  in  the  t/>plane  is  to  an  angle  in  the 
2-plane  in  the  ratio  m/n.  As  a  simple  example  consider  ?o2  =  z9.  Here  three 
points  z  correspond  to  two  points  w,  and  when  any  one  of  the  three  z's  describes 
a  circle,  whose  centre  is  0,  with  angular  velocity  w,  each  w  describes  a  circle 
whose  centre  is  0',  with  angular  velocity  3  u>/2. 

Transformations  which  conserve  angles  are  known  as  isogonal, 
or  orthomorphic  ;  and  the  one  figure  is  called  the  conform  represen 
tation  of  the  other. 

If  w  —  u  -f  iv  be  a  one-valued  monogenic  function  of  x  +  iy,  the 
sj^stems  of  orthogonal  straight  lines  x  =  a,  y  =  b  transform  into 
systems  of  orthogonal  curves  in  the  zu-plane.  There  may  be  excep 
tion  at  points  given  by  dw/dz  =  0. 

We  proceed  to  a  brief  discussion  of  some  simple  cases  of  ortho- 
morphic  transformation. 

§  22.     I.   w  =  az  +  &•     Let  z  describe  any  curve. 

The  w-curve  is  obtained  from  the  z-curve  by  (1)  changing  the 
length  of  each  vector  from  the  origin  in  the  ratio  |  a  |  :  1,  (2)  turning 
the  curve  about  the  origin  through  an  angle  =  am  (a),  (3)  giving 
the  curve  a  displacement  6.  The  nature  of  the  curve  is  evidently 
unaltered  by  these  processes. 

§23.   II.  i»=z>. 

Let        z  =  p  (cos  6  +  i  sin  $),  w  =  p'  (cos  0'  -f-  i  sin  &). 

Then  p'  =  /°2,  O'  =  20. 

When  z  describes  the  line  p  cos  (0  —  a)  =  K,  w  describes  the  curve 


a  parabola  with  focus  at  the  origin  0'.   When  the  line  passes  through 
0,  K  =  0  ;  0  and  0  +  v  give  congruent  values  of  &  ;  and  the  tu  curve  is 
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a  line  from  0'  to  infinity,  described  twice.  A  semicircle  with  centre 
at  0  gives  a  circle  with  centre  at  0'. 

If  z  describe  a  circle,  with  centre  a  (which  may  without  loss  of  generality 
be  taken  on  the  real  axis)  and  radius  c,  then 

P2  -  2  ap  cos  e  =  c2  -  a2, 
and  the  ic-curve  is  />'  -  2  a  Vp1  cos  6' /  2  =  c2  -  a2, 

a  Cartesian.  Since  there  is  a  node  at  6'  =  IT,  p'  =  c2  —  a2,  the  curve  must  be  a 
Iima9on  with  a  focus  at  the  origin.  [See  Salmon,  Higher  Plane  Curves,  3d  edi 
tion,  p.  252.] 


a+o 


Fig.  8 

To  study  the  relations  between  the  z-path  and  the  w-path,  we  observe  that, 
since  both  z  and  —  z  give  the  same  point  ?r,  the  lima^on  corresponds  not  only  to  the 
circle  already  considered,  but  equally  to  another  circle,  the  two  forming  a  figure 
symmetric  with  regard  to  the  origin  (Fig.  8).  The  points  of  intersection  of 
these  circles  give  the  same  tc-point,  say  n'.  If  we  start  from  n  and  describe  the 
right-hand  circle  positively,  when  z  is  at  —  «,  w  has  returned  to  n',  so  that 
the  arc  n,  —  n  of  the  circle  gives  a  loop  of  the  tc-path.  The  other  arc  —  n,  n 
gives  another  loop  of  the  tc-path.  The  reader  will  find  it  interesting  to  con 
trast  the  manners  in  which  the  nodes  arise  in  this  paragraph  and  in  §  47. 
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§24.      III.  w  =  z\ 

Here  p'  —  pn,  0'  =  nO.     The  line  p  cos  6  =  *  gives  the  curve 


We  then  get  a  well-known  group  of  curves.  A  fundamental  property 
of  these  curves  follows  from  the  principle  of  isogonality.  Let  \j/  be 
the  angle  which  the  2-line  makes  with  the  stroke  z ;  then  $  is  also 
the  angle  which  the  w-curve  makes  with  the  stroke  w.  Since  6'=  n9, 
and  0  +  $  =  7T/2,  therefore  $  =  ir/2  —  6'/n,  the  property  in  question. 


Or 


Fig.  9 


The  half-line  0'  =  /?  (mod  2?r)  represents  the  n  equiangular  half- 
lines  0=  (ft  +  2mTr)/n  (m  =  0,  1,  •••,  w  —  1),  while  the  whole  line 
2  0'  =  2/J  represents  the  2?i  equiangular  half-lines  Q  =  (ft  +  mir) /n 
(m  =0,  !,•••,  2n  —  1),  which  make  up  n  whole  lines. 

The  circle  p2  -  2  ap  cos  0  4-  «2  =  c2, 

gives  the  curve  p'2/~  -  2ap'1/n  cos  e;/n  +  a2  =  c2. 


f.  70 
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This  curve  is  easily  sketched  directly  from  the  relation  w  =  zn.  Let  us,  for 
instance;  take  n  =  3  and  suppose  that  the  origin  o  is  inside  the  circle  and  that 
the  axis  of  a;  is  a  diameter.  The  points  whose  amplitudes  are  ±  7r/3  give  the 
same  value  of  w,  i.e.  give  a  node  ;  the  points  whose  amplitudes  are  ±  2  ?r/3  give 
another  node.  As  am  (2)  increases  from  0  to  TT,  \  z  \  (Fig.  10)  decreases,  and 
therefore,  as  am (10)  increases  from  0  to  3?r,  |  w  \  decreases. 

§  25.     IV.        ic  =  azp  +  bzq  where  a,  b  are  real. 

Let  z  describe  a  unit  circle  with  centre  0  ;  let  the  angular  velocity  be  unity. 
The  motion  of  w  is  the  composition  of  two  rotations :  (1)  a  point  ic1  rotates  with 
angular  velocity  p  in  a  circle  of  radius  a,  centre  0' ;  (2)  w  rotates  with  angular 
velocity  q  in  a  circle  of  radius  b,  centre  wv  The  motion  is  thus  epicyclic.  The 
reduction  to  trochoidal  motion  can  be  effected  in  two  ways. 


Fig.  11 


(1)  If  we  divide  the  stroke  icl  at  7,  and  draw  circles  as  in  Fig.  11,  choos 
ing  I  so  that  the  arcs  Im,  In  are  equal,  then  w  is  a  point  fixed  in  the  circle  (tCj) 
which  rolls  on  the  circle  (0').    This  happens  if  the  radii  of  the  circles  be  in  the 
ratio  (q  —  p)/p,  so  that  the  radius  of  the  fixed  circle  is  (q  —  p}a/q,  that  of  the 
moving  circle  pa/q. 

(2)  We  may  write  our  original  relation  in  the  form 

w  =  bz*  +  azp  ; 

interchanging  a,  6  and  p,  q,  the  same  curve  is  produced  by  the  rolling  of  a  circle 
of  radius  qb/p  on  a  fixed  circle  of  radius  (p  —  q}  b/p,  the  tracing-point  being 
at  a  distance  a  from  the  centre  of  the  rolling  circle. 

The  ic-path  becomes  cycloidal  when  the  tracing-point  is  on  the  rolling  circle, 
i.e.  when  pa  =  qb.  A  convenient  pair  of  equations  for  the  trochoid  is  obtained 
by  writing  i/Tfor  the  complex  quantity  conjugate  to  w.  Then,  since  zz  —  1, 

w  =  az">  +  &««,  w  =  qz  P  +  bz~i. 
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§26.     V.     In   III.    let    n  =  -l;   then   p'=l/py  0'=-0.     If  w 

be  represented  on  the  z-plane,  the  point  w  has  polar  co-ordinates  1/p 
and  —  0,  and  is  therefore  the  reflexion  in  the  real  axis  of  the 
geometric  inverse  of  z  with  respect  to  a  circle  whose  radius  is  unity 
and  centre  0.  This  combination  of  reflexion  and  inversion  is  called 
by  Professor  Cayley  quasi-inversion. 

Since  wz  =  1,  to  each  value  of  z,  other  than  zero,  corresponds 
one  value  iv,  but  when  z  =  0,  w  =  oo .  This  leads  us  to  consider 
infinity  as  consisting  of  a  single  point,  not  of  infinitely  many.  In 
the  Theory  of  Functions,  all  points  at  an  infinite  distance  from  0  are 
.supposed  to  coalesce  in  a  single  point  z  =  oo  . 

§  27.  To  make  this  supposition  a  natural  one  Neumann,  follow 
ing  out  one  of  Riemann's  ideas,  chose  as  the  field  of  the  complex 
variable  a  sphere  instead  of  a  plane.  Let  0,  0'  be  opposite  points  on 
a  sphere  of  diameter  1.  Take  the  tangent  plane  at  o  as  z-plane. 
Join  each  point  z  to  0',  and  let  the  joining  line  cut  the  sphere  at  p. 
Then  the  value  z  is  to  be  attached  to  p,  and  we  may  treat  the  sphere 
as  the  field  on  which  z  assumes  all  its  values.  Each  point  at  a 


Fig.  12 


finite  distance  in  the  plane  is  replaced  by  a  single  point  on  the 
sphere,  but  all  the  infinitely  distant  points  of  the  plane  are  replaced 
by  the  single  point  Of.  This  process  of  replacing  the  plane  by  the 
sphere  may  be  regarded  as  the  converse  of  stereographic  projection ; 
or,  again,  as  the  inversion  of  the  2-plane  with  regard  to  the  external 
point  0'. 

Let  the  tangent  plane  at  0'  be  the  w-plane,  with  0'  as  origin,  and 
the  line  O'w  in  which  #00'  meets  this  plane  as  real  axis.  Let  angles 
be  measured  counter-clockwise  for  observers  standing  on  the  sphere 
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at  0  and  Of,  and  let  the  line  Op  meet  the  w-plane  at  w.  Then  the 
amplitude  of  w  =  —  (the  amplitude  of  z).  Again,  since  the  triangles 
00  'w,  zOO'  are  each  similar  to  0/>0', 

\z\\w  =1. 

Hence  icz  =  1,  or  the  curve  traced  out  by  iv  is  the  representa 
tion,  for  icz  =  1,  of  the  z-curve.  When  z  describes  positively  a 
curve  which  includes  0,w  describes  negatively  a  curve  which  includes 
0'  ;  but  otherwise  a  positive  description  of  the  z-path  is  accompanied 
by  a  positive  description  of  the  w-path. 

This  transformation  w  =  1/z  is  of  great  use,  for  by  its  help  the 
consideration  of  the  behaviour  of  a  function  of  w  at  w  =  0  is  sub 
stituted  for  that  of  a  function  of  z  at  z  =  GO  . 

§  28.  The  transformation  icz  =  k  gives  \iv\  \  z  \  =  \  k  I,  and 
am  w  -f-  am  z  =  am  k.  It  is  (1)  aii  inversion  with  respect  to  a 
circle,  centre  0  and  radius  |  kl/'2  1,  (2)  a  reflexion  in  a  line  which 
bisects  the  angle  sctok.  That  is,  it  is  a  quasi-inversion. 

Now  any  circle  remains  a  circle  after  inversion  and  also  after 
reflexion.  Hence,  any  circle  in  the  z-plane  becomes  a  circle  in  the 
to-plane.  The  following  are  the  special  cases  :  — 

(1)  A  circle  through  the  origin  in  the  z-plane  becomes  a  line  in 
the  «c  -plane  (i.e.  a  circle  of  infinite  radius)  ; 

(2)  A  line  in  the  z-plane  becomes  a  circle  through  0'  ; 

(3)  A  line  through  0  becomes  a  line  through  Of. 

When  w  and  z  are  represented  in  the  same  plane,  all  the  pairs 
of  points  which  satisfy  icz  =  k  are  said  to  form  an  involution. 
The  points  ±  yft,  at  which  w  and  z  coincide,  are  the  double  points  > 
the  points  of  a  pair  are  said  to  be  conjugate  ;  and  the  point  z  =  0, 
whose  conjugate  is  z  =  cc,  is  the  centre  of  the  involution.* 

§  29.     The  most  general  bilinear  transformation  is 


It  contains  four  constants,  but  only  three  ratios.  We  may  there 
fore  assume  any  relation  between  a,  6,  c,  d.  The  most  suitable  one 
is  ad  —  be  =  1. 

This  transformation  can  be  built  up  out  of  simpler  ones,  for 
writing  iu—a/c=w',  z  +  d/c=z',  so  as  to  change  both  origins,  we  get 

ic'  =  -  1/c-z', 

*  Generally,  if  U  and  V  be  integral  functions  of  z,  of  degree  n,  the  points  given  by 
CT+AF=0,  where  \  is  arbitrary,  form  an  n-ic  involution.  When  n  =  2,  this  gives  a  relation 
between  two  points  of  the  form  zlzi  —  n(zl  +  z!l')  +  v  =  Q;  when  z2  =  »,  ^i  =  M»  and  taking  M  as 
a  new  origin  we  have  a  relation  of  the  form  in  question. 
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which    is    the   quasi-inversion.     Accordingly,    circles    change   into 
circles  with  the  following  exceptions  :  — 

(1)  A  line  through  the  z'-origin,  that  is,  a  line  through  —  d/c  in 
the  z-plane,  becomes  a  line  through  a/c  in  the  to-plane; 

(2)  A  circle  through    —  d/c   becomes  a  line  through  a/c; 

(3)  A  line  in  the  z-plane  becomes  a  circle  through  a/c. 

It  is  to  be  noticed  that  when  z  =  —  d/c,  tu  =  co  ,  and  when 
z  =  co  ,  w  =  a/c.  Hence  if  we  regard  a  straight  line  as  a  circle  of 
infinite  radius,  the  bilinear  transformation  transforms  circles  into 
circles,  without  exception.  We  shall  now  show  that  the  transfor 
mation  is  orthomorphic  throughout  the  plane.  We  have 


The  doubtful  points  are   z  =  —  d/c,  w  =  oo  ,  and  z  =  co  ,  w  =  a/c. 

To  study  what  happens  in  the  neighbourhood  of  z  =  oo  ,  write 
z  =  1/z',  and  examine  the  behaviour  of  w  in  the  region  of  the  new 
origin  z'  =  0.  We  have 


dw/dz'  =  (be  —  ad)/(c  +  dz')2. 

Hence  when  z'  =  0,  w  =  a/c,  dtv/dz'=—l/c2,  and  the  transforma 
tion  is  orthomorphic  at  z  =  co  .     If  the  equation 

iv  =  (az+b)/(cz+d) 

be  solved  for  z  and  w  be  put  =  l/w>',  we  find  in  the  same  way  that 
dz/dw*  is  finite  and  not  zero,  when  w'  =  0.  Thus  the  orthomorphism 
exists  throughout  the  plane. 

Take  four  points  zlt  z2,  zs,  z4,  and  let  the  corresponding  w's  be 
WH  w2,  IV&  iv4.     Then 


wr  =  (azr  +  b)/(czf  +  d),  ivs  =  (az.  +  b)/(cz.  +  d), 

ivr  -  ivs  =  (ad  -  be)  (zr  -  zs)/(czr  -f  d)  (czs  +  d). 


Hence 


Each  of  these  is  called  an  anharmonic  ratio  of  the  four  points 
considered,  and  we  have  the  theorem  that  an  anharmonic  ratio  is 
unchanged  by  a  bilinear  transformation.  [This  theorem  was  given  by 
Mo'bius  :  Die  Theorie  der  Kreisverwandtschaft  in  rein  geometrischer 
Darstellung.  Abh.  d.  Kgl.  Sachs.  Ges.  d.  W.,  t.  ii.  ;  or  Ges.  Werke,  t. 

a.] 
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Since  the  relation  between  w  and  z  involves  three  arbitrary 
ratios,  any  three  points  in  the  w-plane  can  be  made  to  correspond  to 
any  three  points  in  the  z-plane.  Mobius's  theorem  then  gives  the 
point  in  the  w-plane,  which  corresponds  to  any  fourth  point  in  the 
z-plane. 

§  30.     The  anharmonic  ratios  of  four  points. 
Let  ZD  z.2,  z3,  z4  be  any  four  points,  and  let  X,  /n,  v  stand  for 
(z2  -  z3)  (z1  -  z,),  (z3  -  Zi)  (z,  -  zj,  (z,  -  z.2)  (z.,  -  z4),  so  that 


Any  one  of  the  six  ratios 

—  fj./v,    .—  v/X,    —  X//A, 

—  V//A,    —  X/v,    — 


is  an  anharmonic  ratio  of  the  four  points.      Let  a-  be  any  one  of 
these,  say    —  /x/v.     Then   —X/v  =  1  —  o-,   and  the  six  ratios  are 

o-,    l/(l-cr),    (cr-lj/cr, 
l/o-,    l-o-,    <r/(<r-l). 

The  number  of  substitutions  which  can  be  formed  out  of  the 
four  suffixes  1,  2,  3,  4,  is  twenty-four.  Six  of  these  leave  4 
unchanged  ;  they  are 

1;  (123);  (132);  (23);   (31);  (12)     .     .     .    .     (A). 
These  change  X,  ^  v  into 

X,  /JL,  v  ;  /A,  v,  X  ;   v,  X,  p.  ;    —  X,  —  v,  —  /A  ;    —  v,  —  /x,  —  X  ;    —  /x,  —  X,  —  v  ; 
and  therefore  change  <r  into 

o-;  l/(l-o-);    (<r-l)/cr;  l/<r  ;  cr/(cr-l);  1  -  <r. 
Any  substitution  of  the  following  set, 

1,  (23)  (14),  (31)  (24),  (12)  (34)  .     .....    (B), 

leaves  each  of  the  six  ratios  unaltered.     All  the  24  substitutions  of 
four  letters  can  be  compounded  out  of  (A)  and  (B). 

Since  the  six  anharmonic  ratios  are  bilinearly  related,  it  follows 
that  if  we  denote  by  o-  a  point  in  a  plane,  when  o-  describes  a  circle,  so 
do  the  points  which  denote  the  other  ratios  ;  and  therefore  while  o- 
describes  a  region  bounded  by  circular  arcs,  the  other  points  describe 
regions  bounded  by  circular  arcs.  It  is  possible  to  choose  the 
region  (o-)  in  such  a  way  that  the  six  regions  fill  the  o--plane  without 
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overlapping.     With  centres  0  and  1,  describe  two  circles  of  radius 

1.     These  intersect  at  the  points    —  v2,  —  v,    where   v  —  ~     +  lv*. 

£ 

When  a-  is  confined  to  the  unshaded  triangle  whose  vertices  are 
0, 1/2,  —  v2,  l/o-  is  confined  to  a  triangle  which  arises  from  this  by 
inversion  with  regard  to  the  circle  whose  centre  is  0,  and  reflexion 
in  the  real  axis.  The  point  1/2  becomes  2,  0  becomes  oo  ,  and  —  -u2 
becomes  —  v;  the  region  (1/cr)  is  bounded  by  the  arc  of  the  second 
circle  from  2  to  —  v,  the  part  of  the  imaginary  axis  from  —  v  to 
—  oe,  and  the  part  of  the  real  axis  from  +co  to  2.  Again,  the  points 
a-  and  l  —  o-  are  symmetric  with  regard  to  1/2,  and  therefore 
their  regions  are  symmetric  with  regard  to  1/2.  The  region  of 
1/(1  —  o-)  is  the  inverse  of  the  region  of  1  —  cr,  and  therefore  has 


1/cr 


the  vertices  1,  2, — vz.  The  region  of  a-/ (a-  —  1),  and  that  of  1/(1  —  o-) 
are  symmetric  with  regard  to  1/2;  as  also  are  those  of  l/o-  and 
(cr  —  l)/<r.  In  this  way  the  marking  in  the  figure  is  seen  to  be 
correct.  When  o-  describes  a  shaded  region  adjacent  to  (a-),  the  other 
ratios  describe  the  remaining  shaded  regions. 
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At  the  point  1/2  draw  the  normal  to  the  <r-plane,  and  take  a 
point  on  the  normal  at  a  distance  V3/2  from  the  point  1/2.  Invert 
the  plane  with  this  point  as  origin ;  the  points  cc ,  —  1,  0,  1/2,  1,  2 
become  the  vertices  of  a  regular  hexagon  on  a  sphere,  lying  in  a 
great  circle  which  we  will  call  the  equator.  The  points  —  v2  and 
—  v  become  the  poles  of  the  equator,  since  they  subtend  a  right 
angle  at  the  centre  of  inversion.  The  shaded  and  unshaded  regions 
of  the  plane  pass  into  12  equal  regions  of  the  sphere. 

The  Special  Anharmonic  Ratios. 

Among  the  six  ratios  equalities  may  arise  in  two  ways :  — 
(1)    p/v  =  v/p  =  ±  1.     The  lower  sign  gives  X  =  0,  and  involves 
coincidence  of  points.     Excluding  this,  we  have   /x,  =  v.     When  two 
of  the  quantities  A,  ^,  v  become  equal,  the  four  points  are  said  to  be 
harmonic. 


(2)  p/v  =  v/A  =  OA  +  v)/(v  +  A)  =A//u  =  l1/3.  The  real  root 
gives  A  =  fjL  =  v  and  involves  coincidences.  Excluding  this,  /x/v  = 
v/\  =  A//x  =  v  or  v2.  In  either  case  the  points  are  equianharmonic. 
We  shall  now  study  these  special  arrangements  of  four  points. 


§  31.     The  Harmonic  Quadrangle. 

We  have  said  that  four  points  are  harmonic  when  /x  =  v,  or 


(i.), 


From  the  symmetry  of  this  last  equation  it  appears  that  the 
points  have  paired,  z2  with  z3,  and  zx  with  z4.  When  four  points  are 
harmonic,  two  points  which  pair  in  this  way  are  said  to  be  conjugate  ; 
and  either  pair  is  said  to  be  harmonic  with  the  other. 
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To  obtain  the  geometric  relations  of  the  four  points,  let  us  take 
the  origin  at  the  mean  of  z2  and  z3.  Then  z2  -f  z3  =  0,  and  zAz4  =  za2  =  z32. 
Hence,  given  z1?  z2,  z3,  we  construct  z4  in  the  following  way  :  let  the 


Fig.  15 


line  zfl  meet  the  circle  ZjZ.js3  at  z/.  The  image  of  z/  in  that  diameter 
of  the  circle  which  passes  through  0  is  z4.  Hence  the  four  points 
are  concyclic. 

Using  for  an  instant  the  methods  of  projective  geometry,  we  see 
that  the  lines  joining  z/  to  the  four  points  z2,  z3,  and  z1?  z4  cut  the 
line  Z20z3  harmonically,  so  that  the  pencil  whose  vertex  is  any  point 
of  the -circle  and  whose  rays  pass  through  the  four  points  is  har 
monic.  Taking  the  vertex  first  at  z2  and  secondly  at  z3,  we  see  that 
the  tangents  at  z2,  z3  meet  on  the  line  ZjZ4;  in  other  words,  the  chords 
z2z3  and  ZjZ4  are  conjugate  chords  of  the  circle. 

From  equation  (i.)  we  see,  by  equating  absolute  values,  that  the 
rectangles  of  opposite  sides  are  equal,  and,  by  equating  amplitudes, 

Hinf  /  v  v  •»    J_   /  *  v  v    - 

LllctU  •/-_   **2    1   3  ~T~  ^3^4*^2  —   **5 

whence  again  the  points  are  concyclic. 

Given  three  points  z1?  z2,  z3,  we  have,  evidently,  three  points  each 
of  which  forms  with  the  given  three  a  harmonic  system.  Let  these 
points  be  j\,  j2,  j3 ;  z:,  j^  being  harmonic  with  z2,  z3,  etc. 
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We  can  prove  that  the  lines  z,-jr  (r  =  1,  2,  3)  meet  at  a  point  k  by  Brian- 
chon's  Theorem,  or  in  the  following  manner.  Let  us  pay  attention  not  only  to 
the  magnitude  and  direction  of  a  stroke,  but  also  to  the  point  of  application. 
For  instance,  regard  z  as  a  force  applied  at  the  origin  ;  z.2  —  z,  as  a  force  applied 
at  0n  etc.  The  expression  \/~z  will  symbolize  a  force  of  magnitude  l/p  and 
inclination  0,  applied  at  the  origin.  Now  equation  (i.)  may  be  written 

2/0*4  -  *l)=  V(«,  -  *l)+  1/(*S  ~  *l), 

or,  writing  ^  for  z4,  and  changing  the  sign  of  i, 

2/(J,  -*i)  =  Vfe  ~  *i)  +  I/ft  -Si), 

so  that  the  resultant  of  forces  along  z.2  —  z^  z3  —  zl  and  inversely  proportional 
to  the  lengths  of  these  strokes,  lies  along  jt  —  zl  and  is  inversely  proportional  to 
half  its  length.  Similarly  for  the  other  vertices  ;  but,  by  addition, 


hence  the  three  resultants  are  in  equilibrium  and  therefore  meet  at  a  point  k. 
This  point  is  called  the  symmedian  point  of  the  triangle  z^z.^y 

§  32.    The  Equianliarmonic  Quadrangle. 

We  have  said  that  four  points  zl5  z2,  z3,  z4  are  equianharmonic  when 
fji/v  =  u  or  v2.  Taking  first  the  case  p/v  =  v2,  the  relation  which  con 
nects  the  points  is 

(zi-z3)(z.2~z4)  =  --u-(z1-z,)(z3-z,)  -     .     .     .     .    (i.), 
which  may  be  written 

Z£3  +  Zfa  +  V  (Zfa  +  Z.^)  +  V2  (Zfa  +  23Z4)  =  0    •       •       •       •     (  il  .  )  , 

and  also 

l/(^i-^)  +  v/fe-z4)  +  v2/(z3-z4)=0  .....  (iii.) 

Other  forms  of  the  relations  (i.)  and  (iii.)  are  obtained  by  the  use  of 
the  substitutions, 


From  (i.)  we  have,  by  equating  absolute  values, 

I  «2  -  *S  |    |  »1  -  *4  |  =     *3  ~  *1  |    |  Z2  -  *4  !  =  i  Zl  -  Z2  |    |  *3  -  Z*  I  '        '    (IV.), 

z.e.  the  rectangles  of  the  three  pairs  of  opposite  sides  are  equal. 
Again,  equating  amplitudes, 

Z  z^z3  =  Z.  z.^fa  —  7T/3  1 

Z.  z#fr  =  Z  z^  -  7T/3  I  .......     (v.) 

Z  z^Zj,  =  Z  z^oZo  —  7T/3  J 

Now  regard  z1?  z2,  z3  as  a  given  triangle.    From  (iv.)  z4  is  given  as  an 
intersection  of  three  circles,  each  of  which  passes  through  a  vertex 
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and  through  the  points  where  the  bisectors  of  the  angles  at  that 
vertex  meet  the  opposite  side.  Either  of  the  two  intersections  of 
these  circles  forms  with  zlt  z2,  Z3  an  equianharmonic  quadrangle. 
Call  these  points  h+)  h_,  then  from  (ii.) 


h+  =  -  (z2z3  +  vz& 
and,  interchanging  v  and  v2,  ...     (vi.) 

h_  =  -  (z.2z,  +  v2z3Zi  +  vziz2)/(z1 


The  equations  i.,  ii.,  iii.,  v.,  refer  to  h+.  When  z4  =  /L,  we  must 
change  the  sign  of  ?r/3  in  the  equations  v. 

§  33.     The  Covariants  of  the  Cubic. 

Let  -ZH  z2,  z3  be  the  roots  of  z3  +  3a^2  +  3a2z  +  a3  =  0.  We  have 
proved  (§  29)  that  a  bilinear  transformation  does  not  change  an 
anharmoiiic  ratio.  The  points  h+,  h_  are  defined  by  special  anhar- 
monic  ratios  and  are  therefore  covariant.  Hence  if  we  form  the 
quadratic  whose  zeros  are  h+)  h_  and  notice  that  its  coefficients 
involve  zl9  z2,  z3  symmetrically,  we  see  that  it  is  a  covariant  of  order 
2,  i.e.  it  is  the  Hessian  of  the  given  cubic  U. 

With  regard  to  the  cubic  whose  zeros  are  ji,j2,j3t  which  is  equally 
a  covariant,  we  know  that  the  cubic,  each  of  whose  zeros  forms  with 
those  of  the  given  cubic  a  harmonic  system,  is  the  cubicovariant  or 
Jacobian.  [See  Salmon's  Higher  Algebra,  4th  ed.  p.  183;  Clifford's 
paper,  On  Jacobians  and  Polar  Opposites,  Collected  Works,  p.  27.] 

§  34.     The  canonical  form  of  the  cubic. 

The  analytic  condition  that  a  triangle  be  equilateral  is,  if  2/,  z2',  z3 
be  the  points  in  positive  order, 

(Zj!  -%')/Oi'  -  z*)  =  cos  V3  +  *  sin  V3  =  -  ^y 
or  Z/  -f  vz2'  +  vV  =  0  .     ......     (vii.) 

But  from  (iii.)  we  have,  when  h+  is  origin, 

1/2!  +  V/Z2  +  V2/Z3  =  0. 

Thus  the  quasi-inverse  of  zlf  z.2,  z3  as  to  h+  is  positively  equilateral, 
and  therefore  the  inverse  triangle  itself  is  negatively  equilateral. 

The  triangle  is  now  reduced  to  its  canonical  or  equilateral  form. 
The  inversion  has  sent  one  Hessian  point  to  infinity.  If  we  now 
invert  with  regard  to  the  other,  the  triangle  must  remain  equilateral. 
Hence  this  other  Hessian  point  must  be  the  centre  of  the  triangle. 
Taking  this  point  as  origin,  we  may  write  for  the  cubic  U 


GEOMETRIC   INTRODUCTION.  27 

In  the  canonical  form,  J:  and  z1  are  harmonic  with  z2  and  z3. 
Hence,  jj.js  is  the  counter-triangle,  and  the  figure  zJoZo^zJo  is  a 
regular  hexagon. 

§  35.  After  the  Jacobian  and  Hessian  points  we  consider  the 
polars  or  emanants  of  the  triangle.  "We  shall  consider,  in  the  first 
place,  the  general  case  in  which  there  are  n  points  zr  given  by  an 
equation  f(z)  =  0,  of  the  ?ith  order  in  z. 

Introduce  the  unit  y  by  writing  z/y  for  z,  and  multiply  by  yn  so 
that  the  equation  takes  the  homogeneous  form  /(z,  y)=0.  Take 
any  points  z/y  and  z'/y',  and  let 


zr  =  (z  +  A 
the  n  quantities  \r  are  roots  of 


which,  if  we  write 


is  either 

/(z,  y)  +  AA/(Z,  y)  +  ^  A2/(z,  y)  +  ...  +  ^  A"/(z,  y)  =  0 

or          -L  A'«z'     '   +  -A-  A"-z'  •••      A"2'    /'   =  0. 


The  coefficients  of  the  powers  of  X  are  well-known  covariants. 
We  call  the  n  —  r  points,  given  by  Ar/(z,  y)  =  0,  the  rth  polar  of  the 
pole  z'  with  regard  to  the  given  n  points. 

The  geometric  meaning  is  easily  seen.  AVhen  As/(z,  y}  =  0,  the 
sum  of  the  products  of  the  A/s,  n  —  s  at  a  time,  is  zero.  But 

Xr  =  (z-zr)/(zr-z'). 

Hence  the  sums  of  the  products  of  (zr  —  z)/(zr  —  z'),  n  —  s  at  a 
time,  or  of  (zr  —  z')/(zr  —  z),  s  at  a  time,  is  zero.  For  the  first  polar 


zr-z, 
or  n/(z'-z)=$l/(zr-z), 

so  that  z'  is  the  harmonic  mean  of  the  n  points  zr  with  regard  to  any 
first  polar  point  of  z'. 
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Comparing  the  two  equations  for  X,  we  see  that  A8/(z,  y)  and 
±'n~sf(z',  y'}  differ  only  by  a  numerical  factor.  Hence  if  z  be  an  sth 
polar  point  of  z',  z'  is  an  (n  —  s)th  polar  point  of  z. 

§  36.  By  means  of  the  polars  of  a  group  of  points  it  is  possible 
to  frame  a  geometric  definition  of  the  Hessian  and  Jacobian.  Let 
us  consider  the  points  whose  first  polars  have  two  coincident  points, 
or  (say)  a  double  point.  We  have 


and  if  z  be  a  double  point, 


Hence  such  double  points  are  given  by  the  equation 


V- 


=  0. 


The  expression  H  is  the  Hessian  of  the  given  function  /. 
Again,  consider  the  points  whose  first  polars  with  regard  to  / 
and  H  have  a  common  point.     We  have 


whence  such  common  points  are  given  by  the  equation 

y 


n(n—2)J= 


8z 


The  expression  J  is  the  Jacobian  of  the  given  function. 

For  a  full  discussion  of  the  theory  of  the  polars  of  a  binary  form, 
see  Clebsch,  Geometrie,  t.  i.,  ch.  3. 

In  the  case  of  two  points,  say  z2  —  a,  the  polar  of  z'  is  given  by 
zz'  =  a,  so  that  the  polar  point  is  the  conjugate  of  z'  with  regard  to 
the  given  points. 

For  the  triangle,  we  use  the  canonical  form 


The  polar  pair  of  z'  is  given  by 
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Hence  the  polar  pair  of  any  point  is  harmonic  with  the  Hessian 
points  0  and  oo  ;  and,  in  particular,  the  points  which  form  the  polar 
pair  of  a  Hessian  point  coincide  with  the  other  Hessian  point. 

§  37.    We  shall  now  transfer  the  figure  from  a  plane  to  a  sphere. 

This  can  be  done  by  geometric  inversion  with  regard  to  an 
external  point  s'.  Let  the  constant  of  inversion  be  equal  to  the 
distance  from  s'  to  the  plane,  so  that  the  plane  and  the  sphere, 
derived  from  the  plane  by  inversion,  touch  at  a  point  t. 

The  fundamental  facts  of  ordinary  geometric  inversion  hold 
good,  —  that  a  circle  becomes  a  circle  and  that  the  magnitudes  of  an 
angle  and  of  an  anharmonic  ratio  are  unaffected.  Hence  a  harmonic 
quadrangle  becomes  a  harmonic  quadrangle ;  an  equianharmonic 
quadrangle  becomes  a  tetrahedron  in  which  the  rectangles  formed 
by  opposite  edges  are  equal,  while  the  inverse  of  such  a  tetrahedron 
is  another  of  the  same  kind.  In  particular,  the  inverse  as  to  a  ver 
tex  is  an  equilateral  triangle  and  the  point  at  infinity  in  its  plane. 

We  wish  to  choose  s'  so  that  the  fundamental  triangle  z^z.^  shall 
become  an  equilateral  triangle  on  the  sphere.  This  will  happen 
when  the  tetrahedron  s'z^.^  is  equianharmonic;  that  is  when,  if 
A],  A2,  ^3  denote  the  lengths  of  the  sides,  and  Bj,  82,  83  the  distances 
from  s'  to  the  vertices,  S^  =  8LA2  =  S3A3. 

Each  of  these  equations  giving  a  sphere,  we  have  for  the  locus 
of  s'  a  circle  in  a  plane  perpendicular  to  the  given  plane,  and  meet 
ing  that  plane  at  the  Hessian  points  h+,  h_. 

Choosing  any  point  s'  on  this  circle,  let  us  denote  the  inverse  of 
any  point  z  in  the  plane  by  z';  then  the  triangle  ZiZ&3  becomes  an 
equilateral  triangle  z^z^z.^  on  the  sphere,  and  the  points  7i+,  h  .,  which 
are  equianharmonic  with  z^  z*,  z3,  become  the  ends  h+,  hj  of  the 
axis  of  the  small  circle  z^zjzj.  If  we  choose  s'  so  that  this  circle  is 
a  great  circle,  we  have  a  simple  dihedral  configuration.  [See  Klein's 
Ikosaeder.] 

Consider  the  set  of  great  circles  through  A'+,  7i'_,  and  the  orthogonal 
set  of  small  circles.  These  become  in  the  s-plane  two  sets  of  coaxial  circles  ; 
h+,  h-  are  the  common  points  of  the  first  set  and  the  limiting  points  of  the 
second  set. 

TVe  have  now  to  consider  the  plane  zjzjzj  as  the  projection  of  the  2-plane 
from  the  vertex  s'.  Let  us  denote  the  projection  of  z  by  f,  of  a  by  a,  etc.  It  is 
evident  that  whenever  a  circle  is  projected  into  a  circle,  the  symmedian  point  of 
an  in-triangle  becomes  the  symmedian  point  of  the  projected  triangle.  For  the 
symmedian  point  was  defined  by  means  of  conjugate  chords  of  the  circumcircle  ; 
and  conjugate  chords  project  into  conjugate  chords.  In  an  equilateral  triangle 
the  symmedian  point  is  the  centre  ;  hence  the  projection  of  k  is  K,  the  centre  of 
the  circle  zzz . 
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Next  let  c  be  the  circumcentre  of  the  original  triangle.  It  is  the  pole  of  the 
line  at  infinity  with  regard  to  the  circumcircle  ;  hence  its  projection  7  is  the  pole 
of  the  intersection  of  the  f-plane  and  the  tangent  plane  at  s',  with  regard  to  the 
circle  ^fa-  Hence  the  chords  c's'  and  a/3  (Fig.  16)  of  the  meridian  circle 


Fig.  16 


k' 


s'h'+h'-  are  conjugate,  and  therefore  the  chords  c'k'  and  a/3  are  parallel  (see 
Fig.  15)  ;  this  shows  that  the  points  c',  &'are  harmonic  with  h'+,  h'-.  Hence  c,  k 
are  harmonic  with  h+,  ft-,  and  further  the  four  points  are  collinear. 


§  38.      The  three  quadratic  involutions  determined  by  four  points. 
Let  Zu  z.2,  z3,  z4  be  the  zeros  of  a  quartic.     The  points  can  be 
paired  off  in  three  ways  : 

(23)  (14);    (31)  (24);    (12)  (34). 

Now  two  pairs  of  points  define  a  quadratic  involution.  Let 
elf  e2,  e3  be  the  centres  of  the  three  involutions  obtained  from  the 
three  divisions  of  the  four  points  into  pairs.  We  have,  to  deter 
mine  e1? 


whence 


(z2  -  gj)  (z3  - 

e,  =  (z.2z3  -  z 


-  e^)  (z,  —  e- 

Zs-Z!-  z,)  . 


The  focus  of   the  parabola  which   touches    the    lines    joining 
z2,  z3  to  «!,  z4  is  gj.     For  let  the  line  joining  zl  and  zm  touch  the  para- 
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bola  at  the  point  zlm,  and  let  /  be  the  focus.     Then  by  the  properties 
of  the  geometric  mean 


z2-/=± 

*3  -/=  ± 


The  amplitudes  of  points  on  the  parabola,  when  referred  to  the 
focus  and  axis,  vary  continuously  from  0  to  2?r.  Let  am  (4-  Vz  —  /) 
be  0/2  ;  then 

am 


But  geometric  considerations  show  that  am  (^  —  /)  =  the  same 
quantity.     Hence  the  +  sign  must  be  chosen  throughout,  and 


whence  /  and  e^  coincide. 

Accordingly,  to  construct  the  point  e1?  we  observe  that  it  lies  on 
the  circuincircle  of  the  triangle  formed  by  any  three  of  the  four 
lines 


[See  E.  Kussell  on  the  Geometry  of  the  Quartic,  Lond.  Math. 
Soc.,  t.  xix.,  p.  56.] 

Let  Ci2,  c22,  c32  be  the  constants  of  the  three  involutions,  and  let 
us  eliminate  the  z's  from  the  six  equations, 

(z,  -  eO  (za  -  €i)  =  (*!  -  ej)  (z4  -  ej  =  cf  j 
(zs  _  e,)  (Zl  -  es)  =  (z.2  -  «2)  (*4  -  e2)  =  c22  L.  .     .     .  ^.     .     (i.) 
(zl  -  e.3)  (z.2  -  e.3)  =  (z.3  -  e.3}  (z4  -  e3)  =  c32  J 
We  have  z3  —  el  =  c22/(2;1  —  e2)  +  e-i  —  ei> 

z2  —  e1  =  c32/(zl  -  e3)  +  e3  —  e^ 
Hence 


And,  by  proceeding  similarly  with  the  other  pairs  of  quantities, 
we  have  precisely  the  same  equation  for  z2,  z3,  z4.  Hence  every 
coefficient  of  the  quadratic  (ii.)  is  zero.  Xow  (ii.)  is 
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Hence  c?  =  (e,  —  ej  (e3  —  ej, 

and  similarly  c22  =  (e3  —  e.2)  (e\  —  e.2), 


If  we  regard  the  points  elt  e.2j  e.3  as  given,  the  constants  c*,  c22, 
c32  are  also  given.  We  have  only  three  independent  equations  to 
determine  the  four  z's,  say 

Oi  -  eO  (z4  -  eA)  =  (e.  —  eO  (<?3  -  e^  1 

....   (Hi.) 


From  these  follow  three  equations  of  the  form 
(z,  —  eO  (z3  -  eO  =  (e.,  —  e^  (es  -  e^, 

a  result  which  can  be  verified  directly. 

We  can  state  this  in  words  as  follows : 

Three  involutions  are  determined  by  any  four  points ;  the  con 
jugates  of  any  point  in  two  of  these  involutions  are  themselves 
conjugates  in  the  third  involution. 

From  (iii.)  we  see  that  one  of  the  points,  z4,  is  arbitrary  ;  arid 
when  it  is  chosen,  the  rest  are  at  once  constructed  from  the  preced 
ing  equations.  Corresponding  to  the  values  z±  =  oo ,  e1}  e2,  e3  we  have 

z1  =  €u  GO  ,  e3,  e2 ;   z2  =  e2,  e3,  oc  ,  e1 ;   z3  =  e3,  e2,  ei}  oo  . 

§  39.     The  Jacobian  of  the  quartic. 

The  double  points  of  the  preceding  involution  are  given  by 

Let 

/(ex— e/0  (eA— fii/)      (A,  ju,  v=l,  2,  3  in  any  order), 


Now  when  we  invert  the  points  of  an  involution  we  obtain  a 
new  involution,  and  the  old  double  points  become  the  new  double 
points.  This  is  clear  because  any  pair  of  points  is  harmonic  with 
the  double  points.  Accordingly  the  six  points  j  are  covariant. 
They  are  the  zeros  of  a  covariant  of  the  sixth  degree,  the  Jacobian 
of  the  quartic. 

§  40.     Any  two  pairs  of  Jacobian  points  are  harmonic. 
For       (jp  —  ev)  (j^1  -  e,)  =  (e^  -ev  +  CM)  (e^  -  e,  —  CM) 
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But  cM2  +  c,2  =  (eM-e,)2. 

Hence  0V  —  ev)  (J/  —  ev)  =  cv2, 

and  jn,  J/  are  harmonic  with  jv,  jj. 

§  41.  The  number  of  quartics  which  have  a  common  Jacobian  is 
singly  infinite,  for  we  have  seen  that  one  of  the  points,  z^  is  arbitrary. 
Each  of  these  quartics  is  determined  conveniently  by  means  of  its 
centroid  ??i,  as  follows  : 

We  have        4??i  =  zl  +  z2-f-z3  +z^ 


therefore   4(e:  -  ??i)  =  \(zl  —  z4)2  -  (z,  -  z3)2£/(z,,  +  z3  -  zx  -  z4), 
and  16  (e2  —  m)  (es  -  m)  =  (z,  +  z3  -  Zj  —  z4)2. 

Now  (z2  -f-  z3  —  z1  —  z4)/4  is  the  stroke  from  m  to  the  centroid  of 
z2  and  z3.  Hence  the  centroids  of  the  sides  are  determined,  and  the 
quartic  is  at  once  constructed. 

We  shall  denote  the  quartic  of  the  system,  whose  centroid  is  m, 
by  Um. 

Let  us  write  the  cubic  whose  zeros  are  elt  e.,,  est 


so  that  the  origin  is  the  centroid  of  e^  e.2,  e3,  and  therefore  also  of  the 
Jacobian. 

Regarding  this  as  a  quartic  with  an  infinite  root,  let  us  calculate 
the  Hessian  H  .     We  have 


24  zy, 
12  z2  - 


thus  the  centroid  of  this  quartic  is  at  the  origin,  so  that  Hx  =  UQ. 
Any  quartic  Um  is  now 


for  in  this  last  expression  the  coefficients  of  z4  and  z3  are  —  1  and 
4m,  so  that  the  centroid  is  m.  It  is  proved  in  works  on  Covariants 
(see  Burnside  and  Panton,  2nd  ed.,  §  170  ;  or  Clebsch,  Geometric,  t. 
i.,  ch.  iii.)  that  the  Hessian  of  K  U+  \His 


Sx 
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where  4O  =  4  K3  —  g.2K\-  —  g^\?>  ;  so  that  if  the  Hessian  be  K  U+  X'H, 
the  ratio  of  K'  to  X'  is  given  by  K'-  —  h  X'  —  =  0  ;  and  the  geometric 

OK  bX 

statement  of  this  is  that  the  centroid  of  the  Hessian  is  the  second 
polar  of  the  centroid  of  the  quartic  with  regard  to  the  points  e1}  e2,  e3. 

Thus  the  centroid  of  the  Hessian  is  determined,  and  the  Hessian 
can  be  constructed. 

If  the  Hessian  be  given,  the  first  polar  of  its  centroid,  with 
regard  to  eD  e.2j  e3,  consists  of  two  points,  which  are  the  centroids 
of  the  two  quartics  which  have  the  given  Hessian. 

§  42.    The  anharmonic  ratios  of  the  four  points. 

If  the  four  points  z1;  z2j  zs,  z4  of  §  30  be  replaced  by  ejf  e2,  es,  <x>,  we 
have 

p/v=  (e3-el)/(e1-e2), 

or  X/(e2  -  es)  =  /VOs  -  cO  =  v/(e1  -  e.2]  =  O  -  v)/(e,  +  e3  -2  ej. 
Now      el  +  e2  +  e3  =  0,  e,e3  +  e^  -f  €&  =  -  g.2/±,  e,e.^  =  ^3/4, 
(e2  -  e3Y(e3  -  6l)2(«i  r  **Y  =  (9?  ~  27</32)/16  =  A/16. 
Therefore  /x  —  v  =  Tce^  v  —  X  =  ke2,  X  —  /*  =  Jce& 


or  snce 


and  since  3X=k(e3  —  e.2), 

36  X2/nV  =  W  A/16. 
Eliminating  TJ, 

(/x  -  v)2  (v  -  X)2  (A  -  /x)2      27XW 


The  meaning  of  the  vanishing  of  an  invariant  is  evident  from 
these  equations.  If  g.2  =  0,  then  ^u-v  =  0,  and  this,  combined  with 
2A  =  0,  gives  either 

X  =  V/JL  =  uV,    or   X  =  tr/x,  =  w  5 

that  is,  the  points  are  equianharmonic.     If  g.^  =  0,  then  two  of  the 
quantities  X,  /x,  v  are  equal  and  the  points  are  harmonic. 
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§  43.     The  invariants  of  m  Ux  +  H^. 

In  works  on  the  theory  of  covariants  it  is  shown  that  the  invari 
ants  of  this  form  are 

-3H'/±,  J'/W, 

where  H'  is  the  Hessian  and  J'  the  Jacobian  of  the  cubic 

4  m3  —  g.,m  —  g3. 

Hence  the  quartic  is  equianharmonic  when  m  is  a  Hessian  point 
of  the  triangle  e^e^  and  harmonic  when  m  is  a  Jacobian  point.  In 
other  words,  we  have  in  the  quartic  involution  m  Ux  +  Hx  two  equi 
anharmonic  and  three  harmonic  quadrangles  ;  the  polar  points  of 
z4,  with  regard  to  them,  are  respectively  the  Hessian  points  and 
Jacobian  points  of 


§  44.     Canonical  form  of  the  quartic. 

Let  one  Jacobian  point  JA  be  sent  to  infinity  by  inversion  and  let 
j\  be  chosen  as  origin.  Since  two  pairs  of  points  are  harmonic 
with  JA,  jjj,  the  quadrangle  becomes  a  parallelogram,  and  the  quartic 
takes  the  form 

(!-*)(!  -ft*). 

The  other  pairs  of  Jacobian  points,  being  harmonic  with  JA,  jY  and 
with  one  another,  form  a  square. 

§  45.     Tlie  representation  of  the  quartic  on  the  sphere. 

Let  the  regular  octahedron  be  constructed,  of  which  the  above- 
mentioned  square  contains  four  vertices,  let  one  of  the  new  vertices 
be  selected  as  origin,  and  let  the  z-plane  be  inverted  with  regard  to 
this  origin.  The  six  Jacobian  points  become  the  vertices  of  a  regular 
octahedron  in  a  sphere.  Let  £,  y,  £  be  the  co-ordinates  of  any  point 
on  the  sphere,  referred  to  the  three  diameters  of  the  octahedron  as 
rectangular  axes.  The  other  points  which,  with  this  point,  make  up 
a  quartic  with  the  given  Jacobian,  have  co-ordinates 

&  —  17,  —  £  ;  —  £  77,  —  £  ;  —  &  —  ^  £• 
For  evidently  any  two  of  the  four  points  are  harmonic  with 

regard  to  the  points  where  an  axis  meets  the  sphere. 

The  extremities  of  those  four  diameters  of  the  sphere,  which  are 

perpendicular  to  the  faces  of  the  octahedron,  are  the  vertices  of  a 

cube  inscribed  in  the  sphere  ;  the  co-ordinates  of  these  vertices  are, 

if  the  radius  of  the  sphere  be  1, 

±1/V3,    ±1/V3,    ±1/V3, 
for  we  have  £-  =  r  =  £2,  and  £2  +  rj-  +  £2  =  1. 
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Choosing  from  the  eight  points  those  whose  co-ordinates  have 
an  even  number  of  minus  signs,  we  obtain  a  regular  tetrahedron. 
The  other  four,  whose  co-ordinates  have  an  odd  number  of  minus 
signs,  form  another  regular  tetrahedron,  which  we  call  the  counter- 
tetrahedron  of  the  former  one.  These  tetrahedrons  represent  equi- 
anharmonic  quartics  of  the  involution. 

Again,  draw  the  six  diameters  which  are  perpendicular  to  the 
edges  of  the  octahedron,  and,  therefore,  also  to  the  edges  of  the 
cube.  We  thus  get  twelve  points  on  the  sphere  whose  co-ordinates 
are  given  by  the  scheme 

0,  ±1/V2,  ±1/V2, 
±1/V2,  0,  ±1/V2, 
±1/V2,  ±1/V2,  0. 

The  four  which  lie  in  any  co-ordinate  plane  form  a  square,  which 
from  the  form  of  the  co-ordinates  belongs  to  the  involution.  Hence 
the  twelve  points  represent  the  three  harmonic  quartics  of  the 
involution. 

[For  further  information  on  these  subjects  the  student  is  referred 
to  Klein's  Ikosaeder,  to  a  memoir  by  Wedekind  published  in  Math. 
Ann.,  t.  ix.,  and  to  Beltrami's  paper,  Eicerche  sulla  geometria  delle 
forme  binarie  cubiche,  Accademia  di  Bologna,  1870.] 

§  46.     Examples  of  many-valued  functions. 

Example  1.  If  iv  be  defined  by  the  equation  w-  =  z,  there  are 
for  a  given  z  two  values  of  iv.  If  z  =  p(cos  0  -f  i  sin  0),  these  values 
are 


Wl  =  Vp  (cos  0/2  +  i  sin  0/2) 

w2  =  Vp  (cos  ((9  4-  2  TT)  /2  4-  i  sin  (0  +  2*] 


2> 


We  have  always  w1  -f-  wz  =  0,  and  when  z  =  0  or  oo  the  two 
roots  «?!,  w2  become  equal.  When  z  describes,  in  the  z-plane,  a  path 
which  does  not  pass  near  the  origin,  there  corresponds  to  a  small 
change  in  z,  a  definite  small  change  in  either  root ;  in  this  way  it 
can  be  seen  that  the  two  points  wlt  w2  in  the  zo-plane  trace  out  con 
tinuous  paths  as  z  moves  continuously  in  the  2-plane  from  one  posi 
tion  to  another.  Moreover,  assigning  to  one  of  the  initial  values  of 
w  the  name  wit  the  final  value  of  w^  is  completely  determinate. 

If  z  describe  a  closed  curve  round  the  origin,  starting  from  a 
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point  p.  6,  the  final  values  of  p  and  0  are  p,  6  +  2-*,  and  the  final 
values  of  w^  iv-2  are 

ic,  =  Vp  J cos (0/2  +  IT)  +  i  sin  (0/2  +  TT)  }, 
w2  =  Vp  [cos  (6/2  +  2  TT)  +  i  sin  (0/2  +  2  TT)  j . 

Comparing  these  with  equations  (i.),  we  see  that  WD  w3  have 
changed  into  w%  u\. 

If  2  describe  a  contour  which  does  not  include  the  origin,  the 
final  values  of  p,  0  are  the  same  as  the  initial  ones,  and  the  final 
values  of  w^  iv2  are  w^  w2. 

Example  2.        w-  =  (z  —  a^  (z  —  a.2)-»(z  —  an) . 

Let  C  be  a  contour  which  contains  al5  a2,  •  ««  aK,  but  not  aK+l,  a,e+2j 
««•  an.  When  z,  starting  from  zf,  describes  C,  each  of  the  ampli 
tudes  Oi,  0&  •-•,  ^<  of  2  —  aly  2  —  a,,  •••,  z  —  aK  increases  by  2-n-,  while 
those  of  z  —  a^u  z  —  aK^2,  •••,  z  —  an  return  to  their  initial  values. 
Let  the  initial  value  of  the  branch  icl  be 


Pnfcos  (Bl  +  0,  +  ...  +  On)/2  +  isin  (Ol  +  0,  +  . 
where  2;  —  aA  =  pA(cos  0*.  +  z  sin  0A).     The  final  value  is 


This  is  the  same  as  the  initial  value  of  wl  or  w2,  according  as  K  is 
even  or  odd. 


§  47.     Example  3.       a0w2  +  2a1ic  +  a.2  =  z. 

By  a  linear  transformation  of  ic  the  equation  becomes 

w2  -  1  =  2. 
Let  the  branches  be  u\  and  w2.     We  have  always 

Wj  +  w2  =  0  ; 

when  2  describes  the  circle  \z\  =  K,  the  path  of  either  w-point  is 
given  by 

\W-1\\W  +  1\  =  K, 

or  pip2  =  K, 

P!  and  p2  being  the  distances  of  the  point  from   ±  1.     This  is  the 
equation  of  a  Cassinian. 

(1)  Let  K  be  small.  Then  Pl  or  p2  must  be  small,  so  that  the 
curve  consists  of  two  small  ovals  round  the  points  +1,  —  1  ;  ^t'1  must 
remain  on  the  one  oval,  w.2  on  the  other. 
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(2)  Let  K  grow  ;  the  ovals  grow,  but  remain  distinct  until  K  =  1, 
when  the  circle  passes  through  the  point  z  =  —  1,  and  the  ovals  join 
at  w  =  0. 

If  z,  instead  of  passing  through  —  1,  describe  a  small  semicircle 
round  it  positively,  then  (Fig.  17)  <?2  is  consecutive  to  p^  and  q1  to 
p2.  But  if  z  describe  a  semicircle  negatively,  q1  is  consecutive  to 
Pi,  and  q2  to  p.2.  The  lines  p}p.2  and  qfl.2  are  of  course  at  right  angles. 


fig.   17 

(3)  When  K  >  1,  the  curve  is  at  first  an  indented  oval,  and  after 
wards  an  ordinary  oval.  As  z  describes  its  circle,  wl  and  wz  together 
describe  the  whole  oval,  and  the  final  position  of  either  is  the  initial 
position  of  the  other. 

§  48.    TJie  relation  a0ius  +  3  aX  +  3  a2w  +  a3  =  z. 
By  linear  transformation  this  reduces  to 

w^-3w  =  z    .     ...........     (1). 
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As  in  Cardan's  solution  of  the  cubic,  put 


(2), 
(3). 


then  s  =  fi  +  1/P , 

If  z  be  given,  we  have  six  values  of  £,  namely, 

t,  vt,  v*t,  1/t,  v*/t,  v/t, 
and  three  values  of  ?c,  namely, 

Let  t  describe  the  circle  \t\  =  it;  the  point  z  will  describe  an  ellipse  whose  foci 
are  z  =  ±  2  and  whose  semi-axes  are  a  =  /c3  +  1  /r3,  /3  =  _  «3  —  1/K3  |,  and  the  three 
tc's  will  describe  an  ellipse  whose  foci  are  ±  2  and  semi-axes  al  =  K  -{-  I/K, 
PI  =  '.K  —  VK  l>  whence  (04  +  j8,)/2  =  V(a  +  /3)/2,  (ax  —  ft)/2  =  V(o  —  /S)/2. 
From  either  of  these  equations,  and  from  ai"2  —  pf  =  a2  —  /S2,  the  ic-ellipse  is 
determined  when  z  is  given. 

If  6  be  the  amplitude  of  t,  the  eccentric  angle  of  z  is  3  0,  and  those  of  tclt  w2, 
ic3  are  0,  0  +  2  w/3,  0  +  4  ?r/3  ;  so  that  the  points  10  form  a  maximum  triangle 
in  the  tc-ellipse.  Therefore,  when  z  is  given,  the  points  w  are  determined.  In 
this  way,  if  z  describe  any  curve,  say  a  circle  with  centre  z1,  it  is  easy  to  con 
struct  the  w-curve.  If  w?/,  to2',  tc3',  be  the  points  which  correspond  to  z',  the 
equation  of  the  te-curve  is 

[  w  —  tc/  |  |  ia  —  ic.2f  |  ;  ic  —  ic3'  |  =  a  constant, 
as  is  evident  from  the  relations 

(w  —  ic/)  (w  —  ic/)  (10  —  v3')  =  ir3  —  3  ?/?  —  ^'  =  ^  —  z'. 

Two  of  the  family  of  curves  should  be  specially  noticed.  The  points  at  which 
values  of  w  become  equal  are  given  by  iff-  —  1  =  0,  and  are  z  —  ±  2.  Thus 
to  the  circles  with  centre  z'  through  z  —  ±  2  correspond  tc-curves  with  nodes 
at  to  =  ±  1.  Since  for  these  values  of  z  two  values  of  w  become  equal,  we  have, 
approximately,  near  these  points 

so  that  the  branches  of  the  tc-curve  cut  at  right  angles  at  these  points.  Fig.  18 
shows  these  two  special  ic-curves. 


Fig.    18 
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The  orthogonal  family  of  curves  correspond  to  z-lines  through  zf.     Their 
equations  are  of  the  form 

0i  +  #2  +  ^a  —  a  constant, 

vrhere  6r  is  the  inclination,  measured  from  the  real  axis,  of  the  line  from  the 
fixed  point  wr'  to  u\  Since  z'  is  any  point  on  the  2-line,  the  fixed  points  wr'  can 
be  chosen  in  infinitely  many  ways ;  they  may  be  conveniently  taken  to  corre 
spond  to  the  point  where  the  z-line  meets  the  real  axis.  If  the  2-line  pass 
through  a  point  at  which  two  branches  become  equal,  the  equation  takss  the 

form 

2  0j  +  6.2  =  a  constant, 

a  nodal  cubic,  which  can  be  very  readily  constructed. 


CHAPTER  II. 

EEAL  FUNCTIONS  OF  A  EEAL  VARIABLE. 

§  49.  One  of  the  most  noteworthy  features  in  the  history,  of 
mathematical  activity  during  the  nineteenth  century  is  the  careful 
revision  to  which  the  fundamental  processes  and  concepts  of  analysis 
have  been  subjected.  Cauchy,  Gauss,  and  Abel  were  the  first  to  insist 
upon  the  importance  of  basing  the  theories  of  their  day  on  securer 
foundations,  and  they  have  been  followed  by  a  long  line  of  brilliant 
successors.  B.  Bolzano  of  Prague  (1781-1848)  worked  on  the  same 
lines,  but  his  writings  failed  to  attract  the  attention  they  deserved, 
until  a  comparatively  recent  date.  The  discovery  that  continuous 
functions  exist  which  do  not  possess  differential  quotients  and  that 
a  discontinuous  function  may  possess  an  integral,  the  new  light 
thrown  upon  discontinuous  functions  by  Dirichlet's  well-known 
memoir  on  Fourier's  series  and  by  Eieniann's  masterly  researches 
on  the  same  subject,  have  all  tended  to  reveal  how  little  is  known  of 
the  nature  of  functions  in  general,  and  to  emphasize  the  need  for 
rigour  in  the  elements  of  Analysis. 

In  the  course  of  this  revision  it  became  necessary  to  place  the 
number-concepts  of  Algebra  upon  a  basis  independent  of,  but  con 
sistent  with,  Geometry.  If  a  zero-point  be  selected  on  a  straight 
line  and  also  a  fixed  length,  measured  on  this  line,  be  chosen  as 
the  unit  of  length,  any  real  number  a  can  be  represented  by  a  point 
on  this  line  at  a  distance  from  the  zero-point  equal  to  a  units  of 
length.  Conversely,  each  point  on  the  line  is  at  a  distance  from  the 
origin  equal  to  a  units  of  length,  where  a  is  a  real  number.  This 
theorem  may  seem  evident,  but  a  little  reflexion  will  show  that  it 
cannot  be  true  unless  the  word  number  is  so  defined  as  to  make  the 
number-system  continuous  instead  of  discrete. 

Definitions  which  will  fulfil  this  requirement  have  been  given  by 
Weierstrass,  G.  Cantor,  Heine,  Dedekind,  and  others.  Much  of  the 
theory  of  the  higher  Arithmetic  is  due  to  Weierstrass  and  was  com 
municated  to  the  world  in  University  lectures  at  Berlin.  His  start- 

41 


42         HEAL  FUNCTIONS  OF  A  REAL  VARIABLE. 

ing-point  is  the  positive  integer,  and  the  number-system  is  extended 
so  as  to  include,  successively,  positive  fractions,  negative,  irrational, 
and  complex  numbers.  One  noticeable  element  in  his  theory  is  the 
exclusion  of  geometric  concepts.  Certain  laws  of  calculation  can 
be  stated,  in  general  terms,  only  after  the  introduction  of  the  new 
numbers,  and  it  is  for  this  reason,  and  not  because  of  any  geometric 
representation  by  extensive  magnitudes,  that  these  new  numbers, 
namely  the  fractional,  the  negative,  the  irrational,  and  the  complex 
numbers,  are  introduced. 

§  50.     The  irrational  numbers. 

Three  different  definitions  have  been  employed,  due  to  Weier- 
strass,  Dedekind,  and  G.  Cantor.  The  following  account  of  Cantor's 
method  is  based  on  a  memoir  by  Heine  (Crelle,  t.  Ixxiv.). 

Cantor's  method.  The  starting-point  is  a  sequence  a1}  a2,  a3,  ••• 
of  rational  numbers.  This  sequence  is  determinate  when  the  law 
of  construction  of  the  general  term  an  is  known.  A  regular  sequence 
is  one  for  which  a  finite  number  //,  can  be  found,  such  that  for  all 
values  of  n  (>  /^)  the  absolute  value  of  an+p— an  (p  =  1,  2,  3,  •••)  is 
less  than  an  arbitrarily  small  positive  rational  number  e.  [Through 
out  this  chapter  and  the  next,  e  will  be  used,  always,  to  denote  an 
arbitrarily  small  positive  number.]  When  the  sequence  a1?  a2,  a-3,  ••• 
is  regular  and  when  a  rational  number  a  exists  which  is  such  that  a 
finite  integer  /*  can  be  found  which  makes  a— a^+p  |<c  (p  =  l,  2,  •••), 
the  rational  number  a  is  said  to  be  the  limit  of  the  sequence.  This 
statement  can  be  expressed  shortly  in  the  form 

lim  an  =  a, 

n  =  co 

or,  using  a  convenient  notation,  Lan  =  a.  It  is  not  always  possible 
to  find  a  rational  number  a.  For  example,  there  is  no  rational  limit 
of  the  sequence, 

a1==l,  a2=l-l/2,  as=l-l/2  +  l/3,  a-4=  1-1/2  +  1/3 -1/4,  etc. 

To  the  regular  sequence  al5  a2,  a3,  ...  is  attached  a  symbol  A,  (a), 
or  (a1?  a2,  «3,  •••),  which  is  associated  with  the  totality  of  numbers 
contained  in  the  sequence.  If,  after  any  term  aK  (K  finite),  all  the 
numbers  of  the  regular  sequence  be  equal  to  a  rational  number  C,  let 
C  be  the  symbol  attached  to  the  sequence.  In  this  way  all  rational 
numbers  provide  symbols.  We  use  the  word  symbol  advisedly,  be 
cause  we  have  not  as  yet  proved  that  a  quantity  which  possesses 
the  properties  of  a  number  can  be  defined  by  a  regular  sequence. 
When  the  terms  equality  and  greater  or  less  inequality  have  been 
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defined  in  respect  to  the  symbols,  it  will  be  found  possible  to  replace 
the  term  symbol  by  number. 

In  the  regular  sequence  c^,  a2,  •••  three  cases  occur:  — 

(1)  A  term  an  can  be  found  such  that  the  values  of   an,  an+1, 
aBJ_2»  —  all  lie,  for  a  sufficiently  great  value  of  n,  between  the  arbi 
trarily  small  rational  numbers  —  e,  e. 

(2)  A  term  an  can  be  found  such  that  the  values  of  an,  an+1, 
an+2,  ...  are  all  greater  than  some  definite  positive  rational  number  g. 

(3)  A  term  an  can  be  found  such  that  the  values  of  an,  a/l+1, 
an+2,  ...  are  all  less  than  some  definite  negative  rational  number  —  k. 

In  case  (1)  the  symbol  attached  to  the  sequence  is  0  ;  in  cases 
(2),  (3)  the  symbols  attached  to  the  sequences  are  said  to  be  positive 
and  negative. 

§  51.  Definitions.  It  is  easy  to  frame  definitions  of  the  sum, 
difference,  product,  and  quotient  of  symbols  attached  to  regular 
sequences.  If  A  and  B  be  attached  to  the  regular  sequences  a1?  a.2, 
«3,  •••>  &i>  &2>  &3>  •••>  A±B  and  AB  are  attached  to  the  sequences 
(an  ±  6n),  (a  A),  or  writing  the  sequences  at  full  length,  to 

ai±&!,  «2±62,-..,  an±  &„,—  , 
and 


If  5  be  different  from  0,  A/B  is  attached  to  the  sequence  d^/b^ 
a2/b.2,  a3/&3,  .«.,  an/bn,  •««.  These  definitions  are  consistent  with  those 
of  the  four  fundamental  operations  in  the  case  of  rational  numbers. 
For  example,  let  A,  B  be  two  rational  numbers.  The  symbol 
A  =  (A,  A,  A,  -..),  the  symbol  B  =  (B,  B,  B,  •••),  the  symbol  A  +  B 
=  the  symbol  A  +  the  symbol  B,  and  the  number  A  -f  B  =  the 
number  A  -f  the  number  B.  As  we  wish  all  these  symbols  to  be 
attached  to  regular  sequences,  we  must  show  that  the  sequences 

(a»±&»),   («A),   («*/&«)» 
are  regular. 

I.  The  sequence  (an  ±  bn)  is  regular;  for  a  number  /x.  can  be 
found  such  that,  when  n  >  /x, 

I  «n  +P  -«•„!<  e/2,  |  bn+p  -  bn    <  e/2  (p  =  1,  2,  ...)  ; 
and  from  these  two  inequalities  it  is  an  immediate  deduction  that 
I  (««.,„  ±  &.+,)  -  K  ±  *O  i  <  e  (p  =  1,  2,  .-.). 

II.  The  sequence  aA,  oA?  «3^s>  •••  ig  regular  ;  for 
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a  quantity  which  is  numerically  less  than  (an+J,  +  6B)c,  which,  in 
turn,  can  be  made  less  than  any  positive  rational  number,  however 
small,  by  a  proper  choice  of  c. 

III.   The  sequence  c^/ft^  a2/b2,  as/bs  •  • »  is  regular,  if  B  be  not  0. 

For  an+p  —  °^=  (an+P  -  ««)&«  — <*„(&«+„  -  6J 

bn+P      bn  t>nbn+p 

a  fraction  which  can  be  made  less  than  any  positive  rational  num 
ber,  however  small,  by  a  proper  choice  of  e. 

§  52.   Definitions  of  the  terms  equality  and  inequality. 

If  the  symbols  A,  B  be  attached  to  the  sequences  a1?  a2,  a3,  •••, 
&i>  &2>  &3>  •••>  an(i  ^'  the  elements  of  the  sequence  «i  —  &j,  a.2  —  b2, 
as  —  63,  •••,  from  a  definite  term  onwards,  be  always  greater  than 
some  positive  rational  number,  A  is  said  to  be  greater  than  B.  If 
the  elements  after  that  term  be  always  less  than  some  negative 
rational  number,  B  is  said  to  be  greater  than  A. 

If  a  number  //,  can  be  found  such  that  |  an  —  bn  \  <  e,  (n  >  ju,), 
A  —  B  =  0,  and  A  is  said  to  be  equal  to  B.  This  definition  agrees 
with  the  facts  in  the  •  case  of  rational  numbers.  For,  if  it  can  be 
proved  that  the  difference  of  two  rational  numbers  is  less  than  c, 
the  numbers  must  be  equal.  The  two  sequences 

&!,  a2,  a3, •  ••  aA,  a,+1, ... ;   a/,  a2',  •••,  ak',  al+1,  al+2,  ••• 

define  the  same  symbol,  for  e^— a/,  a2  —  a2',  «••,  aft+1  —  al+1,  •  •  •  has 
for  its  symbol  0.  Ii  is  to  be  noticed  that  the  definitions  of  equality 
and  inequality  for  A,  B  do  not  overlap. 

Let  the  sequence  a1?  a2,  •««,  on,  ««•  have  the  rational  limit  a;  the 
symbol  attached  to  ^  —  a,  a2  —  a,  a3  —  a,  ...  is  0,  since  by  hypothesis 
fj.  can  be  so  determined  that  |  a  —  an  |  <  e,  when  ?i  >  /x. 

Hence,  (al5  a2,  a3, ...)  -  (a,  a,  a, .»)  =  0  ; 

i.e.  the  symbol  attached  to  the  sequence  alt  a2,  a3,  ««•  is  a,  or  iart. 
Thus,  when  a  rational  limit  is  known  to  exist,  it  must  be  the  symbol 
attached  to  the  sequence.* 

Example.  If  an  —  .333.. •,  where  the  figure  3  occurs  n  times,  L  (\  —  an}=  0. 
Hence  %  is  the  symbol  attached  to  .3,  .33,  .333, .... 


*  When  each  number  of  the  sequence  is  a  decimal  fraction,  differing  from  the  preceding 
number  only  by  having  one  additional  digit  assigned,  the  necessary  and  sufficient  condition  for 
a  rational  limit  is  thru  there  must  be,  sooner  or  later,  a  periodic  recurrence  of  the  digits.  See 
Stolz,  Allgemeine  Arithmetik,  t.  i.,  p.  100. 
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§53.  Definitions,  (i.)  The  absolute  value  of  (a)  is  (|o|); 
(ii.)  the  symbols  AI,  A&  A&  ••«,  An  are  said  to  decrease  below  every 
assignable  value,  when  for  every  symbol  E,  except  0,  a  number  /* 
can  be  found  such  that,  when  n  >/a,  A,,  <  E  in  absolute  value. 

Consider  the  regular  sequence  ax  —  aa,  a.2  —  an,  a3  —  an,  ••• ;  we 
have 

A  -  an  =  («!  -  an,  a2  -  an,  •  ••)  =  (a,^  -  an,  an+2  -  an,  •  ••). 

When  n  increases  beyond  any  assignable  rational  number,  the 
elements  of  the  sequence  decrease  below  any  assignable  rational 
number,  by  the  definition  of  a  regular  sequence.  The  absolute  value 
of  the  symbol  attached  to  the  second  sequence  decreases  below  any 
assignable  absolute  value ;  therefore  A  —  an  decreases  below  any 
assignable  value,  as  n  increases.  Hence  we  have  the  theorem  that 
a  limit  exists  for  an,  namely  the  symbol  A.  When  Lan  is  not  a 
rational  number,  we  call  it  an  irrational  number. 

When  the  limit  of  a  sequence  is  a  rational  number,  the  symbol 
attached  to  the  sequence  can  be  regarded  as  that  rational  number. 
By  the  definitions  of  §  52,  all  symbols  can  be  arranged  in  order  of 
magnitude.  Hence,  when  the  limit  is  not  a  rational  number,  the 
corresponding  symbol  can  be  regarded  as  of  like  nature  with  the 
rational  numbers,  and  is  called  an  irrational  number.  From  this 
point  onwards  the  word  symbol  can  be  replaced  by  number. 

The  symbols  1/3,  1  attached  to  the  sequences  .3,  .33,  .333,  •«•; 
1,  1,  1,  •••  are  now  the  ordinary  numbers  1/3,  1,  and  such  an  in 
equality  as 

(1,  1,  !,..•)< (1,  1.4,  1.41,  1.414,. .-)< (1.5,  1.5,  1.5,...), 

where  1, 1.4, 1.41, 1.414,  •••are  numbers  which  occur  in  the  process  of 
extracting  the  square  root  of  2,  shows  that  the  symbol  (1,  1.4,  1.41, 
1.414,  •••)  can  be  regarded  as  a  number  intermediate  in  value  between 
1  and  1.5. 

Cantor  (Math.  Ann.,  t.  xxi.,  p.  568)  calls  attention  to  the  impor 
tance  of  perceiving  that 

A  =  Lan 

is  a  theorem  and  not  a  definition.  The  number  A  was  not  defined 
as  the  limit  of  an  (n  =  yz),  for  this  would  presuppose  the  existence 
of  the  limit.  A  different  course  was  adopted.  First,  numbers  were 
defined  by  regular  sequences ;  next,  a  meaning  was  given  to  the 
elementary  operations  as  applied  to  the  new  numbers ;  thirdly,  a 
definition  was  given  of  equality  and  of  greater  or  less  inequality; 
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finally,  there  followed  from  these  definitions  and  laws  of  construc 
tion  the  theorem 

A  —  Lan. 

To  see  that  no  new  numbers  are  obtained  by  using  a  regular 
sequence  of  irrational  numbers  alt  o2,  a3,  •••,  consider  a  regular 
sequence  61?  62,  bs,  •••  of  rational  numbers  defined  in  the  following 
way  : 

Let  ^  and  6X  have  the  same  integral  part,  a2  and  6a  agree  to  the 
first  decimal  place,  «3  and  b3  to  the  second  decimal  place,  and  so  on. 
Form  the  sequence  ax  —  b1}  a2  —  b.2,  a,  —  63,  .  .  .  .  The  elements  become 
ultimately  <  e,  and  the  sequence  defines  0.  That  is,  the  numbers 
(«!,  a2,  as,  ..-),  (&j,  &2,  &3,  •••)  are  equal.  Eational  and  irrational 
numbers  constitute  the  system  of  real  numbers. 

Deductions  from  the  theorem  Lan  =  (alf  «2,  «3,  •••)•     By  definition 

^1^?=  («!&!,  ...  ,  «„&„,  ..-)  =LaHbn. 
Hence  Lan  •  Lbn  =  Lanbn, 

similarly  Lan/Lbn  =  Lan/bn,  where  Lbn  =£0. 

We  leave  to  the  reader,  as  an  instructive  exercise,  the  proof  that 


where  A;  is  a  positive  integer,  and  also  the  proof  that  (Lan}Lbn  =L(anbn},  when 
the  a's  and  &'s  form  regular  sequences.  If  b  be  irrational  and  a  rational,  ab  is 
the  number  defined  by  the  series 

a6i,   a\   a&3,  .•«. 

In  this  way  it  is  possible  to  arrive  at  a  definition  of  such  expressions  as  a^. 
The  simplest  mode  of  treatment  is  obtained  from  the  exponential  theorem. 

§  54.  The  unicursal,  or  one-one,  correspondence  betiveen  ilie  totality 
of  real  numbers  and  the  points  of  a  straight  line. 

I.  To  every  point  on  a  straight  line  corresponds  a  distance  from 
the  zero-point,  whose  ratio  to  the  unit  line  is  a  real  number. 

Let  the  line  which  extends  from  the  zero-point  to  the  point  in 
question  be  named  B,  and  let  the  unit  line  be  A.  To  fix  ideas,  let 
the  line  B(=ob)  be  longer  than  the  line  A(=oa).  Let  lines  oc1? 
c^,  c2c3,  -"be  measured  along  the  straight  line  so  that  ocl  is  the  last 
multiple  of  A  contained  within  ob,  CjC2  is  the  last  multiple  of  A/10 
contained  within  c^b,  C2c3is  the  last  multiple  of  A/102  contained  within 
c.2b,  and  so  on.  Either  the  point  b  is  reached  after  a  finite  number 
of  divisions,  or  it  is  not.  In  the  former  case  the  ratio  of  B  to  A  is 
evidently  a  rational  number.  In  the  latter  the  points  c1?  c2,  c3,  ••• 
approach  b.  The  sum  of  the  lines  ocit  c^,  c,c3,  •••  falls  short  of  B,  but 
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the  amount  by  which  it  falls  short  can  be  made  less  than  an  arbitra 
rily  assigned  fractional  portion  of  B.  If  the  ratios  of  oc1}  c^,  •••  to 
A,  .4/10, ...  =  m^  m^  •••,  where  mlf  m.2,  •••  are  positive  integers  of  the 
set  0,  1,  2, ..-,  9,  the  ratio  of  B  to  A  =  ?%  +  wi2/10  +  m3/102  +  •••  = 
the  number  defined  by  the  regular  sequence 

m1}  m1  -f  m2/10,  ml  -f-  m2/10  -f-  m3/102, 

II.  To  every  real  number  corresponds  a  point  of  the  line,  as 
soon  as  a  unit  line  has  been  selected. 

There  is  no  difficulty  in  proving  this  for  rational  numbers.  If 
the  number  be  irrational,  let  it  be  defined  by  a  regular  sequence 
«!,  «o,  a3,~-  of  rational  numbers,  in  ascending  order  of  magnitude. 
Let  p,  q  be  two  points  on  the  line  such  that  the  numbers  which  cor 
respond  to  op,  oq  are  respectively  less  than  and  greater  than  (a) .  As 
the  point  moves  from  p  to  q  it  must  come  to  a  position  r  such  that 
for  the  first  time  the  line  or  is  not  less  than  any  of  the  lines  oa^  oa2, 
oa3, ...  which  represent  the  rational  numbers  on  a2,  a3,  •••.  This 
position  r  possesses  the  property  that  every  line,  which  starts  from 
o  and  does  not  extend  to  r,  is  less  than  some  number  an  of  the 
sequence.  The  number  represented  by  the  line  or  is  equal  to  that 
represented  by  the  number-sequence  (o1}  «2>  •••)>  ^or  ^  *s  greater  than 
every  an)  but,  when  diminished  by  any  number  however  small,  is 
less  than  some  member  of  the  sequence. 

The  preceding  theorem  is  capable  of  the  following  extension. 
The  complex  number,  a  4-  ib,  is  built  up  out  of  the  units  1,  i.  There 
is  a  unicursal  correspondence  between  the  system  of  complex  num 
bers  and  the  points  of  a  plane,  each  system  forming  a  doubly 
extended  manifoldness.  It  is,  therefore,  permissible  to  use  the 
word  point  instead  of  number.  [See  Fine's  Xuniber- System  of 
Algebra,  §§  40-42.] 

§  55.  Variable  quantities.  Prior  to  a  consideration  of  functions 
of  a  real  variable,  it  is  advantageous  to  examine  the  range  of  values 
of  the  independent  variable  x.  In  some  questions  x  cannot  pass 
through  all  the  rational  and  irrational  real  numbers  from  —  cc  to 
oo.  Whether  it  passes  through  a  finite  or  infinite  number  of  values 
will  depend  upon  circumstances,  but  in  any  case  there  will  be  an 
upper  limit  for  the  values,  which  may  be  either  finite  or  infinite.  If 
x  take  only  a  finite  number  of  values,  the  greatest  of  these  will 
be  the  limit  and,  moreover,  this  upper  limit  will  be  attained. 
It  is  not  to  be  inferred  that  this  will  always  be  the  case  when  x 
takes  an  infinite  number  of  values.  For  example,  if  x  =  1  —  1/n, 
(n  =  1,  2,  3,  •••),  the  upper  limit  1  is  unattainable. 
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Theorem.  If  all  the  values  of  x  be  less  than  a  finite  number  A, 
there  is  one  and  only  one  number  G,  which  is  such  that  no  value  of 
x  is  greater  than  G,  while  at  least  one  value  of  x  is  greater  than 
G  —  c.  G  is  called  by  Weierstrass  the  upper  limit  of  the  variable.* 

To  prove  this  theorem  let  aly  a2,  as,  •  •  •  be  the  values  which  x  can 
assume.  If  ax  be  greater  than  every  succeeding  term,  it  is  itself  the 
upper  limit;  but  if  there  should  be  one  or  more  terms  of  the 
sequence  a2,  %,  •••  which  are  >  a1?  let  b2  be  the  first  of  these.  Either 
b2  is  greater  than  all  the  succeeding  a's  or  it  is  not.  In  the  former 
case  b2  is  the  upper  limit,  but,  in  the  latter,  some  subsequent  number 
63  of  the  series  is  greater  than  b2.  A  continuation  of  this  process 
leads  to  the  sequence  of  ascending  numbers  a1?  b2,  bs,  64,  •••;  if  the 
sequence  contain  only  a  finite  number  of  terms,  the  last  of  these  is 
the  upper  limit,  whereas,  if  it  contain  an  infinite  number  of  terms, 
it  is  regular  and  defines  a  number  <  A.  The  number  so  defined  is 
G.  When  no  number  A  can  be  found  with  the  assigned  properties, 
the  upper  limit  is  said  to  be  oo.  There  is  alike  theorem  with  respect 
to  the  existence  of  a  lower  limit  K. 

A  variable  x  is  said  to  be  continuous  in  the  interval  x0  <  x  <  #1? 
when  it  passes  through  all  the  rational  and  irrational  numbers  of 
the  interval  (x0  and  xl  inclusive). 

Example.     Let  the  values  of  x  be 

1-1/2,    -1  +  1/3,   1-1/4,    -1+1/5,... 
...,    l-l/2n,    -l  +  l/(2w  +  l),...(Thomse). 

The  upper  and  lower  limits,  which  are  unattainable,  are  +  1  and  —  1.  The 
variable  is  not  continuous  in  the  interval. 

§  56.  Limiting  numbers.  In  the  neighbourhood  of  a  limiting  num 
ber  there  is  an  infinite  accumulation  of  points.  To  make  the  meaning 
more  precise,  let  us  consider  an  infinite  sequence  a1?  a2,  a3,  •••,  an,  ••• 
whose  members  are  finite  and  distinct.  There  must  be  in  the  neigh 
bourhood  of  some  member  H,  ffiT^  ^=  G1),  an  infinite  accumulation 
of  points.  To  prove  this,  divide  the  finite  interval  (Kto  G)  intop 
parts,  where  p  is  some  integer  ;  in  at  least  one  of  these  parts,  say 
(K-L  to  #0,  there  must  lie  infinitely  many  points  of  the  sequence. 
Divide  (JBTj  to  GI)  into  p  parts.  In  at  least  one  of  these  parts,  say 
(K2  to  G2)  ,  there  must  lie  infinitely  many  points.  By  continuing  this 
process  we  arrive  at  the  two  sequences 


0i,  G2,   G,' 

**Bolzano  was  the  first  mathematician  to  draw  attention  to  the  existence  of  upper  and  lower 
limits  of  a  variable.  See  Stolz,  B.  Bolzano's  Bedeutung  in  der  Geschichte  der  Infinitesimal- 
rechnung,  Math.  Ann.  t.  xviii.  Their  introduction  into  modern  analysis  IB  due  to  "Weierstrass. 
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which  are  in  ascending  and  descending  order.  Each  member  of  the 
second  sequence  is  greater  than  every  member  of  the  first,  and 
Gn  —  Kn  can  be  made  less  than  any  assignable  number,  if  n  be  taken 
sufficiently  great.  The  two  sequences  define  one  arid  the  same 
number  H.  By  the  mode  of  construction  of  H  it  follows  that,  how 
ever  small  8  may  be,  infinitely  many  values  of  x  exist  within  the 
interval  (H—  8  to  H  +  8)  .  This  is  what  is  meant  by  saying  that  there 
is  an  infinite  accumulation  of  numbers  at  H,  and  that  H  is  a  limiting 
number.  H  need  not  be  itself  a  member  of  the  system  aly  a^  a3,  •••. 
A  distinction  must  be  drawn  between  "the  upper  limit"  and  a 
"limiting  number"  of  a  sequence.  For  example  let  a,  ^a2<a3-.-<A 
There  will  be,  in  all  cases,  an  upper  limit  for  this  sequence,  but 
there  cannot  be  a  limiting  number  when  the  series  contains  only  a 
finite  number  of  elements.  Again  there  can  be  more  than  one 
limiting  number,  but  only  one  upper  limit. 

§  57.  Many  of  the  more  serious  difficulties  in  the  study  of  functions  are 
caused  by  infinite  accumulations  of  values  x  in  the  neighbourhoods  of  particular 
points.  Consider,  for  instance,  Riemann's  statement  of  the  necessary  and 
sufficient  conditions  hi  order  that  a  function  f(x)  may  be  integrable  between  the 
limits  x  =  a,  x  =  b.  The  function  /(x)  is  said  to  be  continuous  at  the  point  c  of 
the  interval,  if  a  field  (c  —  h  to  c  +  h)  can  be  found  such  that,  for  all  points  of  this 
field,  j/(x)  —  /(c)  j  <  c.  Otherwise  the  function  is  said  to  be  discontinuous  at  c. 

Interpolate  between  a  and  6  the  values  xp  x2,  •••,  xn_i,  and  let  xt  —  a  =  51? 
x2  —  xl  =  52,  £3  —  x.2  =  53,  •••.  If  /(x)  be  a  discontinuous  function  of  x,  which  is 
always  finite  between  a  and  6,  its  values  within  an  interval  5  will  have  an  upper 
and  a  lower  limit.  The  difference  between  these  upper  and  lower  limits  is 
named  the  oscillation  of  the  function.  Riemann's  theorem  is  the  following:  — 

If  the  sum  of  the  intervals  in  which  the  oscillations  of  /(x)  are  greater  than 
a  given  finite  number  X  become,  always,  infinitely  small  with  the  intervals  5, 
the  series 


hi  which  0j,  02,  •••,  Qn  are  positive  proper  fractions,  will  converge'  to  a  definite 
sum,  when  every  5  is  indefinitely  diminished.  This  sum  is  called  J*/(x)e?x.* 
This  definition  does  not  require  that  the  function  should  be  continuous,  and 
thus  there  arises  the  possibility  of  finite  changes  in  the  value  of  the  function  for 
infinitely  small  changes  of  x.  Evidently  it  is  important  to  know  where  these 
changes  take  place. 

§  58.  This  illustration  has  been  introduced  to  show  the  need  for 
a  theory  of  point-distribution.  Two  theories  of  this  kind  have  been 
elaborated.  One  of  these  is  due  to  Hankel  (Math.  Ann.  t.  xx.), 
while  the  other  has  been  developed  by  Cantor  in  a  remarkable  series 

*  For  a  proof  of  the  convergence  of  this  sura,  see  Riemann's  memoir  Ueber  die  Darstellbar- 
keit  einer  Function  durch  eine  trigonometrische  Reihe  (Werke,  pp.  213-253)  ;  also  a  paper  by 
H.  J.  S.  Smith,  On  the  Integration  of  Discontinuous  Functions,  Proc.  Lond.  Math.  Soc.  t.  vi. 
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of  papers  published  in  the  Mathematische  Annalen  and  the  Acta 
Mathematica. 

To  Hankel  we  owe  the  idea  of  a  discrete  mass  of  points.  Let  the 
range  from  x  —  8  to  x  +  8,  where  8  is  finite  though  arbitrarily  small, 
be  called  the  neighbourhood  of  x.  When  a  finite  or  infinite  number 
of  points,  lying  in  an  interval  (a  to  &),  can  all  be  included  in  neigh 
bourhoods  whose  sum  <  e,  the  points  are  said  to  form  a  discrete  mass. 
When  such  a  choice  of  neighbourhoods  is  not  possible  for  the  interval 
(a  to  5),  or  for  any 'arbitrary  part  of  it,  the  points  are  said  to  form 
a  linear  mass  throughout  (a  to  b).  This  distinction  was  adopted  by 
Hankel,  with  the  object  of  making  Eieniann's  theory  of  integration 
more  precise.* 

Cantor's  division  of  masses  into  species  constitutes  a  farther 
reaching  theory  than  that  of  Hankel,  and  has  led  to  important 
generalizations  in  the  hands  of  recent  writers  upon  the  subject  of 
essential  singularities  in  the  Theory  of  Functions.  [See,  fgr  ex 
ample,  Mittag-Leffler's  paper  in  the  Acta  Mathematica,  t.  iv.] 

Let  P  be  a  mass  of  different  points  arranged  along  a  line.  These 
points  will,  in  general,  be  accumulated  in  infinitely  great  numbers  at 
certain  points  of  the  line.  The  limiting  points  of  these  infinite 
accumulations  form  a  derived  mass -of  points,  which  can  be  represented 
by  Pj.  If  P!  contain  infinitely  many  points,  it  will,  in  turn,  give  rise 
to  a  new  derived  mass  of  points  P2,  and  so  on  indefinitely,  unless  at 
some  stage  of  the  process  a  derived  mass  Pn  is  reached,  in  which 
there  is  nowhere  an  infinite  accumulation.  The  process  then  stops. 

Points  of  PJ  need  not  be  points  of  P,  for  it  has  been  pointed  out 
that  a  limiting  number  of  P  does  not  necessarily  belong  to  P.  All 
the  points  of  P2  must  be  points  of  Px.  If  possible,  let  a  point  c  of 
P2  be  not  included  in  Px.  At  c  there  is  an  infinite  accumulation  of 
Prpoints.  Hence  at  c  there  is  an  infinite  accumulation  of  P-points. 
This  latter  statement  is  tantamount  to  saying  that  c  is  a  limiting 
point  of  P,  or  that  c  belongs  to  Pj.  Hence  in  the  process  of  deriva 
tion  new  points  can  be  introduced  only  at  the  first  stage. 

Examples.  (1)  PEE  (1,  1/2,  1/22,  1/23--.)  ;  we  have  P^CO),  the  process 
stopping  with  Pr 

P=(l,  1/2,   1/22,  1/2  +  1/2-3,  1/23,  1/2  +  1/2^,  1/2* +1/2*, 

1/2*,  1/2  +  1/2S-..), 
a  series  of  numbers  formed  by  taking  1,  1/2,  1/22,  1/23, ...  one  at  a  time, 
and  1/2,  1/2'2,  1/23,  •••  two  at  a  time  ;  we  have 

^  =  (0,  1/2,  1/22,  1/23,...);   P2  =  (0), 
the  process  stopping  with  P2. 

*  The  nomenclature  adopted,  and  also  the  examples  of  this  paragraph,  are  taken  from 
Harnack  (Bulletin  des  Sc.  Math.,  Ser.  2,  t.  vi.,  p.  242;  Calculus,  §  144). 


(2)  { 
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(3)  P=the  rational  numbers  between  0  and  1,  these  two  numbers  exclu 
sive  ;  we  have  P^the  rational  and  irrational  numbers  between  0  and  1,  these 
two  numbers  inclusive.  The  remaining  masses,  P2,  P3,  '•• ,  contain  the  same 
points,  and  the  process  never  terminates. 

Example  (2)  illustrates  the  difference  between  Hankel's  discrete  mass  and 
Cantor's  derived  masses.  The  mass  P  is  discrete,  despite  the  circumstance 
that  it  possesses  infinitely  many  places  of  accumulation.  For,  drawing  from  0 
towards  1  a  small  interval  0  to  5,  the  remaining  interval  5  to  1  contains  only  a 
finite  number  of  the  points  of  accumulation,  and  the  sum  of  the  corresponding 
fields  can  be  made  arbitrarily  small,  however  small  5  may  be. 

§  59.   Meaning  attached  to  the  word  Function. 

As  a  clear  understanding  of  what  is  meant  by  a  function  of  a 
variable  x  is  essential  for  the  comprehension  of  modern  researches 
in  the  Theory  of  Functions,  we  shall  give  here  a  brief  sketch  of  the 
evolution  of  the  modern  view  of  functionality.  We  shall  have 
occasion  to  speak,  from  time  to  time,  of  the  arithmetic  expression 
of  a  function.  By  this  we  shall  mean  an  expression  which  arises 
from  certain  quantities  by  the  four  fundamental  operations  of  addi 
tion,  subtraction,  multiplication,  and  division.  As  Weierstrass  has 
pointed  out,*  there  are  no  other  known  elementary  operations. 
No  new  elementary  operations  are  needed  for  powers,  roots,  and 
logarithms,  for  if  the  relationship  between  numbers  can  be  put,  in 
any  manner,  into  an  analytic  form,  in  which  only  the  four  element 
ary  operations  are  used,  there  is  no  occasion  to  regard  the  indicated 
operation  as  elementary.  Xo  example  is  known  of  an  analytic 
connexion,  which  is  not  reducible  to  a  combination  of  these  funda 
mental  operations. 

The  three  secondary  operations  arose  in  the  following  manner. 
The  power  is  the  result  of  multiplying  equal  factors.  From  the 
equation  am  =  b,  the  two  other  operations  can  be  found ;  namely, 
they  are  involved  in  the  problems :  — 

(i.)    To  find  a,  given  m  and  b  ; 
(ii.)  To  find  m,  given  a  and  b. 

Prior  to  the  introduction  of  the  Infinitesimal  Calculus,  the  func 
tions  used  in  Analysis  were  of  so  simple  a  type  that  no  special  name 
was  needed.  The  word  function  was  used  by  Leibnitz  (Acta 
Eruditorum,  1692). 

First  definition  (Bernoulli-Euler).  The  number  y  was  called  a 
function  of  xf  when  it  could  be  constructed  from  x  by  prescribed 
combinations  of  the  four  fundamental  and  the  three  secondary  opera 
tions.  If  y  can  be  called  a  function  of  x  only  when  these  conditions 

*  See  Kossak,  Die  Elemente  der  Arithrnetik,  p.  29. 
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are  fulfilled,  x  cannot  logically  be  called  a  function  of  y,  until  a  proof 
lias  been  given  that  x  can  be  derived  from  y  by  a  combination  of  the 
seven  operations.  Cases  were  known  in  which  this  could  not  be 
effected  by  a  finite  number  of  operations,  and  no  examination  was 
made  as  to  whether,  in  such  a  case,  a  valid  representation  could  be 
afforded  by  infinitely  many  of  these  operations.* 

Second  definition.  Bernoulli  also  gave  this  definition :  If  two 
variable  magnitudes  be  so  related,  the  one  to  the  other,  that  to 
every  value  of  the  one  corresponds  a  certain  number  of  values  of  the 
other,  the  first  variable  is  said  to  be  a  function  of  the  second,  and 
the  second  of  the  first. 

Since  the  magnitudes  considered  can  always  be  represented  by 
numbers,  this  definition  includes  the  former  one.  This  definition 
was  intended  to  apply  solely  to  continuous  curves,  and  to  express 
the  connexion  between  the  ordinate  and  abscissa  of  an  arbitrarily 
drawn  continuous  curve  which  had  everywhere  a  tangent.  It  was 
assumed  that  a  continuous  function  must  be  expressible  by  such  a 
curve ;  that  is,  that  a  continuous  function  must  possess  a  differential 
quotient.  (See  §  65.) 

Curves  drawn  arbitrarily  on  a  plane  may  present  peculiarities 
which  mark  them  off,  at  once,  as  non-algebraic.  These  curves  were 
known  as  f  curvse  discontinues  seu  mixtse  seu  irregulares '  (Euler, 
Introductio  in  Analysin  infinitorum,  t.  ii.,  p.  6),  and  were  regarded 
as  incapable  of  arithmetic  expression. 

A  controversy  between  D'Alembert,  Daniel  Bernoulli,  Euler,  and 
Lagrange  led  to  a  discussion  of  the  question  whether  every  function 
represented  by  a  continuous  curve  (in  the  then  accepted  sense  of 
the  term)  could  be  expressed  as  a  trigonometric  series.  In  1807 
Fourier  greatly  enlarged  the  concept  of  a  function  by  proving  that 
certain  curves  which  obey  different  laws  in  different  parts  can  be 
represented  by  a  single  arithmetic  expression.  Fourier's  discovery 
showed  that  a  portion  of  a  curve  does  not  fix  the  form  of  the 
complete  curve  and  that  some,  at  least,  of  the  curves  hitherto 
excluded  resulted  from  arithmetic  expressions.  For  information 
on  Fourier's  series  we  refer  the  student  to  Fourier's  collected  works, 
and  to  memoirs  by  Dirichlet  (Crelle.  t.  iv.),  Riemann  (Ges.  Werke., 


*  John  Bernoulli,  in  a  memoir  dated  1718,  gave  this  definition:  "  On  appelle  .  .  .  Fonction 
d'une  grandeur  variable,  une  quantite  composee  de  quelque  manure  que  ce  soit  de  cette  grandeur 
variable  et  de  constantes."  Mem.  de  1'Acad.  Roy.  dee  Sciences  de  Paris,  1718,  p.  100.  This 
definition  was  adopted  by  Euler  in  1748:  "  Funetio  quantitatis  variabilis  est  expressio 
analytics  quomodocunque  composita  ex  ilia  quantitate  variabili  et  numeris  seu  quantitatibus 
coustantibus." 
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p.  213),  Sachse   (Bulletin  des  Sciences  Mathematiques,  2e  serie.,  t. 
iv.,  1880). 

Dirichlet'' s  definition.  Dirichlet  defined  y  as  a  function  of  x  in 
the  following  manner  :  — 

Let  x  take  certain  values  in  an  interval  (a?0  to  o^)  ;  if  y  possess  a 
definite  value  or  definite  values  for  each  of  these,  y  is  said  to  be  a 
function  of  x.  It  is  not  necessary  that  y  should  be  related  to  x  by 
any  law  or  arithmetic  expression.  Moreover,  the  function  may  be 
defined  for  certain  values  only  of  x  within  the  interval  (ar0  to  Zj),  e.g. 
for  all  rational  numbers;  but  usually  it  is  defined  for  all  the  values 
within  the  interval.  [Eepertorium  der  Physik,  her.  v.  Dove,  t.  i., 
p.  152.] 

According  to  this  definition  the  value  of  y,  when  x  =  a,  may  be 
entirely  unrelated  to  the  value  of  y  for  any  other  value  of  x,  x  =  b. 
This  definition,  in  contrast  to  those  used  before  Dirichlet's  time, 
errs  on  the  side  of  excessive  generality;  for  it  does  not  of  itself 
confer  properties  on  the  function.  The  functions  so  defined  must 
be  subjected  to  restrictive  conditions  before  they  can  be  used  in 
analysis.  Nevertheless,  this  definition  forms  and  must  continue  to 
form  the  basis  for  researches  upon  discontinuous  functions  of  a 
real  variable. 

In  Dirichlet's  sense  f(x)  is  a  function  of  x  throughout  an  inter 
val  when,  to  every  value  of  x  within  the  interval,  belongs  a  definite 
value  of  f(x).  A  value  of  x  which  makes  the  function  oc  is 
excluded. 

Ex.  1.     Sin  l/x  has  no  definite  value  at  x  =  0. 

Ex.  2.  Sin  x/l  —  sin  2x/2  +  sin  3x/3  —  •••  is,  in  spite  of  sudden  discon 
tinuities,  a  function  which  is  definite  for  all  finite  values  of  x. 

§  60.     The  limit  of  a  f  auction. 

Let  y  be  defined  for  an  infinite  mass  of  points,  continuous  or  dis 
continuous,  of  which  a  is  a  limiting  point.  If,  for  every  e,  a  positive 
number  8  can  be  assigned  such  that,  when  a  <  x  <  a  +  8.  y  —  A  <  c, 
we  call  A  the  limit  of  y  when  x  tends  to  a  from  the  right,  and  write 
lim  y  =  A.  Similarly  if,  when  a  —  8<x<a,\y  —  B'<Cj  we  call 

x=a-!-0 

B  the  limit  of  y  when  x  tends  to  a  from  the  left,  and  write  lim  y  =  B. 
If,  when  a<£<«-f-S,  2/>l/e  (or  <— 1/e),  lim  y=  +  oc  (or  — ao). 
If,  when  x  >  8,  I  y  —  A  \  <  e,  lim  y  =  A.  And  so  in  the  remain- 

••4*0 

ing  cases.     It  is  not  implied  that  y  exists  when  x  =  a. 
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Each,  of  the  following  five  theorems  refers  to  a  selected  limiting 
point  and  a  selected  side  of  that  point. 

(1)  A  function  cannot  have  two  distinct  limits. 

(2)  ~Lim(y1  +  y2)  =  lim  yl  -f  lim y%  provided  that,  if  one  of  these 
two  limits  be  +  oo,  the  other  is  not  —  oo. 

(3)  Lim  (yl  —  y2)  =  lim  yl  —  lim  y%  provided  that  these  two  limits, 
if  both  infinite,  have  not  the  same  sign. 

(4)  Lim  (?/i2/2)  =  lim  y1-  lim  y2,  provided  that  the  last  expression 
is  not  0  •  oo  or  oo  •  0. 

(5)  Lim  (2/1/2/2)  =  lim  2/i/^m  2/2?  provided  that  the  last  expression 
is  not  0/0  or  co/oo. 

These  are  re-statements  of  familiar  theorems  of  the  Calculus.  To 
deal  with  the  excluded  cases,  restrictions  must  be  imposed  on  the 
functions.  The  reader  is  referred  to  Stolz,  Allgemeine  Arithmetik, 
t.  i.,  section  ix. 

§  61.  Continuous  functions.  The  definition  of  the  continuity  of 
a  function  at  a  point  was  given  in  §  57.  A  function  is  said  to  be 
continuous  over  an  interval  (x0  to  o^),  when  it  is  continuous  at  every 
point  of  the  interval,  and  when  f(x0  -f-  7i),  f(x±  —  h)  have  the  limits 
f(®o)>  f(xi)>  as  ^  tends  to  zero.  A  function  may  be  continuous  on 
one  side  of  x  =  a  without  being  continuous  on  the  other. 

It  is  to  be  remarked  that  when  a  function  is  continuous  at  «,  the 
limit  when  x  tends  to  a  either  from  the  right  or  left  is  the  value 
of  the  function  at  a.  This  may  be  conveniently  expressed  by 
writing  /(a  +  0)  =  /(a  -  0)  =  /(a) . 

If  f(x)  be  continuous,  and  =b,  at  x=a,  and  if  <£(?/)  be  continuous 
at  y  —  b,  then  <f>{f(x)\  is  continuous  at  x  =  a.  This  theorem  fol 
lows  immediately  from  the  definition. 

§  62.     Upper  and  lower  limits  of  a  function. 

Theorem.  Let  f(x)  be  a  function  which  remains  finite  for  all 
values  of  x  between  x  =  %  and  x  =  x±.  The  values  taken  by  the 
function  will  have  an  upper  limit  G  and  a  lower  limit  K.  For  no 
value  of  x  in  the  interval  can  the  function  be  >  Gr  or  <  K\  but 
further,  however  small  e  may  ber  there  must  be  at  least  one  value  of 
x  for  which  f(x)  is  greater  than  G  —  c,  and  at  least  one  value  of  x 
for  which /(ic)  is  less  than  TT-f  e. 

The  finiteness  of  the  values  of  the  function  shows  that  there 
must  be  two  finite  integers  A,  B,  between  which  all  these  values 
must  lie.  Divide  the  interval  (A,  B)  into  the  parts 

(A,A  +  1},   (A  +  1,^  +  2),..-,  (B-1,B). 
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Let  A'  be  the  last  of  these  numbers  which  is  not  greater  than  all  the 
values  of  the  function,  and  let  A'  -+-  1  =  B'.  Divide  the  interval 
(A1,  B1)  into  10  parts 

(A1,  A'  +  1/10),  (A  +  1/10,  A'  +  2/10), .-,  (A  +  9/10,  B'). 

Let  A"  be  the  last  value  which  is  not  greater  than  all  the 
functional  values,  and  let  B"  =  A"  +  1/10.  A  continuation  of  this 
process  shows  that  there  can  be  found  a  value  A(n\  such  that 

(i.)    B^-AM<c; 

(ii.)  There  exists  a  value  of  f(x)  which  is  greater  than  A(n),  and 
no  value  so  great  as  B(n). 

The  ascending  sequence  A,  A',  A",  ••• ,  and  the  descending  sequence 
B,  B1,  B",'",  define  a  number  G.  This  proves  that  a  value  of  x 
can  be  found  for  which  the  value  of  the  function  differs  infinitely 
little  from  G,  but  does  not  prove  that  there  exists  a  value  which 
is  exactly  G.  Precisely  similar  results  hold  with  respect  to  the 
lower  limit  Ji". 

An  example  will  clear  up  the  preceding  reasoning :  let  y  =  x  for 
all  values  of  x  in  the  interval  0  to  1,  1  exclusive,  and  let  y  =  0  when 
x  =  1.  The  upper  limit  of  the  discontinuous  function  y,  namely  1, 
is  never  attained,  but  a  value  of  y  exists  which  is  >  1  —  e. 

When  a  function  is  said  to  be  infinite  for  x  =  a,  it  is  to  be  under 
stood  that  this  is  only  a  short  mode  of  expressing  the  fact  that  no 
finite  upper  limit  exists.  The  value  x  =  a  must  then  be  excluded 
from  the  list  of  possible  values  of  x.  When  a  function  is  continu 
ous  throughout  an  interval,  it  is  implied  that  there  is  no  place  of 
this  kind  in  the  interval. 

Example  1.  y  =  l/x  is  a  law  which  may  define  values  of  y  for  all  values  of 
x  in  the  interval  (—  a  to  a),  x  =  0  exclusive.  As  x  approaches  0  from  either 
side,  y  tends  to  infinity  ;  but  if  x  =  0  be  included  in  the  range  of  values,  y  is 
not  defined  by  this  law,  but  must  be  otherwise  assigned. 

Example  2.  The  function  y  =(x2  —  a?}/(x  —  a)  has  a  determinate  value, 
provided  x=f=a.  It  is  natural  to  assign  to  y  the  value  2  a  when  x  =  a  ;  but  that 
this  is  an  arbitrary  assumption  has  been  pointed  out  by  Darboux.  Let  0(re)  be 
a  function,  for  example  a  definite  integral,  which  =  1  when  x^a,  and  =..4 
when  x  =  a.  The  product  0(x)  •  (x  +  a)  =  (x2  —  a2)/(z  —  a)  when  x=£a;  but 
when  x  =  a,  the  left-hand  side  =  2  Aa. 

§  63.    Two  theorems  ichich  relate  to  continuous  functions. 

Theorem  L  If  the  function  f(x)  be  continuous  in  the  interval 
(x0  to  o^)  of  the  real  variable,  and  if  it  take  opposite  signs  when 
x  =  x0  and  x  =  x^  f(x)  must  equal  zero  for  one  or  more  values  con 
tained  between  XQ  and  x^ 
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Divide  the  interval  (x(],  x^  into  10  equal  parts.     Suppose  f(xQ) 
negative,  f(x{)  positive.     The  sequence 


will  start  with  a  negative  term.  If  any  one  of  the  interpolated 
values  equal  zero,  the  theorem  is  established.  But  if  the  terms  be 
all  different  from  zero,  let  /(#</)  be  the  last  which  is  negative,  /to') 
the  first  which  is  positive.  Divide  the  interval  (x0',  #/)  into  10 
new  intervals,  and  pick  out  of  the  sequence  of  values 

the  last  one  which  is  negative,  namely  f(x0") ,  and  the  first  which  is 
positive,  namely  /to").  The  process  may  stop  owing  to  the  occur 
rence  of  a  zero-value  for /(a?),  a  result  which  would  at  once  establish 
the  theorem.  If  it  do  not  stop,  the  two  infinite  sequences 

f\xo)>  f\xo))  f(xo  h  '"> 

f(v  \    ffv  '\    f(v  "\ 
J\xi))  J\xij)  J\xi  )>  •••) 

have  a  common  limit /(X),  where  X  is  the  number  defined  by  the 
two  sequences 

(™        ~l      ~lt       ...\     r,nr1      (™        „    '      T    "       .        "k 

\*vQ)  «^o  j  "^O  )         )  ct/llLt-  y*lj  *l  j  *^l  j        /j 

where 

x  y.  __-[()/' y,  i x'}—~L02(x" x  "}  =  ~LQs(x  "' x '"}=•••• 

and  f(X)  must  =  0,  for  every  member  of  the  sequence 

f(/r  \      -f(v  !\      ff^f  fl\ 

J\xo))  J\XQ  ))  J\XQ  )) 
is  negative,  and  every  member  of  the  sequence 


positive.     The  first  rigorous  proof  of  this  theorem  was  given  by 
Cauchy  in  his  Cours  d'  Analyse. 

Corollary.  A  function  <f>(x)  which  is  continuous  between  two 
values  a?0,  #1?  must  pass  through  every  value  A  intermediate  to  </>(#0), 
^(ajj).  This  can  be  proved  by  putting  <j>(x)  —  A  =f(x),  and  apply 
ing  the  above  theorem.  Darboux  has  established  the  existence  of 
discontinuous  functions  which  possess  the  same  property.  [Annales 
de  1'fic.  Norm.  Sup.,  Ser.  2,  t.  iv.  pp.  51-112;  t.  viii.,  pp.  195-202.] 

Theorem  II.  If  f(x)  be  a  function  which  is  finite  and  continuous 
in  the  interval  (XQ  to  a^),  the  function  will  possess  maximum  and  mini- 
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mum  values  which  are  equal  to  the  upper  and  lower  limits  G,  7T, 
and  consequently  it  will  pass  through  all  values  between  G  and  K. 

The  function  takes  values  >  G  —  e,  and  values  <  K+  c.  Does  it 
actually  attain  to  G  and  K  ?  Divide  (#0,  Xi)  into  two  equal  intervals. 
In  one  at  least  of  these,  the  upper  limit  is  G.  In  fact,  if  the  two 
upper  limits  were  G',  G",  quantities  <  G,  the  function  would  not 
take,  in  the  interval  (x0,  a/'j),  the  values  comprised  between  G  and 
the  greater  of  the  two  numbers  G',  G".  Hence  one,  at  least,  of  the 
limits  G',  G"  =  G.  Divide  that  half  interval,  in  which  the  upper 
limit  is  G,  into  two  equal  parts,  and  continue  the  process. 

The  result  is  a  sequence  of  sub-intervals,  one  comprised  within 
the  other,  which  tend  toward  zero  as  limit.  For  each  of  these  inter 
vals  the  upper  limit  is  G.  The  further  extremities  of  the  sub-inter 
vals  are  constant  in  position  or  else  approach  x0  ;  the  nearer  extrem 
ities  of  the  sub-intervals  are  constant  in  position  or  else  move  away 
from  XQ.  Let  a  be  the  point  defined  by  these  sub-intervals.  Within 
the  neighbourhood  (a  —  h  to  a+h)  the  upper  limit  of  the  function  is 
G,  however  small  h  may  be.  That  is,  there  is  a  value  of  x(=  a  T  Oh) 
comprised  within  this  interval  for  which  G  —  f(a  T  Oh)  <  e.  On  the 
other  hand  we  can  take  h  small  enough  to  make  \f(a^0h)—  /(a)|<e, 
because  the  function  is  continuous  at  a.  Hence  the  absolute  value 
of  £-/(«.)<  2  e;  therefore  G=f(a).  Similarly  for  K.  If  a  be 
one  of  the  points  x0,  XL  a  slight  modification  of  the  proof  is  required. 

§  64.  If  f(x)  be  continuous  at  every  point  of  the  interval 
(a;0  to  Xj),  we  know  by  the  definition  that,  at  a  point  XK)  it  is  possible 
to  find  a  value  Aov  such  that  \f(xK±0±xK)—  f(x*)  \  shall  be  less 
than  e.  If  e  be  fixed  and  XK  allowed  to  vary,  two  cases  may  con 
ceivably  arise  :  (i.)  it  is  possible  to  choose  for  Ao^  a  value  h  which 
is  independent  of  XK  throughout  the  interval  (x0  to  o^);  (ii.)  it  is 
impossible  to  find  such  a  value  h.  In  Case  (i.)  the  continuity  is 
termed  uniform,  while  in  Case  (ii.)  the  continuity  is  non-uniform. 
The  following  theorem  shows  that  Case  (ii.)  does  not  arise:  — 

Divide  the  interval  into  2  equal  parts,  each  of  these  into  2  equal 
parts,  and  so  on. 

(i.)  If,  after  the  operation  has  been  performed  a  finite  number 
of  times,  the  oscillation  of  the  function  within  each  of  the  divisions 
of  length  3  be  <  e/2,  8  is  the  required  value  of  h.  To  confirm  this 
statement,  let  £  be  any  one  of  the  points  of  division,  £  —  A,  £  +  p.  two 
points  within  an  interval  of  length  8  ;  then 


and  therefore  |  /(£  +  p.)  -/(£  -  X)  ;  <  «. 
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The  difference  (£-f-/x)  —  (£  —  A)  is  any  real  number  whose  absolute 
value  <  8.  Thus  8  is  the  required  value  of  h. 

(ii.)  If  possible,  let  the  oscillation  within  one  of  the  divisions 
be  >e,  however  often  the  operation  of  division  may  have  been  per 
formed.  The  oscillations  within  some  interval  (x0(m\  x^),  which 
decreases  indefinitely  as  m  increases,  are  always  J>  e/2.  Now  the 

sequences  (1)      (2)      (8)          (m} 

•ED  xi    j  xi    ?  xi    ?       ^i     j 

/v.       «.  (1)     «.  (2)     0.  (S)    ...«.(»)    .  . 
XQj    XQ      j    JUQ      ,    U/0       ,  *C0       ,  •  • 

define  a  number  X.  Hence,  since  the  function  f(x)  is  continuous 
at  the  point  X,  it  must  be  possible  to  find  a  number  h,  such  that 

\f(X*Oh)-f(X)    <e/4, 

for  all  values  of  0  from  0  to  1,  inclusive.  Let  Xj,  X2  be  any  two  of 
the  values  of  ±  Oh.  We  can  deduce,  at  once,  from,  the  two  in 
equalities  --  <e/4, 


the  further  inequality 

IKX+XJ-ftX-Xj    <e/2, 

which  implies  that  the  oscillation  within  the  interval  (X—X1  to 
X  +  X2)  <  e/2,  contrary  to  supposition.  Hence  a  function  of  one 
variable,  which  is  continuous  at  every  point  of  an  interval,  is  uni 
formly  continuous.  Cantor  and  Heine  were  the  first  to  enunciate 
the  above  theorem.* 

§  65.  The  continuous  function  plays  a  much  more  important 
part  in  analysis  than  the  discontinuous,  but  the  study  of  the  latter 
throws  light  on  the  problems  suggested  by  Fourier's  series  and.  simi 
lar  questions.  Enough  has  been  said  to  show  the  necessity  for  precise 
definitions  and  to  emphasize  our  present  ignorance  of  the  discontinui 
ties  presented  by  functions  of  a  highly  transcendental  character. 

The  properties  which  are  most  commonly  associated  with  a  con 
tinuous  function  are  the  possession  of  a  differential  quotient  and 
an  integral,  and  expansibility  by  Taylor's  theorem.  It  is  not  our 
intention  to  examine  these  cases  for  the  real  variable,  but  we  shall 
give  an  example  of  Weierstrass's  which  relates  to  the  existence  of  a 
differential  quotient. 

Weierstrass's  example  of  a  continuous  function  which  has  nowhere  a 
differential  quotient. 

CO 

The  f  unction  f(x)  =  S6n  cos(anX7r),  in  which  x  is  real,  a  an  odd 

0 

*  Heine,  Crelle.,  t.  Ixxiv.,  p.  188:  Thomee,  Theorie  der  analytischen  Functionen. 


REAL   FUNCTIONS    OF   A   REAL   VARIABLE.  59 

positive  integer,  6  a  positive  constant  <  1,  is  a  continuous  func 
tion,  which  has  nowhere  a  determinate  differential  quotient  if 
ab  >  1  -f  3  7T/2.  We  reproduce  Weierstrass's  proof  :  — 

Let  XQ  be  a  definite  value  of  x,  and  ra  an  arbitrarily  chosen  posi 
tive  integer.     There  is  a  determinate  integer  am,  for  which 

-l/2<a"M<0-am<l/2. 
Write  xm+i  for  amx0  —  am, 

and  put  x1  =  (am  -  l)/am,   x"  =  (am  +  l)/a". 

Thus       x'  -  x0  =  -  (1  +  xm^)  /a",    x"  -xQ=(l-  zm+1)  /a", 

and  x'  <  x0  <  x".  The  integer  m  can  be  chosen  large  enough  to 
insure  that  x',  x"  shall  differ  from  XQ  by  as  small  a  quantity  as  we 
please.  We  have 


*»  -  *o)  =  S 

n=o  C  a;'  —  x0  > 


Since 


o"(aj'-ar0) 

f  ^+»cos^tm+Wa;>7r)  ~  cos(a 

0  1  X'  —  XQ 


/  •»»'  rut 

I       ,,  X      Xn 

sinf  an --, 


and  since  the  value  of  -  -,  -  ;  -  always  lies  between  —  1  and 


+  1,  the  absolute  value  of  the  first  part  of  the  expression  is  less 
than 


and  therefore  <  ir(ab)n/(ab  -  1),  if  ab  >  1. 
Further,  because  a  is  an  odd  number, 
cos(am+na,V)  =  cos(an(am  -  I)TT)  =  -  (—  l)am, 

COS  (am+%7r)  =  COS  (a^T  +  ClnXm+i7r)  =  (  —  1  )  a«  COS  (anXm+lTr), 
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therefore 


n=0 


n  =  m+l 

All  terms  of  the  sum 


are  positive,  and  the  first  term  <£  2/3,  since  cos  (xm+l7r)  is  not  nega 
tive  and  1  +  xm+l  lies  between  1/2  and  3/2.     Accordingly 

If(x')  -f(x0)}/(x'  -  x0)  =  (-  l)X^)M2/3  +  ^/(aft  -  1)), 

where  7;  denotes   a  positive   quantity   >1,  while   ^  lies   between 
—  1  and  +  1. 
Similarly 


\f(x")  -f(Xo)l/(x"  -  x0)  ==  -  (-  I)tt»(a6)  V(2 
where  r;'  is  positive  and  >  1,  while  ^  lies  between  —  1  and  +  1. 
If  a,  6  be  so  chosen  as  to  make 

ab  >  1  +  3  7T/2, 

that  is,  2/3  >  7r/(a&  -  1)  , 

the  two  expressions 


have  always  opposite  signs,  and  are  both  infinitely  great  when  m 

increases  without  limit.     Hence  f(x)  possesses  neither  a  determi 

nate  finite  nor  a  determinate  infinite  differential  quotient.  [Weier- 
strass,  Abh.  a.  d.  Functionenlehre,  p.  97.] 

A  real  function  is  represented  graphically  by  drawing  ordinates  equal  to  the 
values  of  the  function  and  marking  the  terminal  points.  The  greater  the  num 
ber  of  these  points,  the  more  closely  will  the  polygon  through  them  resemble  a 
continuous  curve  which  admits  tangents.  This  polygon  will,  in  the  limit,  appear 
to  the  eye  indistinguishable  from  -the  curve,  but  the  polygon  may  have,  in  its 
smallest  parts,  infinitely  many  re-entrant  angles.  This  is  what  actually  happens 
in  the  case  of  functions  which  are  continuous,  without  admitting  differential 
quotients.* 

*  For  further  information  on  the  repreeentability  of  functions  by  curves  we  refer  the  reader 
to  a  paper  by  Klein,  Ueber  den  allgemeinen  Functionsbegriff,  Math.  Ann.,  t.  xxii.,  p.  249,  to  two 
memoirs  by  Kb'pcke  in  the  same  journal,  tt.  xxix.,  xxxiv.,  and  to  Paech'e  Einleitung  in  die  Differ 
ential  und  Integralrechnung. 
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§  66.     Functions  of  two  real  variables. 

Let  a?!,  ?/!  be  the  centre  of  a  rectangle,  whose  sides  are  2  h,  2  k. 
Any  point  within  this  rectangle  has  for  its  co-ordinates  z\  T  Ofi, 
yL  T  0$,  where  0^  0»  are  proper  fractions.  Allow  0^  0.2  to  take,  inde 
pendently  of  each  other,  all  values  from  0  to  1.  The  one-valued 
function /(a;,  y)  is  said  to  be  continuous  at  (x^  y^}.  when  finite  val 
ues  li,  k  exist,  for  which  \f(x1^p01hj  y\  T  0$)  —f(xu  y\)  |<  *>  for 
every  combination  (0^  0.2). 

Erroneous  statements  are  sometimes  made  with  regard  to  the 
continuity  of  a  function  of  two  variables.*  Let/(x,  y)  be  a  contin 
uous  function  of  y  when  x  is  put  =  xlt  and  a  continuous  function  of 
x  when  y  is  put  =  yt.  It  is  an  illegitimate  inference  that  f(x,  y)  is 
continuous  at  (x^  yi).  For  example,  let/(x,  y)  =xy/(x*+y-).  When 
a;  =  0,  this  is  a  continuous  function  of  y,  and,  when  y  =  0,  a  contin 
uous  function  of  x ;  but  the  function  is  not  a  continuous  function  of 
x,  y,  conjointly,  at  (0,  0),  as  is  easily  seen  by  writing  y  =  mx. 
Cauchy  fell  into  this  error  in  his  Cours  d' Analyse.  As  an  example 
of  the  discontinuities  which  occur  in  the  case  of  functions  of  two 
variables  we  may  instance  sin  (tan"  ly/x),  which  is  continuous  at 
every  point  off  the  axis  of  x  and  discontinuous  on  that  axis.  That 
the  discussion  of  such  discontinuities  is  of  more  than  purely  theo 
retic  importance  will  be  evident  from  these  examples  :  — 

Example  1.  Let  f(x,  y)  be  a  function  of  x,  y,  which  equals 
a;  sin  (4  tan^y/a;)  when  a;^=0,  and  equals  0  when  x  =  0,  whatever 
be  the  value  of  y. 

When  x  =f=  0,     Srf/BxBy  =  Vf/SyZx ; 
but  when  x  =  0,  y  =  0, 

S2//8o%  =  ±  x,  according  to  the  sign  of,  A#, 
and  Sy/Sy&e  =  0, 

so  that  S2//8.i%  ^  &f/8ySx  at  (0,  0). 

Example  2.  Let  f(x,  y)  =  y-  sin  x/y  when  y  =£  0,  and  =  0  when 
x  =  0,  whatever  be  the  value  of  y.  Then,  at  (0,  0), 

82//8.i%  =  1,    &f/8ySx  =  0. 

[See  F.  D'Arcais,  Corso  di  Calcolo  Infinitesimale,  t.  i.  Padua,  1891.] 
Theorems  strictly  analogous  to  those  already  proved  for  functions 
of  one  variable  exist  with  regard  to  upper  and  lower  limits,  limiting 
values,  etc. 

*  On  this  subject  see  a  memoir  by  Schwarz,  Abhandlungen,  t.  ii.,  p.  275. 
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Dirichlet's  definition  can  be  at  once  extended  to  functions  of  two 
real  variables  x  and  y.  The  restriction  that  the  function  takes  only 
real  values  may  be  removed.  Such  a  definition  therefore  includes 
both  monogenic  arid  non-monogenic  functions  of  x  +  iy.  The  Theory 
of  Functions,  in  the  modern  sense,  discards  Dirichlet's  definition  as 
too  general  and  treats  only  of  the  monogenic  function. 

References.  Cantor's  researches  are  to  be  found  in  memoirs  published  in  the 
Mathematische  Annalen  and  the  Acta  Mathematica.  For  those  of  Weierstrass, 
see  Pincherle,  Saggio  di  una  introduzione  alia  Teorica  delle  funzione  analitiche 
secondo  i  principii  del  Prof.  C.  Weierstrass,  Giornale  di  Matematiche,  t.  xviii., 
1880 ;  and  Biermann's  Analytische  Functionen.  An  important  memoir  on 
Cantor's  theory  of  irrational  numbers  was  published  by  Heine  in  Crelle,  t.  Ixxiv., 
Die  Elemente  der  Functionenlehre.  The  student  who  wishes  to  find  a  thorough 
discussion  of  many  of  the  more  difficult  questions  connected  with  the  theory 
of  the  real  variable  should  consult  Dini's  standard  work,  Fondamenti  per  la 
Teorica  delle  Funzioni  di  Variabili  Reali.  Pisa,  1878.  Also  Stolz,  Allgemeine 
Arithmetik  ;  Tannery,  Introduction  a  la  Theorie  des  Fonctions  d'une  Variable  ; 
Fine,  The  Number-System  of  Algebra  ;  Thomae,  Elementare  Theorie  der  analy- 
tischen  Functionen  einer  complexen  Veranderlichen.  Many  references  to  original 
memoirs  are  given  at  the  end  of  the  German  translation  of  Dini's  work,  Leipzig, 
1892.  The  student  is  also  referred  to  the  appendix  in  t.  iii.,  of  Jordan's  Cours 
d' Analyse  ;  to  Dedekind's  pamphlets  (i.)  Stetigkeit  und  irrationale  Zahlen. 
Brunswick,  1872  (ii.),  Was  sind  und  was  sollen  die  Zahlen.  Brunswick,  1888  ; 
to  Cathcart's  translation  of  Harnack's  Introduction  to  the  Calculus ;  and  to 
Du  Bois-Reymond's  Die  Allgemeine  Functionen-theorie.  Erster  Theil.  Tubin 
gen,  1882. 


CHAPTER    III. 

THE  THEORY  OF  INFINITE  SERIES. 

§  67.  We  shall  begin  this  chapter  with  a  sketch,  in  outline, 
of  the  chief  properties  of  infinite  series  of  real  terms,  referring  the 
student  for  a  fuller  discussion  to  treatises  on  Algebra. 

Series  icith  Real  Terms. 

An  infinite  series  2  an  contains  infinitely  many  terms,  defined  by 
a  law  which  permits  the  calculation  of  the  general  term.  Let 

sn  =  al  -\-  a.,  +  •  •  •  +  an ; 

if  sn  tend  to  a  finite  limit  s,  the  series  is  said  to  converge,  and  s 
is  called  its  sum.  In  all  other  cases  sn  either  tends  to  oc,  as  in 
1  -f  1  +  1  4-  •••,  or  oscillates,  as  in  1  —  1  +  1  —  1  -+-  ••• .  Strictly 
speaking,  an  oscillating  series  is  distinct  from  a  divergent  series,  but 
it  is  usual  to  speak  of  non-convergent  series  as  divergent. 

The  necessary  and  sufficient  condition  for  the  convergence  of  the 

series  Sa-B  is  that  a  number  /x*  can  be  found  such  that 
i 

[  an+l  +  an+s  +  — 4-OiH,  !  <  c  O  >  ^  P=  ^  ->  3>  —). 

The  condition  is  necessary,  for  L  SH+P  =  Lsn  =  s,  and  'therefore 

n=x 

L(sn^p  -  SH)  =  L(an+l  +  a^2  +  •••  +an+p)  =  0. 

To  see  that  it  is  sufficient  it  will  be  enough  to  observe  that  when 
the  condition  holds  good,  a  number  ^  can  be  found  such  that 

I  sn+p  -  sn  |  and  |  sH+q  —  sn    <  e, 

when  n  >  /M,  whatever  positive  integral  values  are  assigned  to  p,  q, 
and  that  these  relations  give  L  sn+p  =  L  sn+q. 

n=x  n=3o 

Corollary.  The  condition  |  an+1 1  <  e  (n  >  /K),  is  necessary,  but  not 
sufficient. 

*  Here,  as  elsewhere,  e  is  given  in  advance,  and  ^  depends  upon  e. 
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§  68.  Many  of  the  tests  of  convergence  are  derived  from  a 
comparison  of  the  series  in  question  with  a  few  standard  series. 
Such  a  series  is 


By  comparing  with  it  a  series  of  positive  terms  aa  +  a2  +  a3  H  —  , 
we  can  prove  that  the  latter  series  converges  when  an+l/an  <  K  for 
all  values  of  n  greater  than  some  finite  positive  integer  p,  provided  K 
be  a  proper  fraction.  The  series  also  converges  if,  from  some  term 
cv  onwards,  an  <  KH  (n  >  /*);  that  is,  if  Va»  <  1.  The  cases 

Lan+i/an  =  1,    L-\/an  =  1, 

require   special   treatment.     A   third   test   is  to  compare  a   series 
|anwith  another  series  I&n,  where  LbH/an  =  l.     When  the  latter 

series  is  convergent,  the  former  is  also  convergent. 

Convergent  series  of  positive  terms  have  the  properties  of  finite 
series,  for  they  are  subject  to  the  associative,  commutative,  and  dis 
tributive  laws.  The  same  is  always  the  case  with  series  in  which 
the  negative  terms  have  finite  suffixes  ;  but  series  whose  terms  are 
ultimately  both  positive  and  negative  present  some  new  features. 

Theorem.  If  the  series  formed  from  a  given  series  by  the  change 
of  all  the  negative  signs  into  positive  be  convergent,  the  original 
series  must  be  convergent. 

Let  sn  be  the  sum  to  n  terms  of  the  original  series  and  let  sn',  —  tn' 
be  the  sums  of  the  positive  and  negative  terms  of  sn.  If  L(snf  +  tn') 
be  finite,  Lsn'  and  Ltn'  must  be  finite,  and  therefore  also  L(sn'  —  tn'). 

A.  series  is  said  to  converge  absolutely  when  it  still  converges 
after  all  negative  signs  have  been  changed  into  positive.  A  series 
which  converges,  but  does  not  converge  absolutely,  is  called  semi- 
convergent. 

Theorem.  If  aly  a2,  a3,  •••  be  positive  numbers  arranged  in  de 
scending  order  of  magnitude  and  if  Lan  =  0,  the  series 

«i  —  a2  +  as  —  ai  4-  ••*  converges. 
For       an+l  —  an+2  +  cin+3  -----  h  (  -  1)*"1  «„+, 


hence         \(-l)nan+l\>   an+1-  an+2+  -•  +(-iy~lan+p. 


THE   THEORY   OF   INFINITE   SERIES.  65 

Xow  an+1  can  be  made  less  than  any  assigned  positive  number  e, 
when  n  is  taken  sufficiently  large  ;  hence  the  series 

«!  —  a.,  +  «3  —  a4  +  •••  is  convergent. 
Example.     I  —  1/2  +  1/3  —  1/4  +  •••  is  semi-convergent.    The  series 


will  not  converge,  if  Zan=£0.    It  may  diverge  if  a,,  «2,  a3,  •••  be  not  hi  descend 
ing  order,  even  when  Lan  =  0. 

§  69.  It  is  natural  to  ask  under  what  circumstances  the  compo 
nent  terms  of  a  convergent  series  are  subject  to  the  associative  and 
commutative  laws. 

(i.)  The  terms  of  a  convergent  series  can  be  united  into  groups, 
when  this  does  not  affect  the  arrangement  of  the  terms  of  the  origi 
nal  series. 

Let  sn  be  the  sum  of  n  terms  of  the  original  series,  sj  the  sum  of 
m  terms  of  the  series  of  groups. 

Whatever  n  may  be,  m  can  always  be  taken  large  enough  to  insure 
that  sm'  shall  contain  all  the  terms  of  sn.  When  this  has  been  done, 


supposing  that  sm'  contains  n+p  terms.     But,  by  the  condition  of 
convergence, 

|  an+1  +  «,,_2  +  —      an-P  <  e     ( 


hence  L(sm'  -  sn)  =  0,  or  Lsm'  =  Lsn. 

(ii.)  In  a  convergent  series  such  as 

(1/2  -  2/3)  +  (2/3  -  3/4)  +  (3/4  -  4/5)  +  -, 

it  is  not  permissible  to  remove  the  brackets,  without  investigation. 
In  the  particular  example  selected,  the  series  oscillates  after  the 
removal  of  the  brackets. 

In  connexion  with  the  commutative  law  it  is  convenient  to  define 
unconditional  and  conditional  convergence. 

A  convergent  series  which  is  subject  to  the  commutative  law  is 
said  to  be  unconditionally  convergent;  otherwise  it  is  said  to  be 
conditionally  convergent. 

A  semi-convergent  series  is  conditionally  convergent.  To  Kiemann 
is  due  the  theorem  that  it  is  possible,  by  suitable  derangements,  to 
make  a  semi-convergent  series  have  for  its  sum  any  assigned  real 
number  A.  To  fix  ideas  suppose  A  positive. 
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Let  the  positive  terms,  unchanged  in  order,  be  ax  -f-  a2  -f  a3  -\ , 

and  let  the  negative  terms,  unchanged  in  order,  be  —  (bi  +  b.2+b3-] — ). 
If  the  first  n  terms  of  the  original  series  consist  of  q  positive  and  r 
negative  terms,  sn  =  sq'  —  sr",  where 

V  =  «1  +  «2  H +««>      Sr"  =  &1  +  &2  H FA- 

When  n  becomes  infinite,  q  and  r  also  become  infinite,  and  sq',  sr", 
tend  to  the  values  s',  s",  where 


If  the  original  series  be  semi-convergent,  both  the  series  ^a*,  2bK 

oo  oo  11 

must  be  divergent ;    for,   if  2,aK,   ^bK  have  finite  sums,  the  series 

oo  oo  11 

2a*  -f  26*  has  a  finite  sum,   and  the  original  series  is  absolutely 
i  i 

convergent;    and    if    only   one    be    divergent,   the    original    series 

=  s'  —  s"  =  03  ,  and  is  divergent.  The  terms  of  the  semi-convergent 
series  can  be  rearranged  in  the  following  way:  we  write  down  the 
positive  terms  in  order,  and  stop  at  the  first  term  which  makes 
the  sum  >  A ;  next  we  write  down  the  negative  terms,,  and  stop  at 
the  first  term  which  makes  the  sum  <  A ;  we  continue  the  process 
by  adding  on  further  positive  terms,  stopping  at  the  first  term 
which  makes  the  sum  >  A,  and  so  on.  The  values  of  the  sums 
thus  obtained  oscillate  about  A,  and  the  range  through  which  the 
oscillation  takes  place  diminishes  continually,  tending  to  a  limit  0. 
Hence  Biemann's  theorem  is  proved.  Since  the  value  of  A  is  arbi 
trary,  a  semi-convergent  series  can  be  made  divergent  by  suitable 
derangements  of  the  terms.  [See  Dirichlet,  Abh.  d.  Berl.  Akad., 
1837;  Eiemann,  Werke.  p.  221.] 

Absolute  convergence  implies  unconditional  convergence.  Let 
%  +  «2+%  +  •••  be  an  absolutely  convergent  series,  and  let  a/H-  aj 
+  a3'  +  "*  be  a  series  derived  from  it  by  derangements  such  that 
no  term  an  with  a  finite  suffix  is  displaced  to  infinity.  If  stl)  sm'  be 
the  sums  to  n  and  m  terms  of  these  two  series,  it  is  always  possible 
to  choose  such  a  value  of  m  as  will  make  smf  contain  all  the  terms 
a1?  a2,  •••,  an,  and  others  besides.  If  s^1  be  the  first  partial  sum  of  this 
nature,  the  sole  limitation  on  m  is  that  it  must  be  greater  than  p. 
Suppose  that  sj  —  sn  =  the  sum  of  a  certain  number  of  terms 
which  lie  between  an  and  an+x+i.  This  sum  is  certainly  less  than 
I  a»+i  I  +  I  a«+2 1  +  —  +  |  an+x  |,  a  quantity  which  can  be  made  <  e  by 
choosing  n  sufficiently  great.  Hence 
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The  preceding  reasoning  breaks  down  for  a  semi-convergent  series 

oo 

2cix,  since  |  an+1  \  +  |  an+2   -\  ----  -f-  1  an+A  |  is  not  necessarily  less  than  c. 

Series  with  Convex  Terms. 

§  70.  Let  um=am+i/3m-,  then  sn  =  '2am+i'2(3m.   If  sn  tend  to  a  limit 

i          i 
s  when  n  is  arbitrarily   great,  the  series  is  said  to  be  convergent 

and  its  sum  is  s.     Clearly,  the  necessary  and  sufficient  conditions 


are  that       m  and  2(3m  both  converge.     In  the  limit  both  |  am  |  and 

|  /3m  |  =0;'  but  |  am]  +  |  ft.  |  >  |  am  +  i(lm  |,  hence  L  \  um  |  =  0.      A 

00  00 

series  2(am+  ifim)  is  said  to  converge  absolutely,  when  ^\am  +  iftm 

converges  ;  this  definition  presupposes  that  the  former  series  con 
verges  simultaneously  with  the  latter,  but  this  is  evidently  a  legiti 
mate  assumption,  for  am\  and  |/?m|  are  separately  less  than  ja^  +  i/3m\. 
Unconditional  convergence  has  the  same  meaning  as  before;  it  is 


evident  that  it  can  exist  only  when  2a«  and  2/?m  are  unconditionally 
convergent. 

Absolute  convergence  implies  unconditional  convergence.  Let 
a-m  +  *A»  =  p,»(cos  Om  -f-  i  sin  0m).  The  terms  pm  cos  Om,  pM  sin  Om  are 
less  than  pm  in  absolute  value,  and  therefore,  if  2pw  be  finite,  the  two 
real  series  2pmcosOm,  2pmsinOm  are  absolutely  convergent.  But 

absolute  convergence,  in  the  case  of  real  series,  has  been  shown  to 
imply  unconditional  convergence.     Therefore 


is  unconditionally  convergent. 

oo 

Semi-convergence  implies  conditional  convergence.  Because  S|wm| 
diverges,  S  [  a^  \  +  |  j3m  \  \  must  diverge.  This  shows  that  one,  at 
least,  of  the  series  2  1  am  \,  ^  /3m  |,  diverges.  Let  the  former  diverge  ; 

00  11 

then  2amis  semi-convergent,  and  therefore  conditionally  convergent. 
But,  if  the  series  2  um  be  unconditionally  convergent,  5  am  must  be 
unconditionally  convergent.  Hence  the  series  2  um  is  conditionally 


convergent. 


Unconditional  convergence  implies  absolute  convergence.     This  is 
proved  indirectly.      AVe  have  seen  that  semi-convergence   implies 
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conditional  convergence ;  hence  a  semi-convergent  series  can  never 
be  unconditionally  convergent.  Therefore  an  unconditionally  con 
vergent  series  can  never  be  semi-convergent;  that  is,  it  must  be 
absolutely  convergent.  The  terms  unconditional  and  absolute  are, 
as  applied  to  convergence,  co-extensive. 

§  71.     The  sum,  or  difference,  of  two  series  %un,  %vn  is  the  series 

i  i 

The  product  of  two  absolutely  convergent  series.    If  the  absolutely 
convergent  series  SwB,  %vn  converge  to  sums  s,  s',  the  series 


U 


2V2 


+  Oi^  +  Vn-i  H  -----  h  ^,^1)  + 
will  converge  to  ss'. 

Let        An  =   ul   +\u2\-\ 


then 


If 


it  is  evident  that  AnBn  >  Cn,  and  that 

AnBn  <  C2n  <  C2n+i. 

Therefore,  whether  n  be  of  the  form  2  K  -f- 1,  or  of  the  form  2  /c, 
the  inequalities 

AKBK<Cn<AnBn 

must  hold  good,  and        LCn  =  LAn  •  LBn. 
Now  consider  the  series 

i     "  i    n'  i 
and  let  the  sums  to  n  terms  be  «„,  s,/,  tn.     The  difference 


n_i  H  -----  h  unvs 


h  wnvn; 
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and  the  absolute  value  of  this  difference  is  less  than 


an  expression   which  is   itself  =  An  Bn  —  Cn.      When  n  increases 
indefinitely,  AnBn  —  Cn  tends  to  the  limit  0  ;  hence 

L  \  snsn'  -  tn  \  =  0, 
or  Ltn=ss'. 

Uniform  Convergence. 

§  72.  Hitherto  the  term  un  of  the  infinite  series  Swn  has  been 
regarded  as  dependent  merely  on  n.  We  now  allow  un  to  be  a  func 
tion  of  z,  as  well  as  of  ?i,  and  suppose  that  there  is  a  region  of  the 
z-plane  at  all  points  of  which  u^  it2,  •••  are  one-valued  and  con 
tinuous. 

The  sum  of  a  finite  number  of  rational  algebraic  functions  is  itself 
a  rational  algebraic  function;  it  is  only  when  the  number  of  these 
functions  is  infinite  that  new  properties  present  themselves.  In 
fact  the  passage  from  the  algebraic  to  the  transcendental  function 
is  effected  by  infinite  series,  whose  terms  are  algebraic  functions 
of*. 

Let/,(z),yi(2),^(z)j  ...  be  algebraic  or  transcendental  functions 
of  z,  which  are  one-valued  and  continuous  within  a  region  A  of  the 
z-plane,  and  let  the  series  2fn(z)  be  convergent  at  every  point  of  A. 
For  a  given  value  of  z,  the  necessary  and  sufficient  condition  for 
convergence  is  that  a  number  ^  can  be  found  such  that,  when  n  >  /x, 

\f.+i(*)+f  *+*(*)  + 


When  this  condition  is  satisfied,  we  call  the  sum  of  the  series  F(z). 
The  complete  system  of  points,  for  which  the  series  converges, 
covers  a  region  of  the  z-plane  which  is  known  as  the  region  of  con 
vergence.  This  region  may  consist  of  one  or  more  separate  pieces, 
and  the  boundary  of  a  piece  may  consist  of  discrete  masses  of  points, 
or  of  linear  masses  of  points.  For  such  functions  as  we  shall  con 
sider,  each  piece  will  consist  of  a  continuum  of  points  covering  a 
doubly  extended  region. 

00 

The  series  2/n(z)  is  said  to  converge  uniformly  in  a  part  of  the 

region  of  convergence,  when  a  positive  integer  /*  can  be  found  such 
that  when  n  >  /x, 
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whatever  be  the  position  of  z  in  that  part.  Attention  is  specially 
called  to  the  fact  that  ^  depends  on  the  arbitrarily  selected  e,  but 
can  be  made  independent  of  z.  If,  when  z  approaches  a  point  z0  of 
the  region  of  convergence,  the  value  of  /x  tend  to  GO,  the  series  is 
said  to  be  non-uniformly  convergent  in  any  region  which  contains  z0, 
and  the  convergence  is  said  to  be  infinitely  slow  in  the  neighbourhood 
of  z0- 

Example  1  (Du  Bois-IteymoncT) .    Let 

f  ,  ^  x  nx  (n  —  l)cc 


(nx  +  1)  (nx  -  x  +  1)      nx+I      (n  - 

The  sum  of  n  terms  of  the  series,  when  x  is  real,  is      nx    ,  and  the  sum  to 

nx+  1 

infinity,  when  x^=Q,  is  1.     The  remainder  after  n  terms  is Let  x  move 

in  an  interval  such  that  x  >  a  positive  number  a ;  the  remainder  <  e,  if 
nx  +  1  >  1/e,  and  therefore,  a  fortiori,  if  na  +  1  >  1/e.  Let  p  be  a  number 
which  satisfies  the  inequality  pa  +  1  >  1/e  ;  then,  for  all  values  of  n  >  p, 

-••  to  co  I  <e  : 


but  p  is  independent  of  x,  hence  the  convergence  is  uniform.  If  x  be  allowed  to 
approach  the  value  0,  a  becomes  smaller  and  smaller  and  p  tends  to  GO.  The 
convergence,  when  x  is  infinitely  small,  is  infinitely  slow.  When  x=£0, 

L  nx/(nx  +  1)=  1, 

M^=00 

and  when  x  =  0,  L  nx/(nx  -f  1)  =  0  ; 

n=oo 

hence  the  non-uniformly  convergent  series  is  discontinuous  at  the  point  x  =  0  of 
the  interval  of  convergence. 

Example  2.    If  a;  be  a  real  positive  number  <  1,  the  series 

3(1  -  aOz"-1 

has  for  its  sum  (1  —  a;)  /(I  —  x)  =  1.  This  is  true  no  matter  how  nearly  x  may 
approach  the  value  1  ;  but,  when  x  =  I,  the  sum  is  0.  In  this  example  the 
remainder  after  the  nth  term  is  xn,  and  therefore  /x  must  be  so  chosen  that 
x^  <  e  ;  that  is,  p  >  log  1  /e  -f-  log  1/x.  The  more  closely  x  approximates  to  the 
value  1,  the  more  nearly  does  the  denominator  approach  0  and  the  greater 
becomes  the  value  of  /x.  The  series  is  non-uniformly  convergent  in  the  interval 
(x  =  0  to  x  =  1),  and  the  convergence  is  infinitely  slow  when  1  —  x  is  infinitely 
small. 

Example  3  (Peano).     Let 

-(nx2 


/tQ*Q=-nx         e    ~   ~       (a  real). 
l+(ns)a   en*  +  e-M* 

When  x  =  0,  L  /„(&)  =  0, 

n=x 

and  when  x  is  greater  or  less  than  0, 

L  /„(»)=!,  or-1. 
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The  series        /1(x)+  {/,(*;)  -/iGO)  +  {/s(*)  -/*(*)}+  ™ 
is  convergent  for  all  values  of  x,  but  the  convergence  hi  an  interval  \vhich 
includes  x  =  0  is  non-uniform. 

§  73.  Theorem.  If  a  series  formed  of  one-valued  and  continuous 
f  unctions  /A  (2),  f2  (z),  •••  converge  uniformly  in  a  region  which  con 
tains  z0,  then 

lim  If 


The  right-hand  side  may  be  written     /m  (*<,),  for  a  continuous 
function  attains  its  limit.     Let 


Since  the  series  2/ft(z)  is  uniformly  convergent,  there  exists  a  num- 
i 

ber  n  such  that,  when  n  >  /x, 


whatever  be  the  position  of  z  in  the  region  under  consideration. 
Let  z  =  z0  +  A,  and  let  the  absolute  value  of  7*  be  made  sufficiently 
small  to  insure  that 


where  ?i  is  finite.     Hence,  if  F(z)  =    /»(*),  ^ve  have  when  w  >  /x, 

|  1^(2)  -F(20)  |  =  |  S  }/«(«)  -/c(20)  }  +  P»(*0  -P-WI 

<  |  |/K(2)  -/Kfe)i  +     P.(2)   I  +  I  PnW  | 

<  ?i  •  e/tt  +  e  -f  e,  <  3  e. 

This  proves  that  the  limit  of  the  sum  of  fi(z)  ,  f»(z)  ,  f*(z)  ,  '"  is  equal 
to  the  sum  of  the  limits  of  f,(z),  /2(z),  fs(z),  •••,  when  z  approaches 
z0.  This  important  theorem  can  be  stated  as  follows  :  — 

If  a  series  of  one-valued  and  continuous  functions  converge  uni 
formly  throughout  a  region  T  of  the  z-plane,  the  sum  of  the  series 
is  a  continuous  function  of  z  throughout  the  region. 

It  is  evident  from  this  theorem  that  a  point  of  the  region  of  convergence  at 
which  the  sum  of  the  series  is  discontinuous  is  a  point  in  the  neighbourhood  of 
which  the  series  converges  non-uniformly.  Du  Bois-Reymond  has  proved  that 
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a  series  may  converge  infinitely  slowly  in  the  neighbourhood  of  a  point  at  which 
the  sum  of  the  series  is  continuous.  Hence  a  non-uniformly  convergent  series 
may  be  continuous  ;  but  no  uniformly  convergent  series  can  be  discontinuous. 

Dini  (Fondamenti  per  la  teorica  delle  fuiizioni  di  variabili  reali,  p.  103),  and 
Darboux  (Memoire  sur  les  fonctions  discontinues,  Ann.  de  PEc.  Norm.  Sup. 
Ser.  2,  t.  iv.,  p.  77)  adopt  a  different  definition.  A  series  is  said  by  them  to  be 
uniformly  convergent  when  a  number  fj.  can  be  found  such  that 


We  refer  the  reader  for  further  information  on  this  matter  to  Tannery's  Thcorie 
des  fonctions  d'une  variable,  pp.  133-4. 

Cauchy,  in  his  Cours  d'  Analyse  Algebrique,  considered  the  sum  of  a  series 
2  /„(£)»  in  which  all  the  terms  were  continuous  one-valued  functions  of  the 
argument,  but  did  not  explicitly  recognize  the  possibility  that  this  sum  might 
be  discontinuous.  In  1853  he  published  a  note  in  the  Comptes  Rendus,  t.  xxxvi., 
pp.  456-8,  in  which  he  virtually  enunciated  the  theory  of  uniform  convergence. 
In  connexion  with  Cauchy's  earlier  work,  Abel  gave  an  example  of  a  non-uni 
formly  convergent  series,  namely  sin  x  —  sin  2x/'2  +  sin  3^/3  •••,  whose  sum 
is  discontinuous  when  x  =  (2  n  +  l)?r  (Collected  Works,  t.  i.,  p.  246).  The 
writers  who  first  cleared  up  the  difficulties  associated  with  this  theory  were  Sir 
G.  Stokes  (On  the  Critical  Values  of  the  Sums  of  Periodic  Series.  Math.  Papers, 
t.  i.,  p.  280),  and  L.  Seidel  (Note  ueber  eine  Eigenschaft  von  lleihen,  welche 
discontinuirliche  Functionen  darstellen.  Abh.  d.  Bayerischen  Afcademie,  1848). 
Thome  made  use  of  the  doctrine  in  a  memoir  published  in  Crelle's  Journal,  t. 
Ixvi.  ,  p.  334,  but  a  considerable  amount  of  time  elapsed  before  the  importance 
of  the  distinction  between  uniform  and  non-uniform  convergence  was  fully 
grasped  by  writers  on  the  Theory  of  Functions. 

To  Heine  is  due  the  proof  that  a  discontinuous  function  can  never  be  repre 
sented  as  the  sum  of  a  uniformly  convergent  series  (Crelle,  t.  Ixxi.). 

Co-existence  of  uniform  and  absolute  convergence.  There  is  noth 
ing  in  the  definition  of  uniform  convergence  which  implies  that 
the  series  must  be  absolutely  convergent.  The  following  is  a  simple 
test,  by  the  aid  of  which  it  is  often  possible  to  determine  when 
the  convergence  of  a  series  is  simultaneously  uniform  and  absolute 
(Weierstrass,  Abhandlungen  aus  der  Functionenlehre,  p.  70).  Using 
the  same  notation,  if,  throughout  a  region  of  the  z-plane,  all  the 
terms  after  a  certain  term  fK  be  less,  in  absolute  value,  than  the 

terms  aK+1,  aK+2,  «K+3,  •••  of  an  absolutely  convergent  series  San, 
the  original  series  2/n  is  uniformly  and  absolutely  convergent 
throughout  the  region. 

Multiple  Series. 

§  74.  In  the  simple  series  ^un,  the  general  term  depends  on  a 
single  integer;  in  the  multiple  series  Swr>.,  «,...,  the  general  term 
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depends  on  several  integers  r,  s,  t,  •••  ;  these  may  take,  independently 
of  one  another,  all  values  from  —  x  to  x,  or  they  may  be  subjected 
to  restrictive  conditions.  We  shall,  for  the  sake  of  simplicity,  con 
fine  our  attention  at  first  to  the  double  series 


where  r,  s  take,  independently  of  each  other,  all  values  from  1  to 
oc.  The  extension  of  theorems  011  double  series  to  multiple  series 
of  higher  orders  is,  in  most  cases,  immediate.  The  terms  of  the 
double  series  form  the  array 

MM  MI,  2  MM  — 


To  give  a  meaning  to  the  sum  of  a  series  formed  from  such  an 
array,  we  must  assume  that  the  order  of  selection  from  the  array 
proceeds  according  to  some  definite  plan,  so  that  to  each  term  urt, 
corresponds  a  single  term  vn,  =  ur  8,  and  to  each  term  vn  a  single 


Fig.  19 


0 


Axis  of  r 


term  ur^.  Further,  we  shall  suppose  that  r,  s  are  finite  when  n  is 
finite.  The  diagram  shows  one  of  the  infinitely  many  ways  of 
establishing  a  (1,1)  correspondence  between  the  members  of  the 
system  (r,  s)  and  the  system  of  positive  integers. 

For  instance 


The  double  series  2wr,g,  when  converted  into  a  simple  series 
by  the  method  illustrated  in  the  diagram, 

=  "l,  1+  («2,  1+  "l,  2)  +  (H3,l+«2,  2+Wl.s)  +  ("4,  1+WjJ,  2+^2,3+  "1,4) 
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This  mode  of  summation,  which  we  shall  call  summation  by 
diagonals,  is  only  one  of  infinitely  many  ;  for  with  each  unicursal 
correspondence  is  associated  a  mode  of  summation  of  the  series  2  ur  s. 

Let  the  numbers  of  the  system  (1,  2,  3.  •••)  correspond  unicursally 
to  the  members  of  the  systems  (r,  s)  and  (V,  s').  Then  2,ur,tt,  is 
formed  from  the  series  ^nrjS  by  a  commutation  of  the  terms.  Three 
cases  arise  :  — 

I.  If  2  1  urjS  |  converge,  2wV)S  =  3?v,s  ;  the  series  ^urjS  is,  in  this 
case,  absolutely  and  unconditionally  convergent. 

II.  If  3   ur,s  |  diverge,  while  2wr-(S-  converges,  the  latter  series  is 
conditionally  convergent. 

III.  If  the  series  2?^s,  Swri.  s>,  etc.,  be  all  divergent,  no  conver 
gent  series  can  be  found  from  the  array. 

As  in  the  case  of  simple  series,  unconditional  convergence  plays 
a  more  important  part  than  conditional  convergence. 

From  the  terms  of  the  array  we  construct  the  expression 


4-  u 


We  have  already  explained  what  is  meant  by  summation  by 
diagonals  ;  we  shall  however  adopt  a  different  definition  for  the 
sum  of  the  expression  just  written  down. 


2|2H 


also  let  S  be  a  finite  and  determinate  number.  If,  when  m,  n  are 
made  infinitely  great,  LSm,n  =  S)  independently  of  the  order  in 
which  the  two  numbers  tend  to  oo,  we  shall  speak  of  S  as  the  sum 
of  the  double  series.  In  this  case  the  necessary  and  sufficient  con 
dition  for  convergence  is  that  positive  numbers  /A,  v  can  be  found 
such  that,  when  m  >  /x  and  n  >  v, 

I  $.+»»+«  -  #  »,p  <  «  to  g  =  o,  i,  2  -..). 

The  convergence  of  a  double  series  is  not  inconsistent  with  the  divergence 
of  individual  rows  or  columns.  For  instance,  the  first  row  of  a  semi-convergent 
series  may  be  divergent,  and  the  second  row  the  same  divergent  series  with 
signs  changed.  This  case  does  not  arise  in  absolutely  convergent  double  series. 
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Double  Series  with  Real  and  Positive  Terms. 
§  75.     In  the  convergent  series 


the  horizontal  rows  evidently  converge.    Let  their  sums  be  8b  s2,  s3,  •  •  • ; 
we  shall  prove  that  2s<  converges  to  S,  where  S  is  the  sum  of  the 

double  series.     For  if  plt  p2,-~,pm  be  the  remainders,  after  n  terms, 
of  the  first  m  rows  we  have 

by  the  condition  of  convergence  ;  hence 

III  T       CX 

and  L  fa  -f  s.2  H 1-  sm  \  =  L    L  Sm.  „  =  S. 

Similarly,  if  tlt  t.2,  t3,  •  •  •  be  the  sums  of  the  first,  second,  third,  •  •  • 
columns, 

Also  the  series  summed  diagonally,  namely 


has  $  for  its  sum.  This  is  evident  from  the  consideration  that  the 
sum  of  the  latter  series  to  K  terms  is  intermediate  in  value  between 
£A)A  and  SKiK,  where  h  is  the  greatest  integer  in  /c/2.  Finally,  since 
the  series,  summed  diagonally,  can  be  written  as  a  single  series 
2arjS,  =  2an,  where  (r,  s)  take  independently  all  values  from  1  to  GO, 
and  since  2t7r?s  =  2ar.t,.,  the  double  series  is  unconditionally  con 
vergent  for  derangements  of  the  kind  mentioned  above. 

Conversely,  simple  series  can  be  converted  into  double  series. 

•x 

If  the  simple  series  2an  be  converted  into  the  double  series  2ar,«,  and 
thence  into 

<h.  1 4-  «i,  2  +  «i,  s  H 

,  1  +  «2,  2  +  «2,  3  H 


the  sums  of  the  simple  and  double  series  are  equal. 
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Absolutely  Convergent  Double  Series  with  Positive  and  Negative 

Terms. 

§  76.  Let  sm,n,  —  C,n  be  the  sums  of  the  positive  and  negative 
terms  of  Sm,n.  Let  £'m,n  be  the  sum  when  all  the  negative  signs  in 
Sm>n  are  replaced  by  positive  ;  then 


and,  since  LS'mt  „  is  finite,  the  two  positive  quantities  sm,  n  and  t 
must  tend  to  finite  limits,  which  we  may  call  s  and  t.     Hence 

-LSL  -  =  *-*. 


'm,  n 


Absolutely  Convergent  Double  Series  with  Complex  Terms. 

Let          ur,  s  =  ar,  ,  +  z'ft,  s,  and  let  2ar,  s  =  p,  2ft,  ,  =  <r. 
If  2  1  ar,  ,  +  ift,  s  |  converge,  2ar,  ,  and  2ft,  s  must  both  converge  ; 
for  o^.l  <  K.  +  ift,.    and  |ft,s|  <  |ar,s  +  ift)8j. 

Hence  the  series  2(ar)S  -f  ift(8)  converges  and  has  for  its  sum  p  +  la. 
As  before,  if  pK  +  icr*  be  the  sum  of  the  icth  row, 


2pK  =  p  and  2o-K  =  cr. 


Hence  2wr  s  =  2/ 

i  i 

Similarly  the  sums  by  columns  and  diagonals  =  p  -f-  1>. 

As  in  the  case  of  simple  series,  if  the  series  2%'m,  „  be  absolutely 
convergent,  and  if  L  \  u'mi  n  \  /  \  um,  n  \  =  1,  when  m,  n  tend  in  any  man 
ner  to  oo,  the  series  2MOT|Bis  itself  absolutely  convergent. 

To  come  to  the  more  general  case  ;  we  suppose  the  suffixes  r,  s 
to  pass,  independently  of  each  other,  through  all  values  from  —  oo 
to  -f  co  ;  the  sum  SmtH  may  now  be  taken  to  represent  the  sum 
2r  2f  uftS.  As  before,  if  Smin  tend  to  a  definite  limit,  irrespective 
of  the  order  in  which  m,  n  tend  to  oo,  the  double  series  is  conver 
gent  and  has  for  its  sum  S.  Let  each  pair  (r,  s)  be  represented  by 
a  point  whose  Cartesian  co-ordinates  are  r  and  s.  Sm>n  is  the  sum 
of  terms  included  within  a  rectangle  whose  centre  is  at  the  origin, 
and,  in  the  limit,  the  rectangular  contour  extends  to  oo  in  the  direc 
tion  of  both  axes.  It  is  evident  that  if  the  system  of  rectangles  be 
replaced  by  another  system  of  contours  which  extend  to  oo  in  all 
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directions,  the  sum  of  an  absolutely  convergent  series  will  not  be 
affected.  For  a  contour  of  the  latter  system  can  always  be  made  to 
lie  entirely  within  the  region  bounded  by  two  rectangles  of  the  first 
system  which  extend  to  oo  in  all  directions  simultaneously  with 
the  contour. 

In  absolutely  convergent  double  series  the  form  of  the  contour 
which  extends  to  cc  is  immaterial,  but  this  is  not  the  case  with  con 
ditionally  convergent  series. 

To  illustrate  some  of  the  points  touched  upon  in  the  preceding 
paragraphs  we  shall  select  as  an  example  the  series 


where  the  summation  extends  over  all  integral  values  of  ml5  m^  from 
—  x  to  +  co,  exclusive  of  the  combination  m1=??i2=0.  We  assume 
that  the  ratio  a>2/a>i  is  complex.* 

On  the  rim  of  the  parallelogram  whose  vertices  are  ?i(±w1±o>2), 
there  are  8  n  points  congruent  to  0,  with  respect  to  o^  and  o>2  ;  that 
is,  there  are  8  ?i  points  of  the  set  m^wi  +  ra-jwo.  Let  p  be  the  abso 
lute  value  of  that  point  of  the  rim  which  is  nearest  to  0,  and  let 
p  =  np'.  For  all  values  of  ?i,  p'  will  be  finite  and  different  from  0  ; 
therefore  the  quantities  p'  must  have  a  lower  limit  o-  >  0.  The  series 
formed  by  the  absolute  values  of  the  8  n  terms  on  the  rirn 


Hence  the  double  series 


This  series  is  convergent  when  A  >  2.  Then,  when  \  >  2,  the 
original  doubly  infinite  series  is  absolutely  convergent. 

§  77.  A  test  of  convergence.  Cauchy's  integral  test  for  the  con 
vergence  of  simple  series  can  be  extended  to  double  series.  If  the 
terms  am<n  of  2am>n  be  all  positive  and  capable  of  being  represented 
by  a  function  </>(#,  y),  which  diminishes  continuously  as  x,  y  increase 
numerically  and  tends  ultimately  to  the  limit  0,  then  the  double 
series  converges  or  diverges  according  as  JJ<£(z,  y)dxdy,  taken  over 
the  part  of  the  plane  exterior  to  a  bounding  curve  (7,  has  or  has  not 
a  meaning.  We  shall  reproduce  Picard's  elegant  proof  that  the 

*  It  will  be  shown  in  the  chapter  on  elliptic  functions  that  this  assumption  is  necessary  in 
order  to  avoid  the  occurrence  of  infinitely  small  values  in  the  system  m^i  +  m,a»j  . 
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necessary  and  sufficient  condition  for  the  absolute  convergence  of 
the  double  series  SS': is  X>2. 


Let  (D!  =  a  +  ib,  o>2  =  c  -f-  id ;  the  series  of  absolute  values  is 

ss, 1 

{  (mxa  +  ra2c)2+  (??i16  +  7>i<jd.)2 j  A/2* 

No  denominator  can    vanish,  for   the   combination  m^  =  m2  =  0   is 
excluded ;  moreover  the  ratio 


is  always  finite.     Hence  the  series  in  question  will  converge  simul 
taneously  with  55' ,  but  the  latter  series  converges  when 

(mi+m22)*/2 

I    I  — /  X  C  f    /o  nas  a  meaning  :  i.e.  when   j    I  -£ —  is  finite  for  in- 
J  J  (ic2  +  /)  A/2  J  J   pA-i 

finite  values  of  p,  or,  in  other  words,  when  A  >  2.* 

Infinite  Products. 

§  78.  Let  w1?  w2>  u3,  •  •  •  be  a  series  of  quantities,  real  or  complex, 
which  are  determined  uniquely  by  a  known  law  of  construction, 

and  let        Pn  =  (1  +  MI)  (1  +  w2) ...  (1  +  un)  =U(l+Ult). 

We  shall  suppose  that  all  the  factors,  with  finite  suffixes,  are 
different  from  zero.  If,  when  n  increases  indefinitely,  Pn  tend  to 
a  finite  limit  P  which  is  different  from  zero,  the  value  of  the 
coresponding  infinite  product  is  said  to  be  P.  When  the  value 
towards  which  the  infinite  product  tends  is  either  0  or  oo,  the  product 
is  called  divergent,  and,  when  there  is  no  definite  limit,  oscillating. 
It  is  often  convenient  to  regard  the  term  divergent  as  covering  all 
cases  of  non-con ver*gence.f 

*  Picard's  Trait<§  d'Analyse,  t.  i.,  p.  272.    Simple  proofs  of  Eisenstein's  theorem  that 

+  »       (   1 

-  oo'"   (mt2  H f-  mn2)* 

converges  when  2  A>n,  and  of  allied  theorems,  will  be  found  in  Jordan's  Cours  d'Analyae,  1. 1., 
p.  162. 

t  Some  writers  regard  the  product  as  convergent  when  LPn  =  0.  The  view  adopted  in  the 
text  is  that  of  Fringsheim. 
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The  necessary  and  sufficient  condition  for  the  convergence  of 
the  infinite  product  is  that  a  number  //,  can  be  found  such  that 
when  n^.fjL, 

I  (1  +  WB+l)  (1  +  "»+*)  (1  4-  M.+8)-(l  +  *W)  -1|<* 

where  e  is  an  arbitrarily  small  positive  proper  fraction,  and  p  takes 
all  integral  values  from  1  to  oo. 

We  shall  first  show  that  this  condition  is  equivalent  to  the 
two  conditions.:  — 

(i.)  However  great  n  may  be,  Pn  is  a  finite  quantity  which  is 
different  from  0, 

(ii.)  L  PnJ_p  =  L  PM  where  p  is  any  positive  integer. 

n=x>  n=x> 

Let  accents  denote  absolute  values  ;  we  have 


and  |  PH+P/PIL  —  1  <  e;  hence,  if  /z  +p  =  ?*,  Pn/P^  —  1  lies  between 
—  e  and  -fe.  As  p  increases,  n  increases;  therefore  LP'n  lies  be 
tween  (l-e)P'M  and  (l+e)PV-  Thus  LPn  is  finite  and  different 
from  0. 

We  are  therefore  at  liberty  to  multiply  both  sides  of  the  in 
equality 


by  Pn.     The  resulting  inequality  shows  that 

T      r>        T      -p 

The  condition  (ii.)  shows  that  the  product  does  not  oscillate,  and 
the  condition  (i.)  shows  that  the  value  of  the  infinite  product  is 
neither  0  nor  oc. 

Corollary.     \  Pn+l/Pn  —  1 1  <  e,  therefore  L\un\  =  0. 

Two  inequalities. 

If  aj,  a2,  a3,  •  •  •  be  all  positive  and  less  than  1,  then 

I.    (1  -I-  aO  (1  +  a2)  •  •  •  (1  +  a,,)  >  1  +  (a:  +  a2  + .. .  +  aB), 
II.    (1  -  a,)  (1  -  a2)-(l  -  an)  >  1  -  (a,  +  a2  +  ».+  a.). 
The  proof  of  I.  is  immediate ;  for 

f  a2)  =  1  +  ax  +  a2  -f-  a^o  >  1  +  «i 
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therefore 


and  so  on.     A  similar  proof  can  be  given  for  II.  ;  for 

(1  —  ctj)  (1  —  a2)  =  1  —  (ai  +  «2)  +  a^  >  1  —  («!  +  a2); 
therefore 
(1  -  %)  (1  -  02)  (1  -  03)  >  Jl  -  (a!  +  a2)  }  (1-  a3)  >  1-  (ai+a2  +a3), 

and  so  on.     These  inequalities  can  be  used  to  prove  the  following 
important  theorem  :  — 

The  necessary  and  sufficient  condition  for  the  convergence  of 
the  products  II  (1  -f-  an),  11(1  —  an),  where  the  quantities  a  are  real 

1  1  OO 

and  positive,  is  the  convergence  of  2an. 

Let  us  suppose,  in  the  first  place,  that  the  a's  are  all  less  than  1. 
When  3ttn  is  convergent,  the  second  product  is  finite  by  the  second 

1  oo 

inequality  ;  and,  when  2an  is  divergent,  the  first  product  is  infinite 
by  the  first  inequality.     Now  if 


the  expression  Qn  <  l/Pn.     For 

+  O  >  *  -  ^  0  =  1,  2,  ...  ,  n). 


Hence  when  San  is  convergent,  P^  is  less  than  a  finite  quantity 
1/QW;  and  when  ian  is  divergent, 


It  is  evident  from  their  composition  that 
P1<P2<P3<P4.-., 
and  Q!>  Q2>  Q3>Q4---? 

and,  therefore,  that  the  sequences  (Pj,  P2,P3,  •••),  (Qi,  Q2,  Q3---)  must 
define  two  numbers  which  are  greater  than  Px  and  less  than  Qi  ;  but 
we  have  just  proved  that  these  numbers  are  distinct  from  0  and  oo 

when,  and  only  when,  !§an  is  convergent.  Hence  the  theorem  has 
been  established  for  the  case  in  which  the  a's  are  all  less  than  1. 
This  restriction  can  be  removed;  for  the  presence,  in  the  finite  part  of 
the  infinite  product,  of  quantities  a  which  are  greater  than  1  cannot 
affect  the  state  of  convergence  or  divergence  of  the  infinite  products. 
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TJieorem.     The  value  of  the  convergent  product  fi(l  -f  an),  where 
the  a's  are  all  real  and  positive,  is  the  same  as  the  value  of  the  sum 


t+> 

where  P0  =  1,  Pn  =  n  (1  +  ax) . 

i 

Because     P*  =  (1  -f  aK)  PK_L  =  PK-1  -(-  a^P^.j, 

we  have          Pn  =  P,^  +  aBPn_1  =  P,,_,  +  a^P^o  +  anPn^ 

—  Pn-3  +  «n-2^n-3  +  fln-l^n-2  +  «n^n-l^     &nd   SO   Ott  J 

therefore        Pn  =  1  +  SouP^. 

i 

Therefore  5(1  +  a/l)  =  1  +  2a  P  _, 

i  i 

If  the  product  converge,  the  series  must  converge;  for  the 
terms  Pl5  P2,  ...  are  all  finite  and  2an  is  convergent.  But  further 
the  series  converges  when  the  general  term  a^P,,^  is  separated 
into  its  component  terms,  by  multiplying  together  the  factors 
«n(l  +  «i)  •••  (1  +  «n-i)>  inasmuch  as  each  component  term  is 
positive.  By  re-arranging  the  terms  of  the  resulting  series,  we  can 
write  it  in  the  form  1  +  So^  +  So^o^  +  ... ,  where  the  signs  of  sum 
mation  indicate  that  ??j,  ?*2,  ...  are  to  take,  independently  of  one 
another,  all  integral  values  from  1  to  oc.  This  proves  that  the  value 
of  the  product  is  independent  of  the  order  of  the  factors;  for  a 
product  which  is  formed  from  5(1 +  an)  by  a  re-arrangement  of 

the  factors  is  equal  to  a  series  whose  value  is  precisely  that  of  the 
double  series 


0,0,0, 


"\Vhen  a  convergent  product  is  subject  to  the  commutative  law,  it  is 
said  to  be  unconditionally  convergent. 

§  79.  Let  Wj,  w2,  w3,  ...  be  complex  quantities;  we  shall  prove  that 
the  infinite  product  Il(I  +  un)  converges  when  2u'n  converges;  that 
is,  when  11(1  +  u'n)  converges,  where  accents  denote  absolute  values. 
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Let  pPn  =(l  +  UK),  pP'n  =  U(l  +  u'K), 

n+l  n+1 

and  let  II  (1  +  u'n)  be  a  convergent  product.     We  have 


n+1 


^  U'n+l  +  u'n+2  H  -----  h  U'n+p 
=  pP'n-l, 

and  therefore, 


This  inequality  establishes  the  convergence  of 


When  ft  (!+?/„)  converges,  the  infinite  product  H(l  +  un)  is 
said  to  be  absolutely  convergent.  Thus  (§  78)  the  absolute  conver 
gence  of  i?tn  is  a  necessary  and  sufficient  condition  for  the  absolute 

1  00 

convergence  of  11(1  +un). 

Theorem.     If  2un  be  absolutely  convergent, 
i 

5(1  +  un)  =  1  +  S^P/c-i,  where  P0  =  1. 
i  i 

The  proof  is  similar  to  that  of  §  78.     We  have 

i 

and  the  series  on  the  right-hand  side  is  absolutely  convergent,  when 
n  =  oo  .     For  5(1  +  u'n)  is  convergent,  and  therefore  the  series 

i  +  i^PU 

is  also  convergent.     This  means  that  the  series 

oo 

1  +  2uKPK-i 


converges  absolutely.     Hence  n  can  be  made  infinite  in  the 

tion  n(l  +  ?O  =  l  +  ^^-i-  The  series  on  the  rignt-nand  side 
remains  absolutely  convergent  when  the  general  term  uKPK^  is 
separated  into  its  components 

.t  4- 
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for  the  absolute  values  of  the  terms  of  the  resulting  series  form 
an  absolutely  convergent  double  series.  Hence  the  terms  of  the 
series  may  be  re-arranged,  and 

fi(l  4-  MB)  =  1  +  iw?ll  +  |<V-  +  -• 

oc 

This  proves  that  11(1  -f-  MW)  is  unconditionally  convergent,  and  there 
fore  that  the  absolute  convergence  of  an  infinite  product  implies 
unconditional  convergence. 

To  complete  the  proof  that  the  terms  unconditional  and  absolute 
are  co-extensive  as  applied  to  infinite  products,  we  must  show  that 
the  unconditional  convergence  of  an  infinite  product  implies  its 
absolute  convergence.  Pringsheim  has  established  this  fact  by  a 
purely  algebraic  method  (Math.  Ann.,  t.  xxxiii.,  Ueber  die  Conver- 
genz  unendlicher  Producte).  When  the  theory  of  infinite  products 
is  developed  from  first  principles,  any  proof  which  depends  upon 
the  use  of  transcendental  functions  must  obviously  be  avoided.  On 
the  other  hand,  by  the  employment  of  logarithms,  the  discussion  of 
infinite  products  can  be  reduced  readily  to  that  of  infinite  sums. 
We  shall  illustrate  the  method  by  using  it  to  settle  the  outstanding 
question. 

Let  1  4  M,,.  =  />n(cos  0tt-f  i  sin  0M),  be  the  ?ith  factor  of  an  uncon- 

• 
ditionally  convergent  product.     In  order  that  Pn  =  n(l  +  UK)  may 

tend  to  a  definite  limit  which  is  neither  0  nor  cc ,  it  is  necessary  and 
sufficient  that  the  two  series 

ilog/oH2,   50,,   where  LPn=l,   L0n  =  0, 

be  convergent ;  for 

P*  =  P1P2-P*  {cos  (0j  +  0,  4-  •••  4-  0»)  +  i  sin(^  +  0, 4-  -'4-  $»)}• 
For  the  unconditional   convergence  of   the   infinite   product   it   is 
necessary  that  /Oip2p3-"  and  2,0n  be  unconditionally  convergent;  or, 

1  05  OC    " 

what  amounts  to  the  same  thing,  that  2  log  pM2,  2#w  be  uncondition- 

i  i 

ally  convergent.  The  two  series  just  written  down  cannot  be  uncon 
ditionally  convergent  without  being  also  absolutely  convergent.  We 
have  to  show  that  the  absolute  convergence  of  the  two  series  implies 

the  absolute  convergence  of  Stc*.      Because  L(pn2  —  l)/logpn2  =  1, 

oc     1 

the  absolute  convergence  of  2  log  pn2  is  accompanied  by  the  absolute 

30  1 

convergence  of  2(/on2  —  1).     But.  if  un  =  an  4-  i/3n,  we  have 
i 

Lan  =  0,  Lpn  =  0  ;    also  Pn2  -  1  =  2  an  +  an2  4  &2. 
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Hence  the  series  2(2  an  +  a?l2  +  Ai2)  ig  absolutely  convergent. 
But  since  [  sin  On  \  <  |  6n  \  ,  and  since  Lpn  —  1,  the  series  2/3n, 
=  2pn  sin  0n,  is  absolutely  convergent.  Therefore  2/2n2  is  absolutely 
convergent.  It  follows  that  2(2  +  an)an  must  be  absolutely  conver 
gent,  or,  since  L(2  +  an)  =  2,  3an  must  be  absolutely  convergent. 
Now,  if  both  2an  and  S&,  be  absolutely  convergent,  we  know  that 

oo  1  1  oo 

^un  is  absolutely  convergent  ;  a  result  which  implies  that  11(1  +  un) 

is  absolutely  convergent.  Thus  the  unconditional  convergence  of  an 
infinite  product  implies  its  absolute  convergence. 

§  80.      Uniform  convergence  of  a  product. 

If  /!,  ft,  fyj  •  -  •  be  functions  of  z  which  are  finite  and  one-valued 

oo 

within  a  region,  throughout  which  the  product  11(1  +/n)  converges, 

the  convergence  is  said  to  be  uniform  in  that  region  when,  to  a 
positive  number  e  which  may  be  arbitrarily  small,  there  corresponds 
a  finite  number  p  such  that,  when  n  >  //,, 

(l+/,+i)(l+/n+2)-(l+/,+,)-l|<€  (p  =  l,  2,  3,..-), 

whatever  be  the  position  of  z  in  the  region. 

In  conclusion  we  state  two  theorems,  which  follow  without  diffi 
culty  from  those  already  given. 

Theorem  I.  If  2un  be  absolutely  convergent, 

unz)  =  1  +  (1)3  +  }          *»2+  ••- 


Theorem  II.   If  n(l  +  wn)  be  absolutely  convergent,  the  only 

1  00 

values  of  z  for  which  II  (1  -f  unz)  can  vanish  are 
z  =  -  l/un(n  =  1,2,...). 

Coriolis  seems  to  have  been  the  first  mathematician  to  state  general  rules 
for  the  convergence  of  infinite  products.  Cauchy  gave  the  first  detailed  exposi 
tion  of  the  chief  properties  of  infinite  products  in  his  Cours  d'  Analyse  Algebrique, 
Note  9  ;  his  proofs  are  simple  and  rigorous,  but  lie  open  to  the  objection  that  they 
depend  upon  logarithms.  The  proofs  of  §  78  are  modifications  of  those  used 
by  Weierstrass  in  his  memoir  Ueber  die  Theorie  der  analytischen  Facultaten, 
Abh.  a.  d.  Functionenlehre.  Dini  gave  the  first  proof  of  the  theorem  that 
unconditionally  convergent  products  are,  at  the  same  time,  absolutely  conver 
gent.  We  refer  the  student  for  further  information  to  the  valuable  memoir  by 
Pringsheim,  referred  to  on  the  preceding  page. 
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§  81.  Doubly  infinite  products.  The  discussion  of  double 
products  is  reducible  to  that  of  double  series.  The  condition  neces 
sary  and  sufficient  in  order  that  11(1  +  ur  s)  may  be  absolutely  con 
vergent  is  that  ^ur  g  be  absolutely  convergent. 

Iii  conditionally  convergent  double  products,  the  value  depends 
upon  the  ultimate  form  of  the  contour  which  contains  the  terms, 
when  r,  s  tend  to  oo. 

An  example  of  this  is  the  doubly  infinite  product 

wH  [l  +  — ^ — 1  ,w,  m>  =  0,  ±  1,  ±  2,  ..., 

L        a  +  mu  +  w'a/J 

which  depends  upon  the  form  of  the  bounding  curve.  See  Cayley's  Elliptic 
Functions,  1st  ed.,  p.  303  ;  also  two  papers  by  Cayley,  Collected  Works,  t.  i., 
24,  25.  The  classical  memoir  on  these  products  is  that  of  Eisenstein,  Crelle,  t. 
xxxv. ,  Genaue  Untersuchung  der  unendlichen  Doppelproducte,  aus  welchen  die 
elliptischen  Functionen  als  Quotienten  zusammengesetzt  sind.  The  student 
who  wishes  further  information  on  double  series  is  referred  to  a  memoir  by 
Stolz,  Ueber  unendliche  Doppelreihen,  Math.  Ann.,  t  xxiv.,  and  to  Chrystal's 
Algebra,  t.  ii. 

Integral  Series. 
§  82.     The  domain  of  a  point 

OE 

Let  the  series  5/»(z),  whose  terms  are  one-valued  and  con 
tinuous  functions  of  z  throughout  a  region  r,  be  uniformly  conver 
gent  throughout  T.  If  a  positive  number  p  can  be  found  such  that 
the  series  converges  uniformly  for  all  points  within  a  circle  whose 
centre  is  a  and  radius  p,  the  series  is  said  to  converge  uniformly  in 
the  neighbourhood  of  a,  or  near  a.  Let  R  be  the  greatest  value  of  p 
for  which  this  can  be  said ;  the  region  bounded  by  a  circle  whose 
centre  is  a  and  radius  R  is  called  the  domain  of  a,  and  R  is  the 
radius  of  the  domain.  In  the  domain  of  a  let  a  point  b  be  selected. 
If  the  domain  of  b  lie  partially  outside  that  of  a,  the  outside  portion 
belongs  to  the  region  of  convergence.  In  this  outside  portion  select 
a  point  c  and  form  its  domain.  A  repetition  of  this  process  will  lead 
to  a  continuum  within  which  the  convergence  is  uniform.  This  may 
be  only  one  of  several  separate  continua, 

Series  in  many  variables.  Suppose  that  zly  z2,  •••>  *n  fill  continu 
ous  regions  I\,  r,,  •  ••,  Tn  in  their  respective  planes.  These  n  regions 
may  be  called,  for  shortness,  the  region  T,  and  each  system  of  n 
values  zb  z2,  •••,  zn  is  called  a  point  z,  or  place  z,  of  r.  There  is  a 
theory  of  uniform  convergence  for  series  2/K(z1?  z,,  •••,  zn)  as  well 
as  for  series  2/K(z)  ;  the  terms  are  supposed  to  be  one-valued  and 
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continuous  functions  of  z^  z2,  •••,zn.  The  series  is  said  to  be  uni 
formly  convergent  within  the  region  T  when  a  number  p  can  be 
found  such  that  for  all  points  within  F  and  for  all  values  of  n  >  /x, 


The  definition  of  neighbourhood  can  be  extended  at  once  to  func 
tions  of  several  variables.  If  zly  z2,  •••,  zwbe  n  variables  represented 
upon  n  planes,  a  neighbourhood  of  the  system  (al5  o2,  •••,  an)  is  given 
by  the  n  inequalities 

\z«-aK 

That  is,  a  neighbourhood  is  formed  by  the  n  circular  regions 
Fb  F2,  •••,  Tn  with  centres  aK  and  radii  S*  (K  =  1,  2,  ••«,  n).  These 
circular  regions  may  be  called,  for  shortness,  the  region  T  with 
centre  a  and  radius  8.  If  a  variable  aK  be  situated  at  ce,  the  corre 
sponding  quantity  ZK  —  aK  must  be  replaced  by  1/z*  (see  §  27). 

The  theory  of  functions  of  many  variables  presents  many  difficul 
ties,  and  has  not  yet  been  worked  out  in  detail.  The  foundations 
have  been  laid  by  Weierstrass  (Einige  auf  die  Theorie  der  analy- 
tischen  Functionen  mehrerer  Veriinderlichen  sich  beziehende  Satze, 
Abh.  a.  d.  Functionenlehre). 

§  83.  Integral  series  in  one  variable.  A  special  case  of  great 
importance  is  that  in  which  the  ?ith  term  is  unzn,  where  un  is  inde 
pendent  of  z.  The  series 


is  known  as  an  integral  series  or  power  series.  The  usual  notation 
for  such  a  series  is  P(z).  In.  the  same  notation  the  series 

UQ  +  U^Z  —  C)  +  W2  (Z  -  C)2  +.-. 

is  denoted  by  P(z  —  c)  or  P(z  c).  When  the  series  is  known  to 
begin  with  the  term  UK  (z  —  c)",  we  shall  insert  a  suffix  K  ;  thus, 

PK(z  -c)  =  UK  (z-c)K  +  uK+l  (z  -  c)K+l  +  .~  , 

where  K  is  any  positive  integer  or  zero.  As  P(z)  is  merely  a  symbol 
for  an  integral  series  in  general,  it  may  denote  several  different  series 
in  the  same  investigation.  "When  other  symbols  are  needed  for  the 
purpose,  we  shall  use  Q(z)  or  PM(z)  (A  =  1,  2,  3,  •••). 
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Integral  series  in  n  variables.      Let  \i,  A^,---,  \n  take,  indepen 
dently  of  one  another,  all  integral  values  from  0  to  oc  ;  the  series 


An 
*     ) 


which  may  be  denoted  by  P(z1?  z2---zn),  is  an  integral  series  in  n  vari 
ables.  When  it  is  absolutely  convergent,  the  order  of  the  terms  is-  a 
matter  of  no  consequence.  To  fix  ideas  we  shall  suppose  that  the 
terms  of  the  /cth  order  in  zlf  z2,  •  ••,  zn  follow  immediately  after  those 
of  the  (K  —  l)th  order  ;  that  the  terms  of  the  *th  order  are  arranged 
according  to  the  descending  powers  of  Zj;  that  the  coefficients  of 
3i">  zf-1,  •••,  Zi,  zf  are  arranged  according  to  descending  powers  of 
z  and  so  on. 


2 


Theorem.  If  the  absolute  values  at  a  of  the  terms  of  an  integral 
series  be  less  than  a  finite  positive  number  /A,  then  the  series  con 
verges  for  all  points  z,  such  that  \ZK\  <  \aK\,  K  =  1,  2  •••  n. 

Let  plt  p.2,  >••  ,  pn  be  the  absolute  values  of  z^  z2,  •••z,,;  we  have 

|  WAl,  A,,  ...  ,  A«aiA>a2A2  •  '  '  «n 

and  therefore 


where          |  aK  \  =  CLK(K  =  1,  2,  •••??). 
Hence    |  2MAl,  A2  .....  A«2iAl2;2A2  •  •  •  znx«  |  < 


1_^}...(1_I1< 


Thus  the  given  series  is  convergent  within  a  region  bounded  by 
circles.  The  theorem  may  be  stated  for  one  variable  in  the  follow 
ing  way  :  — 

Theorem.  If  the  terms  of  the  series  P(z),  for  the  value  '  z  =R, 
be  less  in  absolute  value  than  a  finite  number  /x,  the  series  con 
verges  for  every  point  z  within  the  circle,  centre  0,  and  radius  E. 
This  theorem  was  first  stated  by  Abel  (Remarques  sur  la  serie 


Collected  Works,  ed.  Sylow  and  Lie,  t.  i.,  p.  219;  Crelle,  t.  i.,  p.  311). 

TJieorem.  If  P(z)  converge  for  a  point  z  whose  absolute  value 
is  E,  it  will  converge  for  every  point  z  whose  absolute  value  is  p, 
where  p  <  R. 
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For  if  UK  =  |  UK  |  (K  =  0,  1,  2,  ...),  the  terms  UKR*  have  a  finite 

=0 

upper  limit  M.    The  terms  of  the  series  2  U*p«  are  less  than  those 

oo  0 

of  the  convergent  series  M^pK/RK ;  therefore  the  integral  series  is 
absolutely  convergent  for  all  values  of  z  which  make  \z  <  R. 

If  P(ZU  z.,,  "-zn)  converge  for  a  point  a,  it  will  converge  for  every 
point  z  such  that  ZK  \  <  |  aK  \  (K  =  1,  2,  •••  n). 

Let    zK/aK   =  aK.     The  series 


4-a2-f  •••  +o-n 

-f-  d!2  -f-  a]a2   +  ----  \-an2 


a) 


converges  if  the  sum  of  the  first  p  lines,  Sp  suppose,  be  finite  for 
all  values  of  p. 

Let  jSpOO  be  the  sum  of  the  first  p  terms  of 


then  Sp<Sp™SM:.Sp™. 

Since  a*  <  1,  Sp^  is  finite  for  all  values  of  p  ;  therefore  (1)  is 
convergent.  Multiplying  the  general  term  a^a^-  •  •  -  a/«  by  the  finite 
quantity  u^\2  ...  A»«iAl^2A*  •  *  •  a>fn  \  >  we  see  that  the  series  whose  general 
term  is  |  wAlA2  ...  An  •  z^z.^  •  •  •  3nA»  is  convergent  ;  that  is,  P(^,  s;2,  .  •  •  zn)  is 
absolutely  convergent. 

§  84.  The  circle  of  convergence.  The  theorems  just  proved  estab 
lish  the  fact  that  the  region  of  convergence  of  P(z)  lies  within  a 
circle  of  radius  R,  where  R  is  the  upper  limit  of  the  values  of 
Z,=  z,  which  make  U0)  UiZ,  U2Z'2,---  finite.  For  all  points  out 
side  this  circle  some  of  the  absolute  values  are  greater  than  any 
finite  number,  however  large  ;  for  such  points  the  series  is  divergent. 
For  points  on  the  rim  of  the  circle  the  question  of  convergence  is 
left  in  doubt  (see  §  89). 

We  can  determine  R,  which  is  called  the  radius  of  convergence  of 
the  given  integral  series,  when  we  know  (§  58)  the  upper  limit  of 
the  mass  derived  from  the  mass 

]MI  ,   |  V^  ,—,  |  A/^|  ..-, 

this  mass  being  supposed  to  lie  in  a  finite  interval.     For  if  G  be  the 
upper  limit,  there  is  an  integer  /x  such  that,  when  n  >  p, 

|  A/^  |<#  +  £,  or    V^X1   <(G  +  t)Z. 
Therefore  (§  68)  the  series  is  convergent  when  (G  -f  e)Z  <  1  —  c'. 
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On  the  other  hand,  whatever  term  we  take,  there  are  terms 
beyond  it  such  that  |  ^n  \  >  G  -  e,  or  Vu^*  \  >  (G  —  t)Z,  and 
therefore  the  series  is  divergent  when  (G  —  e)Z<l  —  e'.  Since  e 
and  e'  are  arbitrarily  small,  the  series  is  convergent  when  Z<1/G, 
and  divergent  when  Z>1/G;  and  therefore  R  =  l/G  (see  Hada- 
mard,  Liouville,  Ser.  4,  t.  viii.  ;  Picard,  Traite  d'  Analyse). 

A  rule  which  suffices  in  many  simple  cases  is  the  following  :  if 
I  ^K/WK+I  i  have  a  limit  when  *  =  x,  this  limit  is  R.  For  the  series 
is  convergent  or  divergent  according  as  L  u^^^/u^  \  <  1  ;  that 
is,  according  as  Z<L  UK/UK+I  . 

Examples.  (i.  )   1  +  z  +  z2/2  !  +  z3/3  !+••., 

(ii.)  ;i+*  +  s»  +  2*  +  ...J 

(iii.)  z-z«-/2  +  z*/3-..., 

(iv.)   l  +  l!z  +  2!22  +  3!^+..., 

are  integral  series  with  radii  of  convergence  oc,  1,  1,  0. 

The  series  (i.)  is  not  convergent  at  z=  cc.  Such  series  as  (iv.) 
do  not  define  functions,  and  are  therefore  excluded  from  the  subject. 

In  the  case  of  n  variables,  let  the  absolute  values  of  all  terms  of 
P(ZJ,  z2,  •  •  •  zn)  be  finite  at  a  point  a.  The  totality  of  circles  \zK\  =  \aK\ 
is  called  a  circle  of  convergence.  It  is  clear  that  we  cannot  always 
assign  an  upper  limit  of  the  radius  of  convergence  in  any  one 
plane,  until  we  have  assigned  radii  of  convergence  in  the  other 
planes. 

§  85.  Theorem.  The  series  P(z)  is  not  only  absolutely  but 
also  uniformly  convergent  within  its  circle  of  convergence: 

Let  the  radius  of  convergence  be  JK,  and  let  z  =  Z<Rl<R. 
The  term  UKRf,  where  UK  =  \  u<  !,  must  be  less  than  some  finite 
number  C,  for  all  values  of  *.  Hence 

I  w»+izn+1  +  -  +  u^?*>  \<  Un^Z'^  +  -  +  Un+pZ»+* 

<  C  [Z"+1/JR1"+1  +  Z'^/E^2  +  -  -  .  to  oc] 


therefore     |  u^z**1  +  —  +  un+pz^  <  C 
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where  Z  <  p  <  R±.  The  expression  on  the  right-hand  side  is  now 
independent  of  Z;  and,  by  the  properties  of  the  geometric  series,  a 
number  //,  can  be  found  such  that,  when  n  >  /x,  this  expression  can 
be  made  <  e.  As  this  number  //,  is  finite  and  independent  of  z,  the 
convergence  is  uniform  within  a  circle  of  radius  Rl}  and  the  only 
limitation  placed  upon  Rl  is  R±  <  R. 

Corollary.  Since  the  integral  series  is  uniformly  convergent 
within  the  circle  of  convergence,  it  defines  within  that  circle  a  con 
tinuous  function  of  z. 

In  the  series  P(z^  z2,  •••,  zn)  let  z  be  within  a  circle  of  convergence 
A.  Since  the  series  is  absolutely  convergent,  it  may  be  re-arranged 
as  an  integral  series  in  ZK,  which  is  convergent  in  A ;  the  coefficients 
being  integral  series  in  the  remaining  z's,  which  are  convergent  in 
A.  By  the  preceding  theorem,  the  series  in  z<  defines  a  continuous 
function.  Therefore  the  series  P(z^  z2,  •••,  zn}  defines,  within  A,  a 
function  which  is  continuous  with  regard  to  each  variable.  We 
may  therefore  use  the  term  '  neighbourhood  of  0 '  as  defined  in  §  82, 
for  the  region  interior  to  a  circle  of  convergence. 

Theorem.     The  series 

M!  +  2  u2z  +  3  u3z2  +  4  u^  -\ 

2  u2  -f  3  .  2  u3z  +  4  •  3  u^  +  5  •  4 u^  +  ... 


have  the  same  circle  of  convergence  as  the  original  series. 


For  if  M  be  the  greatest  term  of  the  set  t/i,  UZR^  U3Ri}  ••«,  and 
if  z  lie  within  the  original  circle  of  convergence,  then 


--  +  3  Cyft 


<— - 

this  proves  that  the  first  series  is  absolutely  convergent  within  the 
circle  of  radius  R.  In  a  similar  manner  it  can  be  shown  that  the 
other  series  have  the  same  circle  of  convergence.  These  series  are 
all  uniformly  convergent  within  the  circle,  and  represent,  accord 
ingly,  continuous  functions  of  z,  which  can  be  denoted  be  /'(z), 

f"(z),f'"(z),  •-,  where  /(z)  =  Iwnzn-     To  justify  this  notation  we 


o 
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proceed  to  a  proof  of  Cauchy's  extension  of  Taylor's  Theorem  to 
integral  series,  from  which  the  theorem 


*=o  h 

follows  as  an  immediate  corollary. 

Cauchy's  extension  of  Taylor's  Theorem. 

X 

Let    f(z)  =  2,11  nzn    have   a  radius   of   convergence    R,   and   let 

0 

I  z  \  -\-    h   <  R.     Then  Cauchy's  theorem  is 

f(z  +  /O  =/(*)  +  hf'(z]  4-  £/"(*)  +  -• 

Because  |  z  \  -f-  1  h  \  <  R,  the  point  z  -\-  h  lies  inside  the  circle  of 
convergence,  and  f(z  -f-  h)  is  equal  to  the  series 

MO  +  u,(z  +  h)  +  w2(2  +  /O2  +  M8  (*  +  /O3  +  •••  ; 
but  |  z  |  +  |  A  !  <  /?,  hence 

u»  -f-  i^z  +  ?/x/i  +  u.2z-  -f-  2  HoZ/i  -f  ujr 


is  absolutely  convergent.     Re-arranging  it  according  to  ascending 
powers  of  h,  the  value  of  the  sum  is  unaltered ;  thus 

f(z  +  h)  =  (MO  -f  M!«  +  it*!?  +  •••)  +  h(l'i  +  -  "2*  +  3  ?/3z2+  -») 

2! 


for  all  points  z  +  7i,  which  lie  within  that  circle,  centre  z,  which 
touches  internally  the  given  circle  of  convergence. 

A  similar  theorem  holds  good  for  integral  series  in  n  variables. 

If  (zl  +  Aj,  z.2  +  fi2,  ••-,  zn  +  /«„)  lie  in  the  neighbourhood  of  (zv  zv  •••,  0»), 


•where  the  sign  of  summation  indicates  that  TOI?  w2,  •••,  mn  take,  independently 
of  one  another,  all  integral  values  from  0  to  x. 

§  86.  Theorem.  If  /(z)  =  ?f0  -f  MJZ  -h  ?/^2  4-  ••-  be  an  integral 
series  for  which  UQ  =£  0,  there  will  always  be  a  circle  of  finite  radius 
round  0  as  centre,  within  which  the  series  never  vanishes. 

Let  r  be  a  positive  number  <  R.  the  radius  of  convergence  ;  let 
C  be  a  finite  number  >  the  absolute  value  of  every  term  of  /(z)  on  the 
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circle  with  centre  0  and   radius  r.     We  have     um   rm  <  C,  and,  if 
=Z<r, 


<CZ/(r-Z). 

However  small  the  positive  number  |  uQ  \  may  be,  it  will  always 
be  possible  to  find  a  value  ZQ  of  z  so  small  that 

CZ0/(r-Z»)<   u0\. 
For  all  points  such  that         Z  <  Z0) 


UZ 


UQ 


Thus,  within  a  circle  of  radius  Z&  the  integral  series  does  not 
vanish. 

Corollary.  If  the  integral  series  be  PK(z)  =  UKZK  +  UK+IZK+I  +  •  ••, 
there  is  a  finite  circle,  with  centre  0,  within  which  the  series  does 
not  vanish,  except  at  the  point  0.  Hence  if  the  integral  vanish  for 
infinitely  many  points  of  every  circle  however  small,  with  0  as  a 
centre,  it  cannot  begin  with  a  term  u^*,  where  K  is  finite.  That 
is,  the  series  vanishes  identically. 


The  theorem  of  undetermined  coefficients. 

00  00 

If  the  two  integral  series  P(z)  =  ^unzn,  Q(z)  =  3vuzn,  be  equal  for 

0  0 

infinitely  many  points  zlf  z.2,  zs,  -  •  •  of  a  finite  neighbourhood  of  0, 
however  small,  then  un  =  vn  for  all  values  of  n.  Suppose,  if  possible, 
that  w0  =  %  u>i  =  Vi}  '"  uK_l=  VK_!,  UK  3=  VK.  We  have,  in  consequence 
of  this  supposition, 

PK(z)  =  (uK-vK)z«+(uK+l-vK+1)zK+l+  .-.  =  0, 

for  infinitely  many  values  z1}  z2,  z3,  •••;  some  of  these  values  must 
occur  in  every  neighbourhood,  however  small,  of  0.  As  this  stands 
in  contradiction  to  the  preceding  corollary,  the  supposition  UK  =£  VK 
must  be  abandoned. 

It  results  from  this  theorem  that,  whenever  two  integral  series 
P(z  —  c),  Q(z  —  c)  are  equal  for  infinitely  many  values  within  every 
circle  of  finite  radius,  however  small,  with  c  as  centre,  they  are 
identically  equal  throughout  their  common  region  of  convergence. 
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§  87.  Tlieorem.  If  f(z)  be  an  integral  series  which  does  not 
vanish  identically,  it  is  impossible  that/(z),/'(z),/"(z),  ...  shall  all 
vanish  at  any  point  zt  of  the  common  domain. 

For,  if  Zj  and  Zj  +  h  lie  within  the  circle  of  convergence, 


On  the  supposition  that  /(zx),  /'(zO,  /"(zi)>  '"  are  a11  equal  to  0, 
we  deduce  /(zx  +  h)  =  0,  where  the  only  limitation  on  zx  -f  h  is  that 
the  point  is  to  lie  within  the  circle  of  convergence.     As  this  would 
imply  that/(z)  vanishes  identically,  the  supposition  is  untenable. 
A  further  theorem  follows  from  the  one  just  proved  :  — 

TJieorem.  If  the  integral  series  P(z)  vanish  at  infinitely  many 
points  Zu  z2,  •••  within  a  circle  of  finite  radius  contained  within  the 
circle  of  convergence,  it  must  vanish  identically. 

For,  since  the  area  of  the  circle  is  finite  and  the  number  of  zeros  * 
is  infinite,  there  must  be  a  point  of  the  area  at  which  there  is  a 
nucleus  of  zeros,  that  is  to  say,  there  is  a  point  within  every  neigh 
bourhood  of  which,  however  small,  infinitely  many  zeros  are  accumu 
lated.  Let  ZQ  be  such  a  point,  and  let  /(z)  be  the  integral  series. 
Since  z0  is  inside  the  circle  of  convergence,  /(z0  +  h)  can  be  expanded 
according  to  ascending  powers  of  h.  The  resulting  integral  series 
in  h  vanishes  at  infinitely  many  points  of  a  circle  round  z0,  however 
small,  and  therefore  identically  for  all  points  of  the  circle,  centre  z0 
and  radius  R—'z0\.  Let  zx  be  any  point  of  this  circle  ;  then  for 
all  points  of  a  circle,  centre  zl  and  radius  7?  —  '  zx  !,  the  series 
vanishes.  By  a  continuation  of  this  process  it  can  be  shown  that 
the  integral  series  vanishes  identically  for  all  points  of  its  circle  of 
convergence  ;  and  therefore  all  its  coefficients  vanish. 

Corollary.     If  the  integral  series 

UQ  +  UjZ  +  u.$-  -\  -----  h  unzn  H  ---- 

t'o  4-  Vjz  +  I'**2  H  -----  h  vnzn  +  — 

converge  within  a  circle  R,  and  be  equal  for  infinitely  many  distinct 
values  z1?  z2,  zs,  -.,  za,  ...  whose  absolute  values  are  less  than  JKb 
where  R±  is  a  finite  radius  <  R,  then  the  two  series  are  identically 
equal.  For  the  series 


is  of  the  kind  considered  in  the  preceding  theorem.  An  important 
consequence  flows  from  this  theorem:  when  a  function  can  be 
represented  by  an  integral  series  P(z),  the  representation  is  unique. 

*  By  a  zero  of  P(z)  is  meaut  a  point  at  which  P(z)  vanishes. 
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If  two  integral  series  P(z1?  z2,  •««  zfl),  Q(z1?  z2,  ••-  ZM),  convergent  in 
a  neighbourhood  F  of  the  point  a,  be  equal  at  all  points  within  a 
region  B  whose  centre  is  a,  they  are  equal  at  all  points  of  F.  For 
let  z  be  a  point  in  B,  and  let  ZK,  one  of  the  variables,  change  while 
the  others  are  constant.  We  have  two  integral  series  in  ZKJ  equal 
throughout  the  region  B*,  and  therefore  throughout  TK.  Similarly, 
any  other  variable  may  assume  any  position  in  F. 

§  88.  Let  there  be  a  function  F(w,  zx,  z*,  •••  zn),  given  by  an 
integral  series,  which  vanishes  when  w  and  all  the  z's  are  equal  to 
zero.  There  will  always  be  infinitely  many  points  within  a  region 
F,  formed  by  a  circle  |  ID  =  p  in  the  w-plane  and  by  equal  circles 
ZK  =  pi  in  the  z-planes,  which  satisfy  F=0.  Further,  when 
*i,  »2,  '••  *n  =  0,  let  F(io,  0,  0  ...  0)  =Fn(w)  =  P^(w)  (§  83),  so  that 
when  the  z's  =  0,  p,  values  of  w  =  0  ;  then  for  assigned  values  of  the 
z's,  lying  within  F,  there  are  /x  values  of  w  in  F  such  that  F=  0.* 

Write      F(w,  zl;  z2,  ...  zn)  =  F(w,  0,  0,  ...  0)-  F,(w9  z»  z2,>-  zn) 

=  FO-FI     .....   .  <.   .    (i) 

so  that  ^\=0  for  every  value  of  iv,  when  the  z's  are  equal  to  0.  Since 
j^o  is  not  identically  0,  there  must  exist  a  positive  number  p  such 
that,  within  the  -circle  p,  the  series  P^u)  does  not  vanish,  except 
when  iv=Q  (§  86).  Let  p0  be  <  p,  and  let  the  region  formed  by  a  ring 
of  radii  p0,  p  in  the  w-plane  and  by  circles  of  radius  /DJ  in  the  2-plane 
be  called  F'.  As  yet  no  limitation  has  been  imposed  upon  px.  It 
must  be  possible  to  choose  the  finite  quantities  p,  pl  sufficiently  small 
to  secure  that  F(p,  z^  z2)  •••,  zn)  converges  for  all  values  of  z]?  z2,  •••,  zn 
which  lie  within  F'.  Inasmuch  as  FI  vanishes  with  the  z's  and  FQ 
is  independent  of  the  z's,  it  must  further  be  possible  to  choose  px 
small  enough  to  make  FI  <  |  F0  for  all  points  of  F'. 
In  the  region  F'  determined  as  above, 

1=        1  F^ 

F     F,-Fl 

and  because  &F=8F0-W 

OW         010          010 


8w  i  A  ow 

*  Weierstrass,  Abhandlungen  aus  der  Punctionenlehre,  p.  107.  See  also  a  Thesis  by  M. 
Dautheville  :  fitude  sur  les  eyries  entiferes  k  plusieurs  variables.  For  the  case  in  which  F0  van 
ishes  identically,  see  Weierstrass,  p.  113.  Another  proof  of  this  important  theorem  will  be  found 
in  Picard's  Traite"  d*  Analyse,  t.  ii.,  fascicule  1. 
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The  series  ^-(F^F^^  is  absolutely  convergent  since,  for  all 

1    A. 

points  in  r',  |  Fl  \  <  \  F0  .  It  may  therefore  be  regarded  as  an  integral 
series  in  w,  which  is  absolutely  and  uniformly  convergent.  We  may 
therefore  write 


By  hypothesis  F()  =  P^ic)  ;  therefore 
(>!/>•)»  ««-**>.(«), 

the  coefficients  in  PO(IV)  being  absolutely  convergent  integral  series 
in  ZD  z2,  «««,  zn,  which  all  vanish  at  the  origin,  since  there  ^  =  0. 
Hence,  uniting  the  various  powers  of  w,  we  get 


i  A 

where  again  each  coefficient  on  the  right  vanishes  at  the  origin. 

Also  ^/FQ  =  n/w  +  P(w). 

ow 

Therefore,  throughout  r', 

?rr  £      oo 

*£/r**l*/w  +  P(w)^±  S.pOOto,  z2,  ...  zH)w  ...     (2) 

When  the  z's  are  all  zero,  the  equation  jF=  0  has  p  roots  equal 
to  zero,  and  these  are  the  only  solutions  of  the  equation  within  the 
tc-circle  of  radius  p.  When  the  z's  take  n  assigned  positions  in  r, 
let  v  be  the  number  of  roots  of  F=  0,  situated  within  T.  We  shall 
prove  that  v  =  /a.  In  finding  v,  the  supposition  is  made  that  a 
multiple  root  is  counted  as  often  as  is  indicated  by  its  order  of 
multiplicity. 

(1)  v  must  be  different  from  zero.     For  if  F=£=Q  for  any  value 
of  w  throughout  1',  when  zlf  z.,,  ««•,  zn  take  prescribed  positions  in  T, 

BF 
distinct  from  0,  0,  •••(),  the  expression  —  /Fha.s  no  infinity  in  T  for 

OlC 

these  values  of  the  z's,  and  is,  consequently,  expansible  for  all  values 
of  w  within  the  circle  (p),  as  an  integral  series  in  the  z's.  This 
disagrees  with  (2),  for  the  dexter  of  (2)  contains  at  least  one 
negative  power  p/w,  and  T'  is  merely  a  part  of  T. 

(2)  Let  w^  ?%«•«,  wv  be  the  v  roots  of   w  in  T  which  satisfy 
the  ^-equation  F=  0,  for  assigned  values  of  the  z's.     The  difference 

*-p 

/F-  !/(«,  -  W])_  !/(«,_  ic,)  -----  !/(»-»,) 
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is  a  function  which  is  finite  at  wlf  w2,  •••  ,  wv,  and  therefore  throughout 
T.  Hence  it  can  be  expanded  as  an  integral  series  in  r.  For  all 
values  of  w  which  make  w  <  p,  but  greater  than  %  |  ,  w2  ,  •  •  •  ,  wv\9 
we  have 

—/F-  l/(w  -  w,)  -  l/(w  -  iv2)  -----  l/(w  -  wv)  =  P(w), 
ow 

an  integral  series  in  w.     But 

^/(w—Wi)  H  -----  h  l/(i«  —  wv)  =  v/w  +  sl/tv2  4-  s,/wz  -\  —  , 
where  SK  =  the  sum  of  the  /cth  powers  of  w1}  w2,  •••,  wv. 


Hence  ~/F=v/w  +  P(w)  +  2sK/wK+l   ....     (3). 

OW  1 

Comparing  (2)  and  (3),  we  see  that  /*  =  v;  and  also  that  slt  s2,  s3,  «•• 
are  equal  to  integral  series  in  z1?  22,  •••,»„  which  vanish  at  the  origin. 
Let  the  equation  whose  roots  are  w^  w2,  •••,  w^  be 

0      •     •     .     •     «     •     (4), 


then  by  Newton's  theorem  for  the  sums  of  the  powers  of  the  roots 
we  have 

/i  =  -  »i, 

2/,»-ib  -%/».: 

«3./3  =:  —  S3  —  S2Jl  —  S\j2) 


and  therefore  the  coefficients  /are  integral  series  in  z},  2a  •••>  ^  which 
certainly  converge  when  these  variables  lie  within  the  circles  of 
radius  plt  and  which  vanish  at  the  origin. 

§  89.     Behaviour  of  a  series  on  the  circle  of  convergence. 

We  shall  next  examine  the  behaviour,  when  \z  =1,  of  the  integral 
series  2anzn,  in  which  the  coefficients  are  all  real,  and  the  ratio 
an/cfn_!  can  be  expanded  in  a  series 


where  the  coefficients  are  independent  of  n. 
We  first  suppose  cl  =  0.     Let 


We  shall  show  that  an  =  a  +  &B/n't~1,  where  a  is  independent  of  n, 
and  neither  zero  nor  infinite,  and  bn  is  finite  for  all  values  of  n. 
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Let  «„/««-!  =  1-4-  kn/n*,  so  that  LkH  =  CM. 

If  we  begin  with  some  fixed  term,  say  the  pth,  such  that  no  sub 
sequent  term  vanishes,  we  have 


Since  A>_p+n  is  always  finite,  the  series 

£*+,    k^\      +  ...toao 
p»      (p  +  1)"- 

be  finite  if  —  H  --  =  --  |-  •  •  •  to  oo 

p»      Qj  +  1)* 

is  finite,  which  is  the  case,  since  /x  >  1. 

Therefore  (§  78)  ap+n  has  a  finite,  non-zero,  limit  a  when  n  =  x. 

Now  «„  —  «„_!  =  A-nan_1/?i't.     If  for  ?i  we  write  w  +  1,  •••  ?z  +  r  and 
add,  we  obtain 

an+r  —  an  =  /xn<  ro-n.  r, 

where  o-.,  .  =  --  [  --  =  --  1  ----  -i  --  —  _ 

(n  +  1)*^  (n  +  2)*^        r(n  +  r)*' 

and  /nni  r  is  not  less  than  the  least,  and  not  greater  than  the  greatest, 
of  the  quantities  'kn^an,-"'kn+ran+r_^  <r^r  has  a  finite  limit  <rn  when 
r  =  cc,  and  therefore  /*n?  r  has  a  limit  /un  when  r  =  x,  and  this  limit  is 
finite  because  both  A'n+r  and  aw+r_!  remain  finite. 

Further,  <rn  =  -  —  L-  —  +  -  —  1__  +  ...  to  oo 


=  s  __  _ 
C  l(n  +  1)2      (»+.2)f 

<(  __  L_    .          i 

" 


Therefore  a  -  an=  6n^n/n--\  where  0  <  On<  1,  or,  if  6>w^  =  -  b,, 

an  =  a  +  bn/n*-\ 
where  bn  is  finite  however  great  n  may  be. 

Next  let  Cj  ^  0.     The  ratio  of  an/nci  to  aB_1/(?z  -  l)ci  is 
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therefore  an/nci  =  a  +  bn/n, 

or  an  =  anci  +  bnn*t~\ 

It  follows  at  once  that  the  series  2,an  is  absolutely  convergent 
when  G!  <  —  1,  and  divergent  when  GJ  _  —  1.  Also  that  the  series 
2anzn  is  absolutely  convergent  at  points  of  the  circle  of  convergence 
other  than  z  =  1,  when  CA  <  —  1 ;  and  divergent  when  cx  _  0,  since 

then  L   anzn   >  0.     The  case  0  >  CA  _"  —  1  remains  to  be  considered. 
We  have 

^zn-onzn+\ 


Now  Lanzn+l  =  0,  and  the  series  on  the  right  hand  is  convergent 
when  n  =  oo,  for 


Ct 


+  .  C2....+ 


n-1      (n-1) 


and  GI  —  1  <  —  1. 

00  00 

Therefore  (1  —  z)  ^anzn  is   finite,  and  therefore   ^anzn    is    con- 

o  o 

vergent  unless  z  =  1. 

Summing  up,  the  series  in  question,  on  the  circle  of  convergence, 
is  absolutely  convergent  when  c±  <  —  1,  conditionally  convergent 
when  0  >  G!  ^  —  1  and  3^1,  divergent  when  0  >  q  ^  —  1  and 
2  =  1,  and  divergent  when  cx  ^  0.* 

oo 

Example.     Discuss  the  behaviour  of  the  series  ^zn/nm}  and  of 

the  expansion  of  (l-f-z)m,  on  the  circle  of  convergence;   m  being 
real. 


*  This  proof  is  based  on  that  of  Weierstrass  for  the  integral  series  with  complex  coefficients 
(Abhandlungen  a.  d.  Functionenlehre)  and  on  Stolz's  treatment  of  "VVeierstraes's  theorem  (Allge- 
meine  Arithmetik).  Pringsheim  has  shown  that  an  integral  series  can  be  conditionally  conver 
gent  at  all  points  of  the  circle  of  convergence  (Math.  Ann.,  t.  xxv.). 
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§  90.  The  series  f(z)  =  s/1  -  z2/2  +  z*/3  ----  has  a  radius  of 
convergence  =  1.  For  the  point  z  —  1,  the  convergence  is  condi 
tional.  Let 

<f>  (z)  =  2/1  -f  273  -  z2/2  +  275  +  z'/l  -  274  •  •  .. 

when  |  2  |  <  1,  f(z)  =  <f>(z)  ;  bnt,  when  2  =  1,  the  values  of  /(I)  and 
<£(!)  are  different,  showing  that  one,  at  least,  of  the  series  /(z), 
<f>(z)  must  change  its  value  abruptly  as  z  passes  along  the  real  axis 
from  a  point  inside  the  circle  and  very  near  1,  to  the  point  1  itself. 
The  preceding  considerations  raise  the  question  as  to  whether  /(I) 
is  the  limit  of  /(#),  when  x  tends  to  1.  (See  §  62.)  The  following 
important  theorem  of  Abel's  settles  the  point  :  — 

Let/(#)  =  a0  4-  ajaj  +  OaOj2  +  •••  be  a  series  with  real  coefficients, 
which  converges  within  a  circle  of  convergence  of  radius  1  ;  further, 
let  a0  4-  <*!  +  a.2  +  a3  -\  ----  be  a  convergent  series  whose  sum  is  s. 
Then 


£=° 
where  £  is  a  quantity  which  is  real  and  positive. 

Let  sn  =  «o  4-  «i  +  a2  H  -----  h  an, 

then         f(x)  =  50  +  («i  -  s0)  #  +  («2  -  Si)  or  +  (s3  -  s,)  a^ 
If        x  <  1,  the  series  =  (1  —  #)  (s0  4-  s^r  +  s2ar  -f 
Thus 


The  series  is  divided  into  two  parts.  The  number  of  the  terms  in 
the  first  part  can  be  taken  large  enough  to  make  sn+1,  sn4!2>  sn+3,  ••• 
all  >  s  —  8  and  <  s  -j-  e,  when  8,  e  are  arbitrarily  small.  £  is  still 
at  our  disposal.  Choose  it  so  as  to  make  L  n£  =  0  j  e.g.,  make 

*  -  3Q 

£  =  l/?i2  or  l//i3.     Then  because 


is  a  finite  expression  for  finite  values  of  n, 

^[so  +  ^a-^-r-.-f-s^l-^"] 
must  vanish,  when  £  tends  to  0.     The  remaining  part  lies  between 

£(l-|)-^-S)[l+a-C>  +  (1-«2+'"t0*] 
and  £(1  —  £)n^(s  4-  e)  [the  same  series]  ; 
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i.e.  between  (1  -  £)n+l(s  -  8)   and  (1  -  £)B+1(s  +  e).     Now  (1  -  £)» 

lies   between    1   and   1  —  n£;   hence  lim  (1  —  £)n+1  =  1.     Thus,  ulti- 

£=o 

mately,  /(I  —  0)  lies  between  s  —  8  and  s  +  e,  where  8  and  e  can  be 
made  arbitrarily  small.     This  proves  the  theorem. 

(i.)  The  theorem  holds  when  the  coefficients  are  complex,  for 
then  the  series  can  be  separated  into  two  parts,  one  real  and  the 
other  purely  imaginary.  As  the  theorem  holds  for  each  part  sepa 
rately,  it  must  hold  for  the  two  parts  in  combination. 

(ii.)  Next  the  restriction  that  the  variable  is  to  be  real  can  be 
removed. 

f\  (1  -  £)  (cos  4»  +  i  sin  <£)  }  =  a0  +  a^cos  <j>  +  i  sin  <£)  (1  -  £) 

+  a2(cos  2  4>  -f  i  sin  2  <£)  (1  -  £)2  +  .  .  . 
can  be  separated  into  two  parts, 

cos  <!-      +  «  cos  2  <!  -  ^2  +  ••• 


i(a,  sin  </>(!  -  £)  +  a2  sin  2<^(1  -  |)2  +  .••)• 

By  what  has  been  already  proved,  these  parts  tend,  separately,  to 
the  limits  a0  4-  c&j  cos  <^>  +  a2  cos  2  <^  -f  •  •  •  ,  i(a>i  sin  ^>  +  a2  sin  2  ^  -f  •  •  •  ). 
To  return  to  the  example  with  which  we  started  :  — 

The  series   a/1  -  z2/2  +  z3/3  -  z4/4  +  •••, 
and  2/1  +  23/3  -  ^2/2  +  25/5  +  z7/7  -  s4/4  +  •  •  -, 

are  equal  when  z  \  <  1,  but  unequal  when  2?  =  1,  in  spite  of  the  fact 
that  both  series  converge  for  that  value.  The  following  is  the 
explanation  of  the  paradox.  Write  z  =  1  —  £,  and  let  £  be  real  and 
positive  ;  the  two  series  are  equal  for  all  values  of  £,  however  small, 
but  the  convergence  of  the  second  series  is  infinitely  slow  in  the 
neighbourhood  of  £  =  0,  and  the  infinitely  slow  convergence  is 
accompanied  by  discontinuity.  The  result  can  be  expressed  in  this 
way  :  when  £  is  real, 
lim  l- 


§  91.     The  product  of  two  integral  series. 

CO  00 

Consider  the  two  integral  series  ^umzm,  ^vmzm,  with  a  radius  of 

0  0 

convergence  =1.     At  a  point  within  this  circle  the  product  is 

i  H  -----  h  unvQ^zn  +  •  •  , 
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If  2um)  2vm  converge  absolutely,  we  know  that  the  expression 
just  written  down  converges  when  z=l.  In  virtue  of  Abel's  theorem 
we  can  extend  this  theorem  ;  for 


lim  (2umxm)  lim  (    V)  =  lim 

x=l      0  x=l        0  z=l 


gives  2,u,n-2vm=  2wm,  when  2,um,  2rm)  Sifm  are  convergent. 

000  000 

The  theorem  2wm  x  2vTO  =  2&'w,  when  2<um  and  2vM  are  uncondi 
tionally  convergent,  was  stated  by  Cauchy  in  his  Cours  d'  Analyse 
Algebrique.  Mertens  proved  that  the  result  still  holds,  when  one 
of  the  two  series  is  conditionally  convergent  (Crelle,  t.  Ixxix.,  1875). 
The  theorem  which  we  have  just  proved  is  due  to  Abel  (Ueber  die 
Binoinialreihe,  Crelle,  t  i.).  It  will  be  noticed  that  Abel's  theorem 
gives  no  information  as  to  when  5iom  is  convergent.  For  informa 
tion  on  the  product  of  two  conditionally  convergent  series  we  refer 
the  student  to  a  memoir  by  Pringsheim  (Math.  Ann.,  t.  xxi.,  pp. 
327-378). 

Weierstrass'  s  Tlieory  of  the  Analytic  Function. 

§  92.     Series  derived  from  an  integral  series. 
Let  the  integral  series 

W0  +  MXZ  +  MjjZ2  -f  MgZ3  -f  •  -. 

have  a  radius  of  convergence  R.  Within  the  circle  (R)  it  has 
properties  analogous  to  those  of  integral  polynomials,  but  without 
the  circle  it  is  divergent.  If 

/(Z)=  ?<0-f  MjZ-f  U*Z2+  U3Z?  +  .-=P(z), 

f(z)  is  also  equal  to  an  inte 
gral  series  in  z  —  z0  for  all 
points  inside  the  circle  A 
whose  centre  is  ZQ  and  radius 
-R  —  i  *o  |  (§  87).  This  series  in 
z  —  ZQ  is  denoted  by  P(z  \  z0), 
and  is  said  to  be  derived  di 
rectly  from  P(z)j  with  respect 
to  the  point  z0.  For  all  points 
of  A, 


Let  zl  be  a  point  interior  to 
-rl.     With  centre  z1}  describe  a 


fig.  20 
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circle  B  which  touches  A  and  lies  entirely  inside  it.  A  series  can  be 
derived  from  P(z)  with  respect  to  z1?  namely,  P(z\z^,  and  its  circle  of 
convergence  will  include  the  whole  of  the  circle  B ;  but  a  series  in  z— z1 
can  be  derived  from  P(z  ZQ)  with  respect  to  zb  namely,  P(z  z0  ^), 
and  this  latter  series  is  convergent  in  B.  The  two  series  are 
identically  equal  in  the  circle  B,  for  the  former  =  P(z)y  and  the 
latter  =  P(z  \  z0),  throughout  B.  There  is  an  obvious  extension  of 
this  theorem,  namely 

P(z   zn)  =  P(z\zQ\zl   ...\zn), 

when  20,  ZD  z2)  •••  lie  inside  D ;  21?  z2,  8$,  •••  inside  A.\  zz,  zs,  •••  inside  B\ 
and  so  on. 

The  importance  of  the  result  consists  in  the  circumstance  that 
a  series  directly  derived  from  P(z),  with  respect  to  a  point  inside 
the  circle  of  convergence,  has  been  shown  to  be  the  same  integral 
series  as  that  obtained  by  the  indirect  process  described  above. 

The  function  denned  by  the  integral  series  P(z)  has  a  meaning 
for  all  points  within  the  circle  of  convergence.  A  method  will  now 
be  described  by  which  the  integral  series  can  be  continued  beyond 
this  circle.  It  depends  on  the  fact  that  the  circles  A,  B,  of  Fig.  20, 
are  not,  in  general,  the  full  circles  of  convergence  of  the  correspond 
ing  integral  series  P(z  \  z0),  P(z  z^). 

Let  the  circle  of  convergence  of  P(z  z0)  be  not  A,  but  A'. 
Within  A,  P(z)  =  P(z  z0).  The  question  is  whether  the  two  expres 


sions  are  equal  in  the  shaded  region. 


Let  a  point  z±  be  taken  within 
A,  and  let  the  circle  B'  be 
drawn  to  touch  the  nearer  of 
the  two  circles  D,  A1 ;  and  the 
circle  B  to  touch  A.  Since 
B'  lies  within  the  circles 
of  convergence  of  P(z)  and 


P(z 

P(z 


z0),  the  integral  series 


must  be  identically 
equal  to  -P(z),  and  P(z  \  z0  z±) 
to  P(z  Z0),  throughout  B'. 
But  we  know  that  P(z  z0) 
is  identically  equal  to  P(z) 
throughout  B,  a  part  of  B'. 
Hence  P(z  \  z^  and  P(z  \  z0  \  %) 
are  identically  equal  throughout  B.  These  two  integral  series,  which 
proceed  according  to  powers  of  z  —  z^  must  be  identically  equal  for 
all  points  for  which  either  has  a  meaning  (§  86).  But  we  know  that 


Fig.  21 
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the  circle  of  convergence  of  P  (z  \  z0  j  z^)  extends  at  least  as  far  as  B1. 
Hence  P(z  z1)=P(z|z0  z^  throughout  B'.  Therefore  P(z)  and 
P(z  |  z0)  must  be  identically  equal  throughout  B'.  This  proves  the 
equality  of  the  two  series  for  that  portion  of  the  shaded  region  which 
is  contained  within  B'.  By  adding  on  this  portion  to  the  circular 
region  bounded  by  A,  and  by  selecting  suitably  a  new  point  zx  within 
the  region  so  extended,  the  equality  can  be  affirmed  for  a  further 
portion  of  the  shaded  region,  and  the  process  can  be  continued  until 
the  equality  of  the  two  integral  series  has  been  established  for  all 
points  of  the  shaded  region. 

§  93.     Theorems  on  derived  series. 

Theorem  I.  Let  P(z  \  z0),  P(z  \  z</)  be  two  integral  series  which  are 
derived  directly  from  the 
common  element  P(z), 
where  z0,  z0'  are  points  in 
terior  to  D,  the  circle  of 
convergence  of  P(z);  and 
let  A,  B  be  the  circles  of 
convergence  of  P(z|z0), 
P(z  '  z0').  The  two  series 
are  identically  equal  with 
in  that  region,  which  is 
common  to  A,  B,  D.  We 
have  to  prove  that  they  are 
identically  equal  within 
the  shaded  region.  Let  us 
take  a  point  c,  near  D  (Fig. 
22).  Within  the  circle  (not  drawn  in  Fig.  22)  which  has  centre  c, 
and  touches  Z), 

P(z\zQ\c)  =  P(z\zJ  c)  identically. 

As  these  two  series  proceed  according  to  powers  of  z  —  c,  and  as 
P(z  \  z()  |  c)  converges  for  all  points  within  the  circle  C  of  Fig.  22, 
the  series 

P(z   z0ic),   JP(s|V|*), 
must  be  identically  equal  throughout  C.     Hence 

P(z   z0)  =  P(z|z0') 

for  that  portion  of  the  shaded  region  which  lies  within  C.  Add  this 
portion  to  the  unshaded  region  common  to  A  and  B.  By  a  suitable 
choice  of  a  new  point  c,  within  the  region  so  extended,  a  further 
extension  can  be  effected ;  and  the  process  can  be  continued  until 


Fig.  22 
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the  equality  of  the  series  has  been  established  for  all  the  shaded 
region. 

Theorem  II.  If  the  series  P(z  \  z0  \  Zi)  be  derived  directly  from 
P(z  |  ZQ),  the  series  P(z  \  z0)  can  be  derived  from  P(z  \  z0  \  ^). 

If  the  series  P(  z  ZQ  \  z^)  have  the  point  ZQ  within  its  circle  of 
convergence,  we  have  immediately, 

P(Z     Z0\Z1\Z0)=P(Z\Z0), 

and  the  theorem  is  proved  by  a  direct  derivation.  This  will  always 
be  possible  if  |  zl  —  z0 1  <  p/2,  where  p  is  the  radius  of  convergence  of 
P(z  |  z0).  If  zQ  be  without  the  circle  of  convergence  of  P(z  z0  zj,  it  is 
possible  to  interpolate,  between  z0  and  zl}  a  series  of  points  a1?  a2,  ••• ,  aw, 
where  n  is  finite,  such  that  ax  lies  inside  the  circle  of  convergence  of 
P(z  |  ZQ  Zj)  ;  a2  inside  the  circle  of  convergence  of  P(z  \  ZQ  z{  ax)  ; 
as  inside  the  circle  of  convergence  of  P(z\zQ  zl  \  ax  I  a2)  ••• ;  and 
finally,  ZQ  inside  the  circle  of  convergence  of  P(z  \zQ\zl  ax |  •  •  •  an). 
From  this  last  series  can  be  deduced  P(z  ZQ  z±  al\a2  •••]«„  z0), 
an  integral  series  in  z  —  z0.  As  the  latter  integral  series  is  identi 
cally  equal  to  P(z  ZQ)  for  points  within  a  neighbourhood  of  z0  which 
is  not  infinitely  small,  the  two  series  must  be  identically  equal 
throughout  the  original  circle  of  convergence.  Therefore  P(z  \  ZQ) 
can  always  be  derived  indirectly  from  P(z  \  ZQ  \  z^,  when  P(z  z()  \  z^ 
is  directly  derived  from  P(z  z0)  (Pincherle,  Giornale  di  Matematica, 
t.  xviii.,  p.  348). 

Theorem  III.  If  c  be  a  point  of  the  region  common  to  the  two 
regions  of  convergence,  A  and  5,  of  P(z  —  z0),  P(z  —  z\),  and  if  the 
two  series  derived  directly  from  these,  with  regard  to  c,  be  identically 
equal :  — 

(i.)  The  given  series  can  be  derived,  indirectly,  the  one  from  the 
other. 

(ii.)  The  series  derived  from  P(z\z0),  P(z  2^),  with  regard  to 
any  other  point  common  to  A,  B,  are  identically  equal. 

(i.)  By  supposition,     P(z  \z0\c)  =  P(z  \  zl  \  c). 


But  P(z 
and   P(z  |  zl 


ZQ}  and  P(z  |  Zi)  can  be  derived  indirectly  from  P(z  \z0\c) 
c)  ;    hence    P(z  \  z0)    can   be   derived,   indirectly,  from 


P(z  z,). 

(ii.)  Let  GI  be  a  point  in  the  maximum  circle  which  can  be  drawn 
from  the  centre  c,  without  cutting  A  or  B. 

With  regard  to  c1?  we  can  derive  the  two  series 

P(z  z0\c\  cj  and  P(z  \ 
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and  these  series  are  identically  equal  to  P(z  \  z0  c),  P(z  \  zx  c)  through 
out  the  maximum  circle.  But  P(z  |  z0  1  c),  P(z  z±  \  c)  are  themselves 
identically  equal  throughout  this  circle;  therefore  P(z|z0|c  c^ 
must  be  identically  the  same  series  as  P(z\zl\  cf^).  The  same 
must  be  the  case  for  the  series  directly  derived  with  respect  to  e^ 
namely  P(z  z0  \  c^,  P(z  :  zl  \  cj.  We  can  repeat  the  same  reasoning 
for  a  point  €%  inside  the  maximum  circle,  described  from  c:  as  centre 
without  cutting  A,  B,  and  prove  that 


By  a  continuation  of  the  process,  the  theorem  can  be  established 
for  every  point  of  the  region  common  to  A  and  B  (Pincherle,  loc. 
cit.,  p.  349). 

§  94.  The  analytic  function.  If  P(z)  be  convergent  within  a 
circle  D,  and  if  from  this  integral  series  be  derived,  directly,  the 
integral  series  P(z  \  z0),  where  z0  is  a  point  of  Z>,  the  circle  of  con 
vergence  A  of  P(z  |  z0)  will,  in  general,  cut  the  circle  D.  A  function 
which  is  equal  to  P(z)  in  the  circle  D  ;  to  P(z  \  z0)  in  the  circle  A, 
ZQ  being  any  point  in  D  ;  to  P(z  \  ZQ  \  Zj)  in  its  circle  of  convergence, 
zx  being  any  point  in  A,  and  so  on,  is  termed  by  Weierstrass  an 
analytic  function.  The  analytic  function  is  defined  by  an  integral 
series,  whose  radius  of  convergence  is  not  zero,  together  with  all 
possible  continuations  of  that  series.  Each  of  the  series  is  called 
an  element  of  the  function  ;  thus  P(z)  is  an  element  of  the  function 
at  0,  P(z  |  ZQ)  an  element  at  z0,  and  so  on.  The  value  of  any  one  of 
the  totality  of  integral  series  at  a  point  z  of  its  region  of  convergence 
is  one  of  the  values  of  the  analytic  function  at  z. 

In  defining  the  analytic  function  the  choice  of  the  primitive 
element,  from  amongst  the  totality  of  integral  series  which  serve 
to  define  the  function,  is  perfectly  arbitrary  ;  for  if  P(z  \  za)  be 
derived  from  P(z  \  zn),  the  latter  series  can  be  derived  from  the 
former.  Hence  each  series  of  the  totality  is  an  element  of  the 
function.  In  other  words,  any  series  selected  from  the  totality 
will  give  rise  to  the  other  members  of  the  totality,  and  will,  in 
conjunction  with  them,  completely  define  the  analytic  function. 

§  95.  It  must  not  be  inferred  from  the  preceding  work  that  the 
analytic  function  is  necessarily  one-valued.  Let  P(z  c)  be  an  inte 
gral  series.  It  may  be  continued  beyond  its  circle  of  convergence 
until  it  passes  into  P(z  \  z').  Suppose  this  effected  by  the  interpola 
tion  of  n  points.  AVe  have  then  a  chain  of  n  -f-  2  points,  and  the 
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element  at  each  (the  initial  point  c  excepted)  is  to  be  directly  derived 
from  the  preceding  element.  We  may  regard  the  n  points  as  lying 
on  a  path  L  from  c  to  z\  the  path  being  subjected  to  the  restrictions 
that  it  is  not  to  cut  itself,  and  that  each  of  the  n  -f-  1  arcs  into  which 
it  is  divided  by  the  n  points  is  to  lie  within  the  circle  of  convergence 
of  the  element  at  the  initial  point  of  that  arc.  By  what  has  been 
already  proved  (§  92)  the  same  final  element  is  obtained  when 
additional  points  are  interpolated  011  L.  And  further  the  system 
of  n  points  can  be  replaced  by  another  system  of  m  points  on  L,  pro 
vided  that  each  of  the  m  +  1  arcs  so  formed  lies  within  the  circle  of 
convergence  at  its  initial  point.  For  the  compound  system  of  n  +  m 
intermediate  points  leads  to  the  final  element  P(z  |  z'),  and  we  can 
regard  the  n  points  as  interpolated  among  the  new  m  points,  and 
suppress  them  without  affecting  the  final  element. 

When  an  analytic  function  is  said  to  be  continued  along  a  path 
L)  it  is  understood  that  L  lies  wholly  within  the  chain  of  circles  of 
convergence.  What  is  proved  is  that  the  final  element  then  depends 
uniquely  on  the  initial  element  and  the  path  L.  It  readily  follows 
that  the  reverse  path  —  L  restores  the  initial  element. 

On  the  other  hand  another  path  M  from  c  to  z'  leads  from  the 
same  initial  element  to  a  final  element  Q(z  z'),  which  may  be  dif 
ferent  from  P(z  |  z')  .  When  the  difference  exists,  the  contour  formed 
by  —  L  from  z'  to  c,  and  M  from  c  to  z',  leads  from  P(z  z')  to 
Q(z\z').  This  is  due  to  the  presence,  within  the  contour,  of  a 
branch-point,  at  which  there  is  no  element  of  the  function.  A  point 
at  which  there  is  no  element  of  an  analytic  function  will  be  called  a 
singular  point  of  that  function  ;  and  the  branch-points  of  a  function 
are  included  among  its  singular  points.  We  shall  return  to  the 
singular  points,  in  connection  with  the  present  theory,  in  §  97. 
They  are  recommended  to  the  reader's  attention,  inasmuch  as  the 
character  of  a  function  is  betrayed  by  its  behaviour  at  these 
exceptional  points. 

§  96.     The  coefficients  of  an  integral  series.     Consider  the  series 

oo 

f(z)  =  ^unzn,  with  a  radius  of  convergence  R,  and  let  a  be  a  primitive 

o 
pth  root  of  unity.     Let  z  =  p  <  R\  then,  on  the  circle  (p),  if  p  >  m, 


When  p  =  oo,  the  right-hand  side  reduces  to  um.     To  prove  this,  we 
must  show  that 

lim    uT  +  n 


THE   THEORY   OF   INFINITE    SERIES.  107 

oo 

The  proof  follows  from  the  fact  that  2«nzn  is  an  absolutely  conver 
gent  series  for  '  z   =  p,  for  we  have 


m+2p 


•  to 


and  this  expression  tends  to  the  limit  0,  when  p  increases  indefinitely. 
Hence 

llm  =  lim  -  2<  f(paK}/pmamK. 
?=*  p  i 

An  important  theorem  of  Cauchy's  follows  at  once  from  the 
equation 

/pmam<-^rn^P  +  • 

For    um  j  f±  —  -S  '/(pa*)    +  e,  where  e  vanishes  when  p  =  x. 

But  '  /(pa*)  '  ^  (r.  where  6r  is  the  upper  limit  of  the  absolute 
values  of  /(z)  along  the  circle  (p). 

Hence  |  um  \  <  G/pm. 

Integral  series  in  1/z.  If  an  integral  series  P(z)  converge  within 
a  circle  of  convergence  of  radius  R,  the  series  P(l/z),  obtained  from 
P(z)  by  writing  1/z  for  z,  must  converge  for  all  points  without  a 
circle  of  radius  \/R.  Since  P(z  —  c)  has  a  circle  of  convergence  of 
centre  c,  it  is  natural  to  suppose  that  P(z  —  x  )  has  a  circle  of  con 
vergence,  centre  oc  ;  by  what  has  been  said  P(l/z)  has  such  a  circle 
of  convergence,  namely,  the  region  icithout  the  circle  of  radius  7?. 

This  agrees  with  what  was  said  in  §  82. 

+» 
In  such  a  series  as  ^utlzn,  the  series  of  terms  formed  by  the  posi 

tive  values  of  n  has  a  radius  of  convergence  R,  while  the  series 
formed  by  the  negative  values  of  n,  converges  without  a  circle  of 

+ao 

radius  7?x.      Hence,  if  R±  <  R,  the  series  %unzn  converges  absolutely 

—  oc 

within  the  ring  formed  by  the  two  concentric  circles  of  radii  R,  R^ 
Let  the  sum  be  f(z)  .  If  p  be  intermediate  between  R  and  Slt  it  can 
be  shown,  by  a  proof  strictly  analogous  to  that  already  given,  that 
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where  G  is  the  upper  limit  of  the  values  of  |/(z)  |  on  the  circle  p. 
Further,  if  two  series  2tts«*,  2vnzn,  have  the  same  region  of  conver 
gence,  and  if  they  be  equal  for  all  points  of  a  neighbourhood,  how 
ever  small,  of  a  point  z0  of  this  common  region  of  convergence,  then 
the  theorem  of  undetermined  coefficients  holds  good  and  un  =  vn. 

§  97.  Discussion  of  the  singular  points.  Suppose  that  we  know 
that  a  given  integral  series  P(z)  converges  for  all  points  \z  <  R, 
but  that  we  do  not  know  whether  R  is  or  is  not  the  radius  of  con 
vergence.  If  a  be  a  point  inside  the  circle  (R),  and  if  f(z)  be  the 
analytic  function  defined  by  P(z),  then 

/(a  +  h)  =/(a)  +hf'(a)  +  |-*/"(a)  +  -, 

throughout  the  circle  of  convergence  of  the  integral  series  in  7i; 
that  is, 


f(z)  =f(a)  +  (z-  a)f'(a)  +  ^      a)  f"(a)  +  ...  =  P(z  a), 

—  . 

when  |  z  —  a  <  Ra,  the  radius  of  convergence  of  P(z  \  a) .  Now  let 
p  be  the  lower  limit  of  all  the  quantities  Ra,  when  a  is  allowed  to 
take  every  position  within  the  circle  (R)  ;  we  shall  prove  the  fol 
lowing  theorem :  — 

The  series  P(z)  converges  within  the  circle  of  radius  R  -f-  p. 

Let  pi  be  a  positive  number  <  p,  and  let  z'  lie  within  the  circular 
ring  of  radii  R,  R  +  p±.  A  circle  whose  centre  is  z'  and  whose  radius 
is  p  must  intersect  the  circle  (R).  Let  a  be  a  point  of  the  region  T 
common  to  these  two  circles ;  since  by  hypothesis  the  radius  of  con 
vergence  at  a  <  p,  the  point  z'  lies  within  the  circle  of  convergence  of 
P(z\a),  and  the  analytic  function  has  at  z'  the  value  P(z'\a).  This 
value  is  not  dependent  011  the  choice  of  a.  For  if  b  be  any  other 
point  of  T,  and  if  c  =  (a  +  b)/2,  the  two  series  P(z  a  c),  P(z  \b\c) 
are  identical  (Theorem  I.,  §  93);  and  therefore  the  two  series  P(z  \  a), 
P(z  b)  have  the  same  values  throughout  their  common  region  of 
convergence.  In  particular 


P(»'\a)=P(*\b). 

of  the  two  series 
mditions    a  | ,  =  A, 
and  are  less  than  an  assignable  finite  number  G. 


The  absolute  values  of  the  two  series  P(a)   and  P(z'   a)   are 
both  finite  under  the  conditions    a  |,  =  A,  <  R,  and  \z'   <  R  +  p^ 
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The  radius  of  convergence  of  P(z'  \a)  >  pl  ;    therefore,  by  the 
theorem  of  the  preceding  paragraph, 

i|/«(a)|<0Pr'e,  K  =  0,1,2,  -. 
Let  P(z)  be 


then  /*(«)  =  2,,  (w  _  l)  ...  (n  _  K  +  l)M|la"-", 


a  series  whose  radius  of  convergence  <  J2(§  85);  therefore,  by  a 
second  application  of  the  same  theorem, 

n(n  -  l)...(»i  -  K  +  1)  |  un  |  <  K  !  (fyf  "  ^"-", 


Write  K  =  0,  1,  2,  •••,  n  and  add  the  resulting  inequalities  ;  then 


|  un  |  A*(1  +  PI/R)*<  G  {1  -  ( 

<GR/(R-A). 

Therefore  the  series  P(z)  converges  for  all  values  of  z  such  that 


and  therefore,  since  R  —  A  and  p  —  pl  are  arbitrarily  small,  the 
series  converges  within  the  circle  whose  radius  is  R  +  p.  '  This  circle 
is  the  true  circle  of  convergence  ;  for  if  the  radius  of  convergence 
>  R  +  p)  the  lower  limit  of  the  quantities  Ra  cannot  be  p.  In  the 
proof  of  this  theorem  of  Weierstrass's  we  have  followed  Stolz, 
Allgemeine  Arithmetik,  t.  ii.,  p.  180. 

That  the  true  circle  of  convergence  must  contain  at  least  one 
point  such  that  in  any  neighbourhood  of  the  point,  however  small,  p 
is  infinitely  small,  is  evident  from  the  following  considerations. 
The  lower  limit  of  the  quantities  7?a  is  zero,  hence  there  must  be  at 
least  one  point,  inside  or  on  the  rim,  in  every  neighbourhood  of  which, 
however  small,  the  lower  limit  is  0  ;  and  this  point  must  lie  on  the 
rim,  since  the  radius  of  convergence  at  an  interior  point  is  not  less 
than  the  distance  from  the  point  to  the  riui. 
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The  points  on  the  rim  can  be  divided  into  two  classes  according 
as  they  are  or  are  not  singular  :  — 

A  non-singular  point  zv  lies  inside  the  domain  of  some  point  a, 
interior  to  the  circle  of  convergence  of  P(z).  The  value  of  P(z)  at 
ZL  is  P(ZI  \a  Zi)  ;  for  since  P(z)  and  P(z  \  a  z^)  have  a  common 
region  of  convergence  which  includes  the  point  a,  the  two  series  are 
equal  to  P(z  \  a)  throughout  the  region  common  to  their  circles  of 
convergence,  and  in  particular  at  the  point  z^.  Thus  for  non-singular 
points  the  limit  to  which  P(z)  tends,  when  z  tends  to  zly  is  the  value 
P(Z!  a  Zi).  The  function  denned  by  P(z)  can  be  continued  over 
the  rim  at  Zj.  A  singular  point  is  one  within  every  neighbourhood 
of  which,  however  small,  p  is  infinitely  small.  These  points  do  not 
lie  within  the  circle  of  convergence  of  any  point  a,  interior  to  the 
circle  of  convergence  of  P(z).  As  no  elements  of  the  function  cor 
respond  to  them,  they  are  the  singular  points  which  we  have  already 
defined.  By  what  we  have  already  proved,  no  singular  point  of  an 
analytic  function  can  lie  inside  a  circle  of  convergence,  but  there 
must  be  at  least  one  on  the  rim. 

As  an  example,  consider  the  function  -  .     Throughout  the 

1  —  z 

interior  of  the  circle,  centre  0,  and  radius  1, 


but  the  point  1  is  a  singular  point.     If  a  be  any  point  within  the 
circle,  the  derived  series  with  respect  to  a  is 


f(a)  +  (z-a)f'(a)  + 
where  f(z)  stands  for  the  series.    But 

/  ( a)  =  1-f  a  +  a2  +  •  •  •  =  — i— , 

JL  "—  Cv 


and  so  on. 
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Ill 


The  derived  series /(z  a)  is,  therefore, 


1  z-a          (z-aY  , 

*  S  ~*  \      O  I  /    -*  X     O  I 


~1 


l_a       (1-a)2      (1-a)3      (1-a)4 
and  the  radius  of  convergence  is  1 1  —  a  \ . 

But 

1         1  1  (z  -  a)       (z  -  a)2 

1_2      ((i_a)_(z_a))       l-a      (1_«)2       (l_a)3 

throughout  the  circle,  centre  a,  and  radius  1 1  —  a  .  Thus  the  inte 
gral  series  1 -f  z -f  z2 -fz-3+  •••,  together  with  its  continuations, 

defines  the  analytic  function  .      In  this  example,  if  the  suc- 

1  —  z 

cessive  series  be  derived  with  respect  to  points  a19  a2,  a3-"a/c,  0, 
each  point  being  within  the  circle  of  convergence  of  the  point 
immediately  preceding  it,  the  final  series  is  the  same  as  the  initial 
series.  The  figure  is  intended  to  show  the  way  in  which  a  function 
can  be  continued  in  the  neighbourhood  of  an  isolated  singular  point. 


Fig.  23 

§  98.  A  one-valued  analytic  function  /(z)  is  said  to  be  regular 
at  a  point  c,  if  it  can  be  developed,  in  the  neighbourhood  of  c,  in  a 
convergent  integral  series  P(z  —  c). 
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If  f(z)  be  infinite  at  c,  while  (z  —  c)mf(z)  is  regular  at  c,  m 
being  a  finite  positive  integer,  c  is  said  to  be  a  pole  of  the  function, 
and  m  is  said  to  be  the  order  of  multiplicity,  or  simply  the  order, 
of  the  pole.  If  there  be  no  such  finite  integer  m,  c  is  an  essential 
singularity.* 

It  is  evidently  a  matter  of  some  importance  to  determine,  from 
the  integral  series  which  serves  to  define  a  function,  the  positions 
of  the  singular  points  on  the  circle  of  convergence.  This  problem 
is  discussed  by  Hadamard  in  Liouville,  Ser.  4,  t.  viii.  In  particular 
it  appears  that  if  the  ratio  UK/UK+I  have  a  limit  a  when  K  =  oo,  a  is 
in  general  one  of  the  singular  points  on  the  circle  of  convergence  ; 
that  a  is  on  the  circle  is  evident  from  §  84.  The  idea  of  determin 
ing  a  singular  point  in  this  simple  way  is  M.  Lecornu's.  Eeference 
must  also  be  made  to  Darboux,  Sur  1'approximation  des  fonctions  de 
tres-grands  nombres,  Liouville,  Ser.  3,  t.  iv. 

§  99.  When  the  circle  of  convergence  of  P(z)  covers  the  whole 
of  the  z-plane,  with  the  single  exception  of  the  point  z  =  oo,  the 
function  defined  by  the  series  is  nowhere  infinite  in  the  finite  part 
of  the  plane,  but  has  an  essential  singularity  at  z  =  oo.  The  algebraic 
function  ?/0  -f-  UjZ  4-  u2z2  -\  ----  +  UKZ*  is  finite  throughout  the  finite 
part  of  the  plane,  but  has  a  polar  discontinuity  at  oo.  The  resem 
blance  in  properties  caused  Weierstrass  to  name  the  integral  series 
P(z),  with  an  infinite  radius  of  convergence,  a  transcendental  integral 
function.  As  examples  of  transcendental  integral  functions  we  may 
instance  those  defined  by  the  well-known  integral  series, 


z  _  38/3  f  +  #i§  \ 

Such  functions  are  necessarily  one-valued,  since  there  can  be  no 
branch-point  at  a  finite  distance  from  the  origin.  A  transcendental 
function  is  a  function  which  is  not  algebraic.  The  question  of  ascer 
taining  whether  a  given  integral  series  defines  an  algebraic  or  a 
transcendental  function  was  considered  by  Eisenstein,  who  proved 
that  when  an  integral  series  PI(Z),  with  rational  coefficients,  defines 
an  algebraic  function,  the  coefficients  can  be  rendered  integers  by 
the  substitution  of  KZ  for  z,  where  K  is  a  suitably  chosen  integer. 

*  The  discussion  of  the  singular  points  of  a  function  resolves  itself  into  that  of  branch-points, 
infinities,  and  essential  singularities.  These  will  be  considered  in  the  following  chapters.  The 
pole  is  a  case  of  an  infinity. 
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[Eisenstein,  Monatsberichte  der  Akademie  der  Wiss.  zu  Berlin,  1852  ; 
Heine,  Kugelfunctionen,  Second  Edition,  t.  i.,  p.  50.  For  a  remark 
ably  simple  proof  by  Hermite,  see  Proc.  London  Math.  Soc.,  t.  vii., 
or  Hermite's  Cours  d'  Analyse,  Third  Edition,  p.  174.] 

§  100.     The  sum  of  an  infinite  number  of  integral  series. 

Let  POO  (2)  =  w0,K  +  ultKz  +  u^  +  ...(*  =  !,  2,  ...  ,  x),  be  the  Kth 

00 

term  of  the  series  2*PW(2).    We  assume  that  the  component  terms, 

as  well  as  the  series  itself,  converge  absolutely  and  uniformly  within 
the  same  circle  (E). 

(i.)  The  infinite  series 

Un,l  +  Un,2  +  ltn,S+~- 

converges  to  a  definite  value  un,  whatever  be  the  positive  integer  n. 

oc 

(ii.)  For  every  value  of  z,  within  the  circle  (R),  ^unzn  converges 

30  •  0 

absolutely  and  =  2,*PW(z). 

Let  p  be  a  positive  quantity  <  R.     When  I  z  '  =  p,  there  exists, 
by  reason  of  the  suppositions  made  above,  a  number  /x  such  that 

|  P<"+1>(3)  +  P<"+*>(2)+  ...  +  P<"+*>(3)  i  <  e    ( 
p  being  any  positive  integer.     The  expression 


can  be  written  as  an  integral  series,  and  in  this  series  the  absolute 
value  of  the  coefficient  of  zx  <  e/p\     Thus 

I  «A,  n+l  +  "A.  »+2  +  •  •  •   +  MA,  n+p  '  ^  C/p\ 

As  this  is  true,  however  large  p  may  be, 
u\,  i  +  u\.  2  +  •  •  •  to  oo 
must  be  a  convergent  series.     Suppose  that  its  sum  is  u^.    We  have, 


The  expression  cp/(p  —  Z)  can  be  made  as  small  as  we  please  ; 
hence  2MuzA  is  absolutely  convergent.     Let  the  sum 


also  let  pw  (0)  +  p(2>  (2)  +  .  .  .  =  g(z). 
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We  have  to  prove  that     f(z)  =  g  (z). 
Now 

o,  2  +  .  •  •  +  MO,  n) 


Hence  the  equality  of  f(z)  and  g(z)  will  be  proved  if  we  can 
show  that 


n+1 


where  pAtn  is  the  value  of  u^n+l  +  ifcA,B+2+  •••  to  oo,  and  ^  is  arbi 
trarily  small.  But  we  know  that  this  inequality  exists  ;  for  we  have 
seen  that 


also  |  P(w+1)  (z)  +  P(n+2\z)  +  —  | 

is,  by  the  definition  of  uniform  convergence,  <  e,  ivhen  n  >  a  suit- 

00  00 

ably  chosen  number  /A.     Thus  2pA,nz*  and  iPM.(«)  are,  simultane- 

0  71+1 

ously,    arbitrarily    small;    and   part   ii.    of  the   theorem   has   been 
established. 

An  application  of  the  theorem.  Let  P(z),  Q(z)  be  integral  series, 
with  radii  of  convergence  R,  E',  arid  let  R"  be  a  positive  number 
<  R'.  For  values  of  y  such  that  y  ^R",  the  series  Q(y)  con 
verges  uniformly.  In 

Q(y)  =  ^o  +  v&  +  v22/2  +  ^32/3  H  ----  , 
let  P(z)  be  substituted  for  y  ;  the  resulting  series 


converges,  provided  there  is  a  number  p<,R,  such  that  for  all  values 
of  z  which  are  less  than  p  in  absolute  value 

P(z)  [  ^  R". 
The  expressions 


are    integral   series,  with  the  same  circle  of  convergence.     Under 
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these  circumstances  the  series  can  be  changed  into  an  integral  series. 
A  necessary  condition  is  |  v0 '  <  R'. 

§  101.     The  expression  of  a  quotient  as  an  integral  series. 


Let  the  quotient  be  -~^~.    We  have,  for  sufficiently  small  values 
of  |  z  |, 

K|>  ti^-t 

and  therefore,  if  up  +  uj?  +  i 


oO)       Mo  +  V       M»l          U<*  +  U02        ") 


Hence  p)^(,  being  the  product  of  two  integral  series,  is  itself 

-*o\z) 
an  integral  series.     To  determine  this  integral  series,  let 


and,  after  multiplying  both  sides  by  P0(z),  equate  coefficients.    The 
resulting  equations  determine  uniquely  the  values  of  WQ,  w^  w2,  .... 

Corollary.     The  quotient  of  an  integral  series  PO(Z)  by  an  inte 
gral  series  PK(z)  is  z-K-Q0(z). 

Theorem.     If  w  —  ic'  =PK(z-  z'), 

then  (w  -  iv1)  V*  =  (UK)  l/KPl  (z  -  2')  . 

For,  if 

w  -  ic'  =  UK(Z  -  z')<  +  uK+l(z  -  2f)*+i  +  ..., 
then 


The  K  values  are  furnished  by  the  /cth  roots  of  UK. 
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§  102.     The  reversion  of  an  integral  series. 

Let  y  =  aQ  +  ajZ  +  a,z2  + (1), 

be  an  integral  series,  whose  radius  of  convergence  is  1,  and  whose 
coefficient  a^O.  By  a  simple  transformation  any  integral  series 
can  be  changed  into  one  with  radius  1.  When  (y  —  OQ)/OI  =  yi}  the 
equation  becomes 

y^z-A^-A^-A^-      ....    .     (2). 
The  problem  is  to  find  an  integral  series  for  z,  which  has  the  form 

z=2/i+&22/i2  +  &32/i3  + (3). 

If  (3)  be,  in  reality,  a  solution  of  (2),  the  relation 

2/i  =  (2/i  +  &22/i2  +  %i3  +  •••)  —^O/i  -f  &22/i2  +  &«2/i3  +  •••)2 

-  A3(yL  +  &22/i2  +  b^3  H )3 

must  be  satisfied  identically.  Equating  coefficients  of  the  various 
powers  of  y^  we  find  that 


equations  which  determine  uniquely  b2,  &»  •••  as  integral  functions  of 
the  A' a. 

To  determine  whether  these  values  of  62,  63,  •••  make  the  right- 
hand  side  of  (3)  convergent  within  a  domain  whose  radius  is  not 
infinitely  small,  let  us  replace,  in  the  relations  (4),  the  quantities  A 
by  their  absolute  values  \A  .  The  (K  — l)th  of  the  relations  (4) 
gives,  in  conjunction  with  the  preceding  (K  —  2)  equations,  a  value 
for  bK  in  terms  of  the  A's : 

bK  =  an  integral  expression  in  A2,  A3,  ••• ,  AK, 
whose  signs  are  all  positive.     Suppose  this  expression  is 

<t>(Az,  As,—,  AK). 

The  change  of  the  As  into  A\'s  cannot  dimmish  the  absolute 
value  of  the  expression.  A  fortiori  the  change  of  all  the  As  into 
G,  the  maximum  value  of  their  absolute  values,  cannot  diminish  the 
value  of  |  <£  . 

Let  &2>  &s>  •••>&«  •••>  after 'these  changes,  be  B2,  B3,  •••,  BK,  •••. 
The  series 
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will  certainly  converge  in  a  domain  of  finite  dimensions,  if 


z  = 


converge  in  the   same   domain.     As  a  retracing  of  the   steps  by 
which  the  value 

*  =  y\  +  k#i2  +  k#i3  H  ---- 

was  obtained,  leads  back  to 


it  must  follow  that 

z  =  !/i  +  B.2i/12  +  B^  +  ..' 
arises  from 

y,  =  z  -  Gz-  -  Gz*  -Gz*  ---- 

=  z-Gz*/(l-z), 
a  quadratic  equation  in  z.     The  two  solutions  are 


2(1+0) 

each  of  which  can  be  developed  by  the  Binomial  Theorem  as  an 
integral  series.  The  plus  sign  gives  an  integral  series  in  y:  with  a 
constant  term  =£  0 ;  but  the  minus  sign  gives  a  series  of  the  form 
required.  Since  this  series  has  a  sum,  it  must  be  convergent  within 
a  circle  of  finite  radius  and,  further,  it  is  unique.  It  must  accord 
ingly  be  the  same  as 


Hence  the  series  last  written,  and  therefore  also 

2/i-f  %i2  +  &32/i3+---, 
is  convergent  within  a  finite  domain. 

The  case  in  which  «j  =  a,2  —  •••=  am_j  =  0,  am^=0,  will   now  be 
considered.     Putting  (y  —  a0)  /am  =  yly  we  get 


where  (y^'m  denotes  one  of  the  mth  roots.     But 

(1  -  Am^Z  -  Am^_Z-  ----  y/m  =  1  —  a22  —  a3Z2  -  aj?  ----  , 
within  a  finite  domain  of  z  =  0.     Hence 

yi/m  =  z  —  aoZ2  —  agZ3  —  «... 

This  series  can  be  reversed  in  the  way  already  indicated,  the  only 
difference  being  that  y?/m  takes  the  place  of  ylf     The  final  result  is 

z  =  (*/1)1/m+  &0/i)2/w  +  /?3(2/i)3/m  +  -5 
and  there  are  m  expansions  corresponding  to  the  ??ith  roots  of  y^ 
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Expansions  of  this  kind  play  an  important  part  in  the  theory  of 
algebraic  functions.     (See  Chapter  IV.) 

§  103.  Series  whose  regions  of  convergence  consist  of  isolated 
pieces. 

There  exist  infinite  series  which  represent,  in  different  regions, 
different  analytic  functions  of  z.  This  fact  seems  to  have  been  first 
noticed  by  Seidel  (see  a  memoir  by  Pringsheim,  Math.  Ann.,  t.  xxii.), 
but  the  full  consequences  which  follow  from  it  were  pointed  out  by 
Weierstrass.  The  following  simple  example  of  such  a  series  is  due 
to  Tannery  :  — 


1,   L  -—  ;=0, 

n=*     1  —  Zn 

z  |  =  1,   L  —  -  is  non-existent. 

n=°o     1  —  Zn 

Let  m0,  mi,  mz,  "-be  a  series  of  integers  which  increase  with  m 
above  all  limits.     The  series 


=i^+(iib^ 


=  1  or  0, 

according  as  z  lies  within,  or  without  the  circle  of  convergence  of 
radius  1.  With  the  aid  of  this  theorem  it  is  easy  to  construct 
a  function  which  shall  represent  K  arbitrary  functions  $r(z),  within 
circles  whose  centres  are  zl}  z2,  •••,  ZK  and  radii  pb  p2,  ••-,  pK,  and  shall 
represent  another  arbitrary  function  \l/K+l(z)  over  the  remaining 
portion  of  the  plane.  It  is  assumed  that  the  circles  do  not  intersect. 
Such  a  function  is 


Pi      /  \      P2     /  \      P* 


V      Pr 

For  points  within  the  circle  whose  centre  is  zr  and  radius  pr,  all 
the  terms  except  the  rth  vanish,  and  it  equals  $r(z).  For  points  out 
side  all  the  K  circles, 

/«  «  \ 

\lt  ( }  =  0  without  exception. 

:  V    Pr   J 

*  Weierstrass,  Abh.  a.  d.  Fuuctionenlebre,  p.  102. 
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oo 

A  series  2/*(z),  whose  terms  are  rational  functions  of  z,  may 
have  a  region  of  convergence  which  consists  of  several  isolated 
pieces  A,  B,  C,  •••.  The  concept  of  an  analytic  function  is  based 
upon  a  totality  of  integral  series,  each  element  of  the  totality  being 
a  continuation  of  some  preceding  element.  The  circles  of  con 
vergence,  which  correspond  to  the  elements  of  the  totality,  cover  a 
continuum  of  points.  The  question  is  whether  the  analytic  mono- 
genie  functions  defined  for  the  isolated  continua  A,  B,  C,  •••  can  be 
distinct  monogenic  functions,  and  not  merely  branches  of  one  and 
the  same  monogenic  function.  The  discovery  made  by  Weierstrass 
was  that  the  concept  of  a  monogenic  function  of  z  is  not  co-extensive 
with  the  concept  of  functionality  as  expressed  by  an  arithmetic 
expression,  constructed  with  the  help  of  the  four  arithmetic  opera 
tions.  Tannery's  example  proves  conclusively  that  an  arithmetic 
expression  may  represent  different  analytic  functions  in  separate 
regions  of  the  plane. 

§  104.     Lacunary  Spaces. 

In  Tannery's  example  an  expression  defines  the  monogenic  func 
tion  1  when  ;  z  j  <  1,  and  the  monogenic  function  0  when  j  2  >  1 ; 
while  both  functions  exist  for  all  values  of  z. 

But  there  are  functions  which  have  no  existence  in  regions  of 

30 

the  z-plane.  For  example,  consider  the  integral  series  2&"zafl, 
where  a  is  an  integer  >  1,  and  b  is  positive  and  <  1.  The  series 
V^K  or  bn/"n  has  the  upper  limit  1,  and  therefore  the  radius  of  con 
vergence  is  1.  On  the  circle  of  convergence  there  is  certainly  one 
singular  point  z0;  if  we  write  z  =  z'  (cos  2/x7r/av  -f  i  sin2/x7r/av), 
where  /*  and  v  are  integers,  all  but  the  first  v  +  1  terms  are  unaltered, 
and  therefore  the  series  in  z'  has  the  same  circle  of  convergence  and 
the  same  singular  point  ZQ.  Therefore  the  original  series  has  the 
singular  point  z0(cos  2/u.Tr/a1'  -f  i  sin  2/ATr/a").  By  a  proper  choice  of 
/A  and  v  this  new  singular  point  may  be  brought  as  near  as  we  please 
to  any  assigned  point  on  the  circle.  The  circle  is  therefore  a  singular 
line;  no  circle  of  convergence  of  an  integral  series  derived  from  the 
series  in  z  can  extend  beyond  this  line,  and  the  function  defined  by 
the  series  has  no  existence  except  for  points  within  the  circle.  The 
rest  of  the  plane  is  said  to  be  a  lacunary  space  of  the  function.* 

*  The  above  example  is  due  to  Weierstrass  (Abb.  a.  d.  Functionenlehre,  p.  90) ;  this  proof 
is  Hadaraard's  (Liouville,  Fourth  Series,  t.  viii.,  p.  115).  Instances  of  such  functions,  defined 
by  means  of  integrals,  are  given  by  Hermite  (Acta  Societatis  Fennicae,  t.  xii.) ;  other  important 
sources  are  Mittag-Leffler  (Darboux's  Bulletin,  Second  Series,  t.  v.)  and  Poincare  (American 
Journal,  t.  xiv.).  Such  functions  occur  naturally  in  the  theory  of  modular  functions.  See  Klein- 
Fricke,  ilodulfunctionen,  t.  i.,  p.  110. 
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§  105.      The  Exponential  Function. 

The  generalized  exponential  and  circular  functions  exp  2,  sin  2, 
cos  z  are  denned  by  the  integral  series 


1  _  32/2  f  _|_  zy4  i  _  /yc  [  4.  ..., 

whose  radii  of  convergence  are  infinitely  great.  By  multiplication 
of  the  two  integral  series  and  by  the  use  of  the  Binomial  Theorem, 
it  can  be  proved  without  difficulty  that 

exp  2X  x  exp  z.>  =  exp  (ZL  -f  z2)  . 
When  z  =  a  real  quantity  x,  the  series  exp  (z)  becomes 

1  4.  x  +  xi/z  \ 


It  is  usual  to  write  exp  (z)  =  ez,  when .  2  is  complex,  but  the  reader 
must  understand  that  ez  is  then  defined  by  a  series. 
From  the  addition  theorem, 

exp  2j  x  exp  22  =  exp  (^  +  22), 

the  ordinary  theorems  of  trigonometry  can  be  readily  deduced.     For 
instance, 

(i.)  exp  2  =  exp  x  -  exp  iy  =  ex  •  exp  (iy) 

=  ez(cos  2/  +  i  sin  y), 

since 


(ii.)     exp  (2  +  2  iri)  =  exp  2  •  exp  (2  TTI)  =  exp  z  (cos  2  ?r+i  sin  2  ?r) 
=  exp  3. 

(iii.)  cos  z-\-i  sin  2  =  exp  (iz), 

cos  2  —  i  sin  z  =  exp  (—  12), 
hence  cos2  z  +  sin2  2  =  1. 

(iv.)  The  addition  theorems  for  sines  and  cosines  can  be  proved 
by  replacing  the  sines  and  cosines  by  their  exponential  values. 

Enough  has  been  said  to  show  how  the  formulae  of  Analytic 
Trigonometry  can  be  established.* 

*  The  reader  will  find  a  full  treatment  of  the  subject  in  Hobson'a  Trigonometry  and  ChryetaPs 
Algebra,  t.  ii. 
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§  106.    The  Generalized  Logarithm. 

The  generalized  logarithm  log  z  is  defined  as  the  inverse  func 
tion  of  exp  z.     Let  z  =  p  (cos  0  +  i  sin  0)  ;  the  equations 

iv  =  log  z,   z  =  exp  w, 
express  the  same  relation  between  w  and  z.     Hence,  if  w  =  u  -+-  iv, 

p(cos  0  -f  i  sin  0)  =  e"^1'  =  e"(cos  v  +  i  sin  v), 
% 

and,  therefore,  p  =  eu,  6  +  2  mr  =  v.     If  the  real  solution  of  eu  =  p  be 
?t  =  log  p,  we  have 


At  a  given  point  z0,  one  value  of  log  2  is  log  p  +  i*0,  but  there  are 
infinitely  many  others.  If  6  be  regarded  as  capable  of  unlimited 
variation,  these  infinitely  many  val 
ues  must  not  be  regarded  as  distinct 
functions  of  z,  but  as  branches  of  one 
and  the  same  function,  for  after  a  de 
scription  of  the  curve  with  initial 
point  zw  z  returns  to  20,  but  log  p  -J-  i& 
changes  into  log  p  +  i(0  +  2  TT)  . 

If  0  be  limited  in  its  range  to  an 
angle  2  TT,  as  for  instance  if 


-  7T  <  0  <  7T, 


Fig.  24 


it  is  possible  to  separate  the  infinitely  many  branches.  The  chief 
branch  is  log  p  +  ?0,  the  nth  branch  log  p  +  i(0  +  2  mr).  '  If  log  z, 
Jog  z  denote  respectively  the  chief  branch  and  the  ?ith  branch,  we 


have 


In  particular, 


log  z  =  log  p  -f  i0       (  -  TT  <  0  < 


,log  z  =  log  p  -f-  1(0  4-  2 


i  =  £*;  log(-l)  = 


(  —  TT  <  0  <  ?r)  . 


Each  of  the  components  logp,  0  of  a  branch  is  continuous,  except 
when  p  =  0  or  oc,  or  when  z  =  a  real  negative  quantity.  In  the 
latter  case  there  is  an  abrupt  change  from  0=  -f  TT  to  0=  —  TT,  as  a  point 
crosses  the  negative  part  of  the  axis  from  above. 
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The  series  for  the  chief  branch  of  log  (1  +  z). 
Let  us  write 

1  +  z  =  ew  =  1  +  w  +  tv*/2l  +..., 

where  |  z   <  1,  and  let  us  assume  the  existence  of  an  integral  series 
Qi(z)  =  w,  in  accordance  with  §  102. 

Therefore  ew  =  1  -f  z,  and  ew  -  dw/dz=l  ; 

or  dw/dz  =  1/(1  +  z)  =  1  -  z  +  z2  -  z*  +  .... 

This  series  converges  when    z  \  <  1,  and  is  the  derivative  of 

P,(z)  =  z  -  0/2  +  z*/3  -  *4/4  +  .... 
Hence  w  =  z  -  z*/  2  -f  z?/3  -  z4/4  +  ..".. 

Writing  2  —  1  for  2  we  have  for  log  z  the  series 


whose  circle  of  convergence  extends  as  far  as  the  singular  point  0. 

Let  us  consider  how,  without  the  assumption  of  any  knowledge 
of  the  exponential  function,  the  complete  idea  .of  the  logarithm  can 
be  deduced  from  the  above  element. 

We  first  find  the  derived  series  P(z  \  1  |  2j),  where  zl  is  any  point 
within  the  first  circle  of  convergence.  From  §  86, 

P(3|lK)=Pi(3i     l)+Pi'(3i|l)(*-3i)+Pi"0*i     1)  (2-3072  !+-> 

where  accents  denote  differentiations  ; 

and  P/(z  |  1)  =  1  -  (z  -  1)  4-  (*-  I)2  -  -  =  1/z, 


therefore  when  we  give  the  name  log  z,  first  to  the  function  so  far 
as  it  is  defined  by  the  element  Pj(2  |  1),  and  then  to  its  continuation, 
we  have 


within  a  second  circle  whose  centre  is  z±  and  which  extends  to  the 
point  0. 

In  the  same  way  when  22  is  any  point  within  the  second  circle 
we  have  a  series  of  precisely  the  same  form,  which  defines  log  2  within 
the  circle  whose  centre  is  z2  and  radius  \z2\.  In  this  way  the 
function  can  be  continued  over  the  whole  plane. 
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Example.     Prove  that  exp  P(z    1  [  zx)  =  z. 

Let  C  4-  C"  be  a  contour  which  includes  the  point  0,  and  let  it  be 
symmetric  with  regard  to 
the  real  axis  (Fig.  25)  ; 
further  let  the  points  Cj, 
Co,-",  cn  of  C  be  such  that 
CK  lies  within  the  circle 
whose  centre  is  c^  and 
radius  |  c^  | ,  where  K  =  1, 
2,  •••,  ?*,  and  c0  =  1,  and 
similarly  let  c'n  c'*,  ••-,  c'n 
be  points  of  C'  such  that 

c'K  lies  within  the  circle  whose  centre  is  c'^  and  radius  c^  | ,  where 
c'0=l. 

We  propose  to  show  that  when  z1  is  a  point  on  the  real  axis  from 
—  oo  to  0,  lying  within  the  circles  (cn),  (cn'),  the  values  of 

differ  by  a  constant. 

Let  us  suppose  that  c'K  is  conjugate  to  CK  (K  =  1,  2,  •••,  n).  The 
elements  of  the  function  at  cl5  c&  ••••,cn  are  conjugate  to  the  elements  at 
c/,  c2',  •••,  cn' ;  hence  the  values  at  x±  of  the  series  P(z  \  1 1  c,  |  <%  •••  \  cn) 
and  P(z  1 1 1  c/  •••  I  cn')  must  be  conjugate.  Let  us  regard  the  line 
(—  x  to  0)  as  a  barrier  which  z  is  not  allowed  to  cross,  having  a 
positive  upper  side  and  a  negative  lower  side ;  then  we  may  write 

the  two  elements  at  ica  as  log  xl  and  log  xl}  and  what  is  proved  is 
that  these  are  conjugate.  Let  the  paths  (7,  C'  be  continued  along 
the  barrier  by  means  of  points  x.2,  x3,  •-,  such  that  XK^  lies  within 
the  domain  of  XK,  and  xK+1  within  that  of  XK.  Then,  as  before,  log  XK 
and  log  XK  are  conjugate.  But 


and  log  x2  =  log  ^  +  the  same  series. 
Therefore 

log  x2  —  log  x2  =  log  a?!  —  log  a?!, 
and  by  the  same  argument 

log  a^  —  log  XK  =  log  a?!  —  log  a^. 
Therefore   at   opposite   points   of    the   barrier   the   values   of    the 
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function  differ  by  a  constant,  and  further,  since  the  values  are  con 
jugate,  this  constant  is  a  pure  imaginary. 

To  determine  the  constant,  imagine  m  —  1  points  interpolated 
between  the  points  1  and  —  1,  these  points  lying  on  a  semicircle  in 
the  upper  half  of  the  plane,  and  forming  with  either  of  the  end- 
points  1  and  —  1  the  half  of  a  regular  2  m-gon.  If  these  points  be 
2i>  Za>  •'•;  *m-i,  we  have 

z,  -  1  =  (z2  -  Zi)/zt  =  (z3  -  z2)/zz  =  •••, 

and  when  m  >  3,  each  point  lies  within  the  circle  of  convergence  of 
the  preceding  point.     Therefore  if  log  zl  —  PI(%  —  1),  we  have 


and  finally     log  (  -  1)  =  mP,  (z,  -  1)  . 

By  taking  the  integer  m  large  enough,  the  absolute  value  of 
m(z1  —  1),  or  the  perimeter  of  the  half  polygon,  is  as  nearly  equal 
as  we  please  to  the  length  of  the  semicircle  ;  while  the  amplitude  of 
m(z1  —  1)  is,  as  nearly  as  we  please,  a  right  angle.  That  is, 

lim  m(zi  —  1)  =  iri. 

The  limit  of  the  ratio  of  any  other  term  of  the  series  mP1(z1  —  1) 
to  the  first  term  is  evidently  zero  ;  and  we  obtain 

+ 
log(—  l)  =  irt. 

Similarly  log  (  —  1)  =  —  TTI, 


and  therefore  the  constant  difference  of  log  x  —  log  x,  where  x  is  any 
negative  real  number,  is  2  -n-i. 

It  follows  that  if  we  allow  z  to  cross  the  barrier  and  return  to 
the  point  1  after  a  positive  description  of  the  contour  C  +  C",  the 
value  of  the  function  at  1  is  2  -n-i,  and  the  value  near  1  is  2  7ri  +  Pi(z  —  1). 
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To  remove  the  restriction  that  C  +  C'  must  be  symmetric  with 
regard  to  the  real  axis,  we  shall  show  that  two  curves  L,  3/,  which 
pass  from  1  to  z',  without  in 
cluding  the  point  0,  lead  to  the 
same  series  at  z'.  For  let  the 
dotted  curve  be  at  a  finite  but 
arbitrarily  small  distance  from  L. 
Let  c1}  Cj1  lie  within  the  circle  whose 
centre  is  1 ;  c/,  c/,  c2  within  the 
circle  (c2)  ;  and  so  on. 

Also  let  the  arcs  cK_1c'/c_1,  c'^c'*, 
C'KCK)  c^c^lie  within  the  circle  (CK), 


0 


Fig.  26 


Then 


P(z  \  1  j 

P(Z 


=P(z\l 


and  so  on,  the  final  equation  being 


The  interpolation  of  additional  points  c  on  the  curve  L  will  not 
affect  the  final  value ;  and  the  same  remark  applies  to  the  dotted 
curve.  By  drawing,  in  this  manner,  a  succession  of  dotted  curves 
we  can  replace  L  by  M,  without  affecting  the  value  of  the  element 
at  Zj.  That  is,  the  curve  L  +  M  reproduces  the  initial  element  at  1. 
The  results  at  which  we  have  arrived  may  be  summed  up  as 
follows  :  — 

When  the  line  from  -co  to  0  is  regarded  as  a  barrier  over  which 
no  curve  can  pass,  the  branches  of  log  z  are  separate  one-valued 
functions,  and  the  values  of  any  branch  which  may  be  selected  differ 
at  opposite  points  of  the  barrier  by  2irL  When  curves  are  allowed 
to  cross  the  barrier  the  branches  pass  continuously  into  one  another ; 
for  instance,  if  a  closed  curve,  which  starts  from  1,  cross  the  barrier 
X  times  from  the  positive  half-plane  to  the  negative  half-plane  and 
A'  times  in  the  reverse  direction,  the  rth  branch,  whose  element  at  1  is 

2frf  +  (*-l) -«*-!)»+*(*- 1)'--^ 

passes  into  the  (t  -f-  X  —  X')th  branch,  whose  element  at  1  is 
2(t  +  \-  A>i  +.*-!  -  J(*  -  1)2+  i  (z  -  I)3-. 
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[See  Weierstrass,  Sur  la  theorie  des  fonctions  elliptiques,  Acta. 
Math.  t.  vi.,  p.  184 ;  Thoinae,  Theorie  der  analy  tischen  Functionen, 
p.  70.] 

§  107.     The  Generalized  Power. 

When  both  a  and  %  are  complex,  the  nth  branch  of  a'  is 
denned  as  exp  (z-nloga),  Jog  a  being  the  nth  branch  of  log  a. 
If  z  =  x  4-  iy,  a  =  p  exp  iO,  —  TT<  O^n,  and  if  nO  denote  0  +  2mr, 

exp  (z-nlog  a)  =  exp  j  (x  +  iy)  (log  p  +  i-nO)  \ 

=  exp  (x  log  p  -  y.nO)  Jcos  (y  log/a  +  x-nO)  +  i  sin  (y  log  p  +  x-nO)  \ . 

The  totality  of  such  branches,  when  n  takes  all  integer  values,  is 
the  generalized  power  a*.  The  nth  branch  may  be  denoted  by  na* ; 
when  n  =  0  we  have  the  chief  branch. 

It  is  evident  that  na*-na*'  =  na*+*' ;  but  na*-maz'  when  n  and  m  are 
unequal  integers  is  not  equal  to  any  branch  of  az+z'.  Therefore  the 
equation  az  -  az>  =  a*+z>  is  inexact. 

Example.  The  equation  a" •  b*  =  (ab)*  holds;  but  the  equation 
(a*)*'  =  a"'  is  inexact  (Stolz,  Allgemeine  Arithmetik). 

References.  On  the  general  subject  of  this  chapter  the  reader  may  consult : 
Biermann,  Theorie  der  analy  tischen  Functionen ;  Cauchy,  Cours  d'  Analyse 
algebrique  ;  Chrystal,  Algebra,  t.  ii.  ;  Hobson,  Trigonometry  ;  Meray,  Nouveau 
Precis  d' Analyse  infinitcsimale  ;  Stolz,  Allgemeine  Arithmetik ;  Tannery, 
Theorie  des  Fonctions  d'ime  Variable  ;  Thomae,  Theorie  der  analytischen 
Functionen  ;  Weierstrass,  Abhandlungen  aus  der  Functionenlehre. 


CHAPTER  IV. 

ALGEBRAIC  FUNCTIONS. 

§  108.  In  the  present  chapter  we  propose  to  discuss  in  some 
detail  the  expansions  for  the  branches  of  an  algebraic  function,  to 
sketch  briefly  Cauchy's  theory  of  loops,  and  to  explain  Liiroth's 
system  of  grouping  of  the  loops,  as  a  preparation  for  the  study  of 
Rieraann  surfaces  for  algebraic  functions. 

Let  F(ivn,  zm)  =  0  be  an  algebraic  equation  of  orders  n  and  ra  in 
w  and  z.  We  suppose  the  polynomial  to  be  irreducible,  for  if  F(w,  z) 
be  expressible  as  a  product  of  K  irreducible  polynomials  F^w,  z), 
F2(ic,  z),  •••,  FK(w,  z),  the  reducible  equation  F(w,  z)  =  0  can  be 
replaced  by  K  irreducible  equations  FL  =  0,  (t  =  1,  2,  •••,*). 

Arranging  F=0  according  to  descending  powers  of  w,  the  equa 
tion  takes  the  form 

W"/o(*)  +  W^f,(z)  +  lCn~2f2(z)  +"•+/»  00  =  0, 

in  which  the  functions  /0(z),  f\(%),  •••  ,  fn(z)  are  integral  polynomials 
in  z  of  degrees  not  higher  than  m.  To  a  given  value  of  z  correspond  in 
all  cases  n  branches  of  wy  namely,  w^  w2,  -  -  •  ,  wnt  which  are,  in  general, 
finite  and  distinct.  Those  points  of  the  z-plane  at  which  two  or 
more  branches  are  equal,  or  at  which  one  or  more  branches  are 
infinite,  are  named  critical  points.  The  finite  points  z,  for  which  two 
or  more  values  of  w  are  equal  and  finite,  are  found  by  eliminating  w 
from 

F=0, 


The  points  at  which  a  branch  is  oo  are  given  by  /0(z)  =  0.  This 
equation  is  to  be  regarded  as  of  the  with  degree  ;  if  it  appear  to  be 
of  the  degree  mt,  it  has  m  —  t^  infinite  roots.  A  value  of  z  which 
satisfies  /0(z)  =  0,  but  not  /^z)  =  0,  is  a  pole  ;  a  value  which  makes 
not  only/0(z),  but  also  /i(z),/2(z),  •  •  -,/K(Z)  is  an  infinity  at  which 
K  -f-  1  branches  are  equal. 

The  nature  of  the  point  z  =  oo  can  be  determined  by  arranging 
the  equation  F=  0  in  powers  of  z  and  equating  to  zero  the  coefficient 
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of  zm.  We  thus  obtain  an  equation  in  w  which  is  to  be  regarded  as 
of  degree  71,  having  n  —  nL  infinite  roots,  when  the  highest  power  of 
w  therein  is  wn^.  If  this  equation  have  equal  roots,  or  infinite  roots, 
z  =  co  is  a  critical  point.  Evidently  z  —  GO  is  a  critical  point  when 
the  polynomial  F  does  not  contain  the  term  wnzm. 

It  is  worth  remarking  that  the  view  taken  of  the  equation  F  =  0 
is  different  from  that  to  which  we  are  accustomed  in  Cartesian 
Geometry.  Here  we  ask  how  many  w's  there  are  when  z  is  assigned, 
and  how  many  z's  when  w  is  assigned ;  in  a  word,  it  is  the  correspond 
ence  of  w  and  z  which  primarily  interests  us.  For  example,  take  the 
equation  wzz2  +  w2  -j-  z2  —  3  =  0.  In  Cartesian  Geometry  it  would  be 
said  that  this  is  a  curve  which  is  met  by  any  line  in  four  points,  and 
therefore,  when  z  =  1,  the  values  of  w  are  ±  1,  co,  co.  But  the 
present  point  of  view  is  that  we  have  a  (2,  2)  correspondence  always, 
and  that  when  z  =  1  the  values  of  w  are  ±  1. 

§  109.     Continuity  of  the  branches. 

An  immediate  deduction  from  Weierstrass's  theorem  of  §  88  can 
be  made  by  writing  n  =  1 ;  in  this  way  we  see  that  if  ^  roots  of 
F(w,  z)  =0  be  equal  to  b  when  z  =  a,  the  equation  has  JJL  roots  nearly 
equal  to  b  when  z  is  nearly  equal  to  a.  For  write  z  =  a  -f-  z', 
w  =  b  +  w',  and  suppress  accents ;  when  z  is  put  equal  to  0, 

F(w,  0)  =  wIJ-'E(w)J 

where  R(w)  is  an  integral  polynomial,  which  may  reduce  to  its 
constant  term.  Hence 

0  =  tv'J'R(w)  +  (a  polynomial  in  z}  w,  which  vanishes  when  2=0). 

By  the  reasoning  of  §  88  this  equation  is  satisfied,  in  the  immediate 
vicinity  of  z  =  0,  by  /a  values  of  w  which  are  nearly  0. 

Expansions  of  the  branches  at  ordinary  points.  In  the  terminat 
ing  or  absolutely  convergent  infinite  double  series 

F(w,  z)  =  c10z  +  cmw  +  —  (c^z2  +  2  cuzio  +  c<X)  +  •  •  •, 

assume  c01  =jfc  0.  It  is  evident  that  F(w,  0)  is  a  series  which  starts 
with  cQlw.  Hence  /x  =  1,  and  the  equation 
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reduces  to  w  -f  /:  =  0,  and,  therefore,  one  and  only  one  of  the 
branches  of  w  is  equal  to  an  integral  series  in  z  which  has  no  terra 
independent  of  z  ;  for  /i  =  —  sb  and  sl  contains  no  term  independent 
of  z.  This  deduction  is  of  great  importance,  for  it  establishes  the 
existence,  when  c01  =£  0,  of  a  single  integral  series  of  the  form 

w  =  Pr(z)      (r>0). 

Hence  if  a  single  branch  10  of  the  algebraic  function  given  by 
F(wn,  zm)  =  0  be  equal  to  b  when  z  =  a,  there  is  only  one  expansion 
of  the  form  iv  —  b  =  Pr(z  —  a),  (r  >  0).  If  all  the  n  roots  bu  b^  •••,  bn 
be  distinct  when  z  =  a,  there  are  n  integral  series 

w  -  bK  =  PrW(z  -  a)     (r  >  0,  K  =  1,  2,  .-,  n). 

§  110.     Discussion  of  the  integral  series  Pr(z). 
(i.)  Let  r=  1,  and  let  the  series  be  written 
ic  =  ap  4-  ajs-  +  a.3Z*  +  .  •  •. 

In  the  immediate  neighbourhood  of  z  =  0,  ic=alz  approximately; 
and  the  z-plane  near  z  =  0  is  conform  with  the  w-plaue  near  w  =  0. 

(ii.  )  Let  r  >  1.          ic  =  <vr  +  ar+lzrJ-1  +  •  •  •  ; 

when  z  describes  a  small  circle  round  the  z-origin,  the  approximate 
equation  w  =  a,zr  shows  that  w  makes  r  turns  round  the  tc-origin  ;  in 
both  cases  (i.  and  ii.)  the  final  and  initial  values  of  the  series  are  the 
same. 

§  111.  The  behaviour  of  a  fractional  series  in  the  neighbourhood 
of  a  branchpoint. 

Let  iv  be  a  function,  of  which  r  values  at  a  point  z  near  z  =  0  are 
defined  by  the  fractional  series 


where  q^  q2,  -  •  .  ,  r  are  integers, 

>  a=  e2->  K  =  0,  1,  2, 


z1/r  is  the  same  for  each  term,  and  one  at  least  of  the  exponents 
9i/ri  9z/rt  "•  is  in  its  lowest  terms.  When  z  describes  a  small  circle 
round  the  origin,  z1/r  changes  into  aZ1/r,  and  the  series  for  w^  ws,  ••-,  wr 
change  into  the  series  for  w2,  w3,  •  •  •,  iv^  Thus  the  r  values 
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permute  cyclically  round  z  =  0.  When  the  description  of  a  circle 
round  a  critical  point  permutes  some  of  the  branches,  we  shall  call 
that  critical  point  a  branch-point.  When  a  branch-point  permutes 
only  two  branches  it  will  be  called  a  simple  branch-point. 

§  112.  The  theory  of  algebraic  expansions  is  purely  analytic, 
depending  merely  on  the  nature  of  F(w,  z)  =  0  ;  but  the  understand 
ing  of  what  follows  will  be  facilitated  by  the  use  of  the  language  of 
Cartesian  Geometry.  By  speaking  of  z  and  w  as  co-ordinates,  it 
becomes  possible  to  demonstrate  the  parallelism  between  the  expan 
sion-problem  in  the  Theory  of  Functions  and  the  problem  of  the 
resolution  of  higher  singularities  in  the  Theory  of  Higher  Plane 
Curves.  It  is  important,  however,  that  the  reader  should  bear  in 
mind  that  co  is  a  point  in  the  Theory  of  Functions,  whereas  in  pro- 
jective  geometry  all  points  at  an  infinite  distance  are  regarded  as 
situate  upon  a  line. 

The  investigation  resolves  itself  into  an  examination  of  the  points 
of  intersection  of  the  curve  F(wn,  zm]  =  0  with  a  line  z  =  a.  When 
this  line  intersects  the  curve  in  n  distinct  points,  which  lie  within 
the  finite  part  of  the  plane,  the  n  expansions  for  the  n  branches  are 
all  integral.  When  the  line  touches  the  curve  or  passes  through  a 
multiple  point,  there  are  still  n  expansions  which  may  be  integral 
or  fractional  according  to  circumstances.  A  finite  pair  of  values 
which  satisfies  both  F  =  0  and  S^/Sio  =  0  is  in  the  Cartesian  theory 
a  point  such  that  the  line  drawn  through  it  parallel  to  the  axis  of 
w  touches  the  curve  or  passes  through  a  multiple  point.  In  the 

parabola  iv~  =  z,  the  critical 
point  z  =  0  is  a  branch-point, 
for  the  tangent  at  (w  =  0,  z  =  0) 
has  simple  con  tact.  The  expan 
sions  z1/2,  —  z1/2  are  terminating 
fractional  series.  In  the  curve 
w*=z,  the  inflexional  tangent 
at  the  origin  yields  a  two-fold 
branch-point  with  a  cyclic  sys 
tem  (wiWzw3).  This  two-fold 
branch-point  can  be  resolved 
into  two  coincident  branch 
points  (see  Fig.  27).  More 
generally  the  tangent  to  wK+1  =  z  at  the  origin  is  vertical  and 
yields  a  K-fold  branch-point,  which  can  be  resolved  into  K  simple 
branch-points.  To  examine  the  behaviour  of  the  curve  F=  0  at  the 
point  (z  =  a,  w=  6),  it  is  customary  to  transform  the  origin  to  the 


z—axis 
Fig.  27 
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point  (a,  b)  by  writing  z  =  z'  -f-  a,  w  =  iv'  +  b,  and  thus  change 
F(ii',  z)  =  0  into  F'(w',  z')  =  0,  an  equation  free  from  a  constant  term. 
The  problem  of  tracing  the  curve  F'(w',  z')  =  0  at  the  new  origin  is 
equivalent  to  the  examination  of  those  values  of  w'  which  become 
infinitely  small  with  z'.  Omitting  accents,  it  is  evident  that  there 
is  no  loss  of  generality  in  considering  the  point  (0,  0)  on  the  new 
curve  instead  of  (a,  b}  on  the  original  curve.  The  passage  back  to 
the  original  form  is  effected  by  writing  z  —  a,  iv  —  b,  for  z,  ic. 

§  113.  When  the  form  of  an  algebraic  curve  near  the  origin  is 
to  be  determined,  the  usual  plan  is  to  arrange  the  equation  in  the 
form 

(iv,  2)  !+(?<?,  z)2+(w,  2)3+  —  =0, 

where  the  number  of  terms  on  the  left-hand  side  is  finite,  and  (w,  z)r 
denotes  the  terms  of  the  rth  order  in  w,  z  combined.  Let  the  equa 
tion  be 


— 


2  cnzic 


+      (cyf?  +  3  c21z*w  +  3  ctfiic*  +  w<?)  +  —  , 

so  that  en,  is  the  value  of  -  ^'''  z'  ,  when  z  =  iv  =  0.     When  the 

8zfov:9 

lowest  terms  are  of  the  order  k  (k  ^  1),  the  origin  is  called  a  fc-ele- 
ment.  Preliminary  to  the  discussion  of  the  most  general  case,  we 
shall  examine  the  expansions  when  the  origin  is  a  1-element,  or  a 
2-element  with  no  tangent  parallel  to  the  axes. 

The  1-element. 

(i.)  Suppose  c10,  c01^=0.  There  is,  by  Weierstrass's  theorem,  one 
and  only  one  expansion  of  the  form  ic  =  Pl  (z). 

(ii.)  Next  let  c10  =€&=  •••  =  cr_1?0  =  0,  c^,  c01  ^=  0  ;  then  there  is 
still  a  unique  solution  in  the  form  of  an  integral  series  without  a 
constant  term  ;  as  the  lowest  power  of  z  is  zr,  this  series  is  iv  =  Pr(z), 
which  gives  on  reversion  z  =  P1(zia/r). 

(iii.)  Finally,  let  c10  =f=  0,  c01  =  c02  =  •  •  •  =  c0,  »_i  =  0,  c0h  ^  0  ;  then, 
by  reasoning  similar  to  that  just  used, 

z=Pw     and  w  = 


The    geometric    interpretations   of    these    three   cases   are    imme 
diate  :  — 
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In  (i.)  the  origin  is  an  ordinary  point  with  a  tangent  oblique 
to  the  axes  ;  whereas  in  (ii.),  (iii.),  the  tangent  meets  the  curve  in  r 
or  h  consecutive  points,  and  is  parallel  to  the  z-axis  or  ic-axis.  The 
origin  yields  in  case  (iii.)  an  (A  —  1)  -fold  branch-point,  which  is  equiv 
alent  to  h  —  1  simple  branch-points.  In  case  (ii.)  the  origin  is  an 
(r  —  l)-fold  branch-point  when  z  is  regarded  as  a  function  of  w. 

The  2-element. 

Here  %  =  c10  =  0.     The  equation  of  the  curve  is 


0  =  — 


C02W2)  -f  (  W,  Z)  3  -f 


The  nature  of  the  singularity  is  dependent  upon  the  factors  of  the 
terms 


c20z2  -f  2  cuzw 


(i.)  Let          c20z'  -f  2  cnzw  -f  c0X  =  c02(w  —  az)  (w  —  @z), 

where  e02,  a,  /?  =£  0.  The  origin  is  a  node  with  tangents  oblique  to 
the  axes  of  z  and  w.  When  to  —  az  is  put  =  W&  and  the  equation, 
after  division  by  z2,  is  re-arranged  according  to  ascending  powers  of 
WL  and  z}  the  origin  becomes  a  1-element  with  a  term  w^  Hence, 
if  iv(  be  the  series  connected  with  the  factor  iv  —  az, 


and  w'  = 


Pr+i(z).     Similarly  the  factor  w  —  (3z  contributes  an 


integral  series  w"  with  the  first  term  /3z.  Analytically  the  two  series 
zo',  w"  at  the  node  are  unaffected  by  the  description  of  a  small  circle 
round  the  ^-origin.  Thus  the  node,  with  tangents  oblique  to  the 
axes,,  is  a  critical  point  at  which  two  roots  become  equal,  but  not  a 
branch-point  at  which  two  roots  permute.  Geometrically  it  may  be 
regarded  as  equivalent  to  a  point  at  which  two  simple  branch-points 
unite  and  destroy  each  other.* 


Fig.  28 

(ii.)    The  simple  cusp,  with  a  tangent  inclined  to  the  axes. 
Let  ft  =  a  =£  0  ;  and  let  the  factors  of  (w,  z)3  be 
A(w  —  Xz)(iv  —  ^z}  (w  —  v%)   where  A  — a,  /x  —  a,   v  —  a  =£  0. 


*  The  node  may  equally  be  regarded  as  the  union  of  two  branch-points  with  regard  to  w. 
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The  transformation  w  —  az  =  IL\Z  leads,  after  division  by  z2,  to  an 
equation  in  wlt  z,  with  a  1-element ;  the  lowest  power  of  z  is  the  first, 
and  the  lowest  power  of  ivl  the  second ;  hence 

«.-!  =  P:(2;l/2)  and  w  -  az  =  P,(z1/'2). 

Since  z1/2  is  a  two-valued  function,  two  branches  of  w  are  represented 
by  this  series,  and  these  branches  permute,  when  z  describes  a  small 
circle  round  the  origin.  Thus  an  ordinary  cusp  yields  two  fractional 
series  in  z,  which  are  integral  in  zl/'2.  Analytically  the  corresponding 
critical  point  behaves  as  a  combination  of  a 
node  and  a  branch-point.  Geometrically  the 
simple  cusp,  with  a  tangent  oblique  to  the  axes, 
has  for  its  penultimate  form  a  vanishing  loop, 
and  the  branch-point  corresponds  to  the  vertical 
tangent  to  the  loop. 

Without  stopping  to  examine  the  more  com 
plicated  cases  which  may  arise  in  the  case  of  'g' 
the  2-element,  we  pass  on  to  some  geometric 
considerations  which  will  be  of  help  in  the  treatment  of  the  prob 
lem  of  expansions. 

The  Cartesian  Problem. 

§  114.  The  resolution  of  a  higher  singularity  of  F(w,  z)  =  0  into 
simple  singularities,  namely,  v  nodes,  K  cusps,  T  double  tangents, 
i  inflexions,  where  v,  *,  T,  i  are  integers  which  satisfy  Plucker's 
equations,  was  first  effected  by  Professor  Cayley  (Quarterly  Journal 
of  Mathematics,  t.  vii.),  but  the  proof,  which  rested  upon  the  nature 
of  the  expansions  and  the  properties  of  the  discriminant,  was 
merely  outlined.  Afterwards  Nother,  Stolz,  H.  J.  S.  Smith,  Halphen, 
Brill,  and  others  completed  the  theory.  The  determination  of  these 
numbers  suggests  the  existence  of  a  penultimate  form  in  which 
these  8  nodes,  *  cusps,  etc.,  are  to  be  found  separate  from,  but  in 
infinitely  close  proximity  to,  one  another,  the  actual  form  being 
derivable  from  the  penultimate  by  a  continuous  deformation.  Proc 
esses  by  which  this  can  be  effected  have  been  described  by  Halphen 
and  Brill  (Math.  Ann.,  t.  xvi.);  see  the  memoirs  by  Halphen, 
Memoire  sur  les  points  singuliers  des  courbes  algebriques  planes, 
(t.  xxvi.  of  the  Memoires  presentes  a  1' Academic  des  Sciences);  and 
Nother  (Math.  Ann.,  t.  xxiii.).  These  we  shall  not  discuss,  as  all 
that  we  require  is  the  expansions  at  the  point,  as  determined  from 
the  given  equation. 

We  shall  have  occasion  to  discuss  two  distinct  methods  for  the 
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determination  of  the  expansions  at  a  multiple  point  :  one  of  these 
was  used  by  Puiseux,  the  other  by  Hamburger  and  Nother.  The 
principle  which  underlies  No'ther's  process  is  the  determination 
of  the  nature  of  a  higher  singularity  on  a  given  curve,  by  the 
employment  of  a  series  of  Cremona  transformations.  His  inference 
was  that  any  higher  singularity  can  be  regarded  as  composed  of 
one  or  more  ordinary  multiple  points  at  which  the  tangents  are  all 
separate,  combined  usually  with  branch-points.  The  transformation 
used  was  the  special  quadric  inversion  with  coincidence  of  two  of 
the  principal  points,  namely  w  =  u\z.  This  arises  from 


by  writing  £  =  z,  rj  =  iv,    £  =  1, 


No  loss  of  generality  results  from  the  special  form  of  the  trans 
formation,  for  every  Cremona  transformation  is  reducible  to  a  suc 
cession  of  quadric  inversions.  It  is  not  possible  to  replace,  in  this 
way,  a  curve  with  higher  singularities  by  another  with  nodes  only, 
but  the  penultimate  form  of  a  higher  singularity  with  k  separate 
tangents,  not  parallel  to  the  axes,  is  easily  conceivable.  The  singu 
larity  in  question  results  from  the  union  of  ^k(k  —  1)  nodes. 

The  principle  that  an  equation  F(w,  2}  =  0,  with  higher  singu 
larities  at  which  the  tangents  are  not  separated,  can  be  replaced,  by 
means  of  Cremona  transformations,  by  a  new  equation  which  has 
only  ordinary  multiple  points  with  separated  tangents,  is  useful  for 
many  purposes  of  the  theory  of  algebraic  functions.  The  theory  of 
such  transformations  is  given  in  Salmon,  Higher  Plane  Curves,  and 
in  Clebsch,  Vorlesungen  iiber  Geometrie. 

Nother's  Method. 

§  115.  We  resume  the  discussion  of  the  expansions  in  the 
neighbourhood  of  the  non-critical  and  critical  points  of  the  algebraic 
function  defined  by  the  irreducible  equation  F\wn,  zm)  =  0.  It  has  been 
explained  already  that  no  generality  is  lost  by  supposing  the  point 
(a,  6),  at  which  the  expansions  are  required  to  be  the  origin;  at 
the  end  w,  z  can  be  replaced  by  w  —  b,  z  —  a,  it  being  understood 
that  2  —  00,  w  —  GO  are  equivalent  to  1/z,  \jw.  It  has  been  proved 
that,  when  c01  =£  0,  a  root  w,  which  vanishes  when  z  =  0,  can  be 
expressed  as  an  integral  series 
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the  series  having  a  finite  region  of  convergence.  The  next  question 
is  to  determine  the  coefficients  iu',  tc",  ic'",  •  ••.  These  coefficients 
are  the  values  of  the  derived  functions  dw/dz,  d2w/dz2,  ..-at  (0,  0); 
and  the  problem  is  merely  that  of  expressing  the  derived  functions 
of  w,  when  given"  by  the  implicit  equation  F(iv,  z)  =  0,  in  terms  of 
the  partial  derived  functions.  We  may  substitute  for  w  the  infinite 
series  ic'z  +  ic"z2/2  !  -\  ----  ,  and  equate  the  coefficients  of  the  powers 
of  z  ;  or  we  may  proceed  as  follows  :  — 

Let  tv,  z  be  functions  of  t,  and  let  F  =  F(v:,  z)  =  0.     If  accents 
denote  differentiations  with  regard  to  ty 

F  =  ic1  —  +  z'  —  =  A*7  suppose. 
dw         Sz 

To  find  —  (A*7)  we  observe  that,  while  SF/Sw  and  SF/Sz  are 
etc 

functions  of  w  and  z,  w'  and  z'  are  functions  of  t,  and  that  now 


.1. 

eft         Bw         &z     8t  St 

"       +  *"=D 


Then  F"=    A  -f  =  (D?  +  Dt)F, 


F""  =  A*7'"  4-  (3  A2  A  +  3  A2  4-  3  A  A  4-  D4)F, 
=  (A4  4-  6  A2  A  4-  4  A  A  4-  3  A2  4-  A)*1-* 

Put  t  =  z;  then  z'  =  1,  z(*>  =  0  (*  >  1), 

and  DI  =  -  +  ic'—,  D,  =  IL<"—.  etc. 

8z         Sw  8iu 

*  The  law  of  these  expressions  is  that  in  F^  we  first  find  all  positive  integral  solutions  of 


that  is,  all  the  unrestricted  partitions  for  r;  and  then  for  each  solution  we  form 

T)  <TID  ^2     F 

<r1!cr2!...(Sl!)^(S2!)^..A     ?+     • 
and  add  the  results. 
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In  applying  these  formulae  of  differentiation  to  our  case,  it  is 
convenient  to  write  w  =  VLZ,  and  divide  by  z,  so  that  F=0  becomes 

0  =  C]0  +  CoM  +  —  Z  (Cso  +  2  CnVi  +  CwV?)  +  •  .  ., 


or  ss--    —        ----- 

gr  being   an   integer   not   greater   than   m  +  w  —  1,  and  <£r  being  a 

£        ft 
polynomial  in  i^,  of  degree  >  r.     The  operator  A  is  now  v\—  +  —  ; 

Ofj         O2 

it  may  be  replaced  by  v\  --  \-  E,  where  E   is  an  operator  which 

OVj 

changes  <#>r  into  <^>r+1  (where  if  r  >  0,  <£r+1  must  be  zero),  for 


We  have  now  only  operations  in  which  z  does  not  occur,  and  we 
may  put  2  =  0  before  effecting  the  differentiations.  Let  2  =  0,  and 
let  the  values  of  v^  v\,  •••  then  become  v,  v',  •••.  The  equations 
F(r)  =  0  become 

<h  =  0, 

A  $1  =  0, 


(A4  +  6  A2  A  +  4  A  A  +  3  A2  +  A)  <h  =  0, 

In  these  equations  E  must  operate  before  — .     The  two  are  not 
always  commutative ;  for  instance, 


Further, 


,  r  r+l- 

-  s    ' 


s   r  -  s 
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where  s  >  r  -f 1  —  s,  or  2  s  >  r  +  1.     We  have,  accordingly, 


It  will  be  useful  to  write  down  the  analogous  results  when  the 
origin  is  a  fc-element  ;  the  equation  F  =  0  becomes,  after  the  trans 
formation  w  =  vz, 


the  suffix  denoting  in  each  case  the  degree  in  v.    The  equations  are 


2  v'1  +  v'         +  v"       =  0, 


V   8u  Sir  / 


0  J 

In  the  system  of  equations  I.,  223  or  c0i  =£  0.     Hence  the  equa- 

8y 

tions  give  in  succession  v,  v1,  v",  ...  as  rational  fractional  functions 
of  the  c's.     The  value  of  vlt  when  z  is  not  zero,  is 


_ 
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this  series  being  legitimate  near  z  =  0,  since  we  know  that  there  is 
an  integral  series  PA  (z)   for  w  or  v^z.     Finally,  since 


the  coefficients  in  the  series  for  the  branch  of  w  are  determined.* 

§  116.  To  return  to  the  expansions  at  a  ft-element,  we  have  now 
to  discuss  in  detail  the  behaviour  of  the  branches  at  such  a  point. 
If  ft  =  1,  and  if  c10  =£  0,  c0h  =£  0,  c01  =  c02  =  •  •  •  =  c0,  A_i  =  0,  we  have 
proved  that  there  is  an  expansion  z  =  Ph(w)  and  have  shown  how 

1  f  dhz\          1       dh+lz 

to  find  the  coefficients  —  (  --  ),  —  -,  etc.     On  reversion, 

h  I  \dwhj     h  +  1  !  dwh+l' 

this  series  gives  a  cyclic  system  of  h  series, 


iv  =  P^a'z1/*),  where  a  ==  e27ri/h  and  r  =  0,  1,  2,  .-  ,  h  -  1. 

For  instance,  if  to3  =  z  +  210,  the  roots  in  the  neighbourhood  of  the 
origin  are 


3  81 

a  being  any  cube  root  of  unity.  When  k  >  1,  all  the  partial  derived 
functions  of  the  orders  1,  2,  •••,  &  —  1  vanish,  and  the  terms  of  the 
lowest  order  are 

H  (c*o2*  +  c*-io«*"lw  +  '••  +  coX)>  or  (10,  z)k. 

.      K  I 

With  each  factor  of  (iv,  2)3.  are  associated  one  or  more  expansions 
for  w  in  terms  of  z.  Each  factor  must  be  examined  in  turn. 

The  simple  factors  of  (w,  z)k. 

(i.)  Let  w  —  faz  be  a  simple  factor  such  that  ft^O.  Write 
w  —  (3.2z  =  WjZ  in  the  equation  to  the  curve  and,  after  removal  of  the 
factor  zk,  arrange  the  resulting  equation  according  to  ascending 
powers  of  w^  and  z.  The  origin  of  the  new  curve  is  a  1-element,  in 
which  w1  occurs  to  the  exponent  1.  Hence  there  exists  a  single 
integral  series  for  w^  of  the  form  Pr(z),  (r  >  0)  ;  i.e. 

w  =  frz  +  Wlz  =  frz  +  Pr+l(z}  =  P,(z). 

(ii.)  Let  w  be  itself  a  simple  factor;  i.e.  let  c^  =  0,  cfe_it  i  =£  0. 
The  only  difference  from  the  preceding  case  arises  from  the  circum 
stance  that  fa  =  0.  Thus  to  =  Pr(z),  (r  >  1). 

*See  Pliicker,  Theorie  der  algebraischen  Curven,  p.  156.  See  also  Stolz's  memoir,  Ueber 
die  singularen  Punkte  der  algebraischen  Functionen  und  Curven,  Math.  Ann.,  t.  viii.,  p.  415. 
The  quadric  transformation  w  =  vlz  was  first  used  by  Cramer  in  connexion  with  the  resolution 
of  higher  singularities  (Analyse  des  Lignes  Courbes). 
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(iii.)  Let  z  be  a  simple  factor  of  (it\  z)k  ;  i.e.  let  cot  =  0,  Cj,  fc-1  =£  0. 
The  transformation  to  be  used  in  this  case  is  z  =  z^c,  called  by 
Xother  a  transformation  of  the  second  kind,  the  one  previously  used 
being  a  transformation  of  the  first  kind.  After  division  by  tc*,  the 
resulting  equation  in  Zi  and  w  has  a  1-eleinent  at  the  origin,  and  (z1?  tc)1 
reduces  to  zl  -f-  aiv,  where  a  may  be  zero. 

If  a  =£  0,  z  =  z^ic  =  P<>(w),  and  reversion  gives  w  =  P^z172).  In 
this  case  z  is  not  a  factor  of  (iv,  z)k+l.  But  if  z  be  a  factor  in  each 
of  the  groups  («j,  z)k+l>  (w,  z),+2,  ...,  (if,  «)*+«-!»  and  not  in  (K?,  z),+3, 
then  zl  =  Pq(w)  and  Z  =  ZIM?  =  P<^I(M;).  On  reversion  this  gives 
«c  =  Pi(z1/(«+1)),  a  cyclic  system  of  g  +  1  expansions.  It  will  be 
noticed  that  the  first  power  of  w,  which  is  not  multiplied  by  z,  is 
vf+q  and  that  the  difference  between  the  exponent  A:  -f  q  and  the 
order  k  of  the  element  is  precisely  q  ;  also  that  from  the  point  of 
view  of  the  Theory  of  Functions  there  is  a  g-fold  branch-point  asso 
ciated  with  the  cyclic  system  of  q  +  1  expansions.  Combining  the 
preceding  results,  we  see  that  to  each  simple  factor  w  —  ftz  of  (w,  z)k 
there  corresponds  one  and  only  one  integral  series, 


and  that  to  a  simple  factor  z  correspond  q  +  1  series,  where  q  is  the 
difference  between  the  exponent  of  the  lowest  separate  power  of  w 
and  the  order  of  the  element. 


TJie  Multiple  Factors  of  (ic,  z)k. 

§  117.  We  have  now  to  examine  the  expansions  connected  with 
the  multiple  factors  of  (w,  z)k.  Let  (w  —  p^)1  be  a  multiple  factor 
of  these  terms,  and  for  simplicity  assume  ft  =£  0.  Apply  the  trans 
formation  of  the  first  kind  w  —  ftz  =  IL\Z,  and  let  the  transformed 
equation  be  divided  by  zk  and  arranged  according  to  ascending  powers 
of  n\  and  z.  The  lowest  power  of  u\  yielded  by  (w.  z)k  is  ?c/,  and 
the  new  equation  begins  with  a  ^-element,  where  l\  ^  I.  The  order 
of  the  new  element  depends  upon  the  manner  in  which  the  factor 
w-^z  is  involved  in  the  groups  (w,  z)^,  (w,  z),^2,  •••,  (w,  z)k+kl. 

It  is  necessary  that  it  should  occur  in  these  groups  raised  to  expo 
nents  not  less  than  the  numbers  of  the  sequence  ^  —  1,  A'x  —  2,  •••, 
1,  and  that,  in  one  case  at  least,  the  exponent  should  be  exactly 
equal  to  the  corresponding  number  of  the  sequence. 

By  Mother's  reasoning  the  resolution  has  been  partially  effected: 
the  ^-element  and  the  frrelement  contribute  ordinary  fc-tuple  and 
fci-tuple  points,  while  the  absence  of  the  terms  w*i,  «c*i+1,  ••-,  v;k^l-ki-l\ 
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shows  that  there  are  I  —  k±  branch-points.  To  account  for  the 
presence  of  the  branch-points,  all  that  we  need  do  is  to  show  that  at 
an  ordinary  fcrtuple  point  with  separate  tangents  oblique  to  the  axis 
of  ^o1,  there  are  only  ki  values  of  w±  which  vanish  when  z  =  0,  whereas 
in  the  present  case  there  are  I  values  of  w±. 

Let  the  new  equation  F^w^  z)  =  0  be  written 

(WH  z)ki  +  (MI,  «)*1+i  +  (wi,  z)*l+2  +  —  =  0. 

(i.)  If  (w1?  2)&i  =  0  contain  a  simple  factor  wl  —  /32z,  the  equation 
must  be  transformed  by  writing  u\  —  j32z  =  wjs.  Divide  by  z*i  and 
arrange  according  to  ascending  powers  of  m,,  z.  The  new  origin  is 
a  1-element,  and  the  reasoning  of  §  113  shows  that  tvs=Pr(z),  (r>0), 
or  w  =  fyt+faP+P,(*)i  (r>2).  The  expansion  associated  with  the 
pair  of  factors  w  —  /^z,  wi  —  (32z  has  been  found. 

(ii.)  The  necessary  modifications  when  ft  =  0  or  ft  =  0  can  be 
easily  worked  out. 

(iii.)  If  (10^  z)t  =  0  contain  a  multiple  factor  (iv1  —  &&)\  where 
ft  is  finite  and  different  from  0,  use  the  same  transformation  as 
before,  namely  u\  —  ftz  =  iv<p.  After  division  by  2*1,  the  equation  in 
w2,  z  begins  with  terms  of  order  ^(^W,  saJ  (W2j  Z)k2-  To  each 
simple  factor  w2  —  ftz  corresponds  an  integral  expansion 

w  =  /3,z  +  &z2  +  Pd?  +  Pr(*),  (r  >  3) 

and  the  process  terminates.  The  existence  of  the  ^-element  shows 
that  the  resolution  of  the  higher  singularity  can  be  carried  a  stage 
further  by  combining  the  Axtuple  point,  the  fcrtuple  point,  and  the 
I  —  Jii  simple  branch-points,  with  an  additional  &2-tuple  point  and 
?!  —  Jc2  simple  branch-points.  The  further  resolution  of  the  ^element 
is  accomplished  by  selecting  a  multiple  factor  (iv2  —  Ps?)*2  &nd  using 
the  process  already  described.  Assuming  the  truth  of  a  theorem, 
—  which  will  be  proved  below  in  order  not  to  interfere  with  the 
continuity  of  the  argument,  — the  process  must  terminate.  That  is 
to  say,  it  is  impossible  to  continue  the  expansion  indefinitely  by 
means  of  multiple  factors  (iv  —  piz)1,  (w1  —  (32z)li,  (*0f-—$*&)S  •••• 
Sooner  or  later  this  process  would  lead  to  an  equation  Fv(iuv,  z)  =0, 
in  which  the  origin  is  a  Avelement,  with  simple  factors  wv  —  flv+iZ, 
and  possibly  multiple  factors  in  z  alone. 

All  the  expansions  connected  with  the  linear  factors  wv  —  ^v+lz 
are  integral,  and  the  process  stops,  so  far  as  they  are  concerned,  at 
this  stage.  It  remains  for  us  to  examine  the  case  in  which  one  or 
more  of  the  expressions  (w}z)M  (i01?  z)kl,  (w2,  z)k ,  •••  contain  powers 
of  z  as  factors.  When,  at  any  stage  of  the  process,  a  power  of  z 
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makes  its  appearance  as  a  factor,  and  when  the  expansions  are  to  be 
continued  by  means  of  this  factor,  Xother's  second  transformation 
z=zlw  must  be  used.  The  effect  of  this  transformation  will  be  evident 
from  what  has  been  already  said  ;  z  takes  the  place  of  w  and  w  of  z. 

§  118.  The  following  is  the  general  process  :  After  m^  trans 
formations  of  the  first  kind  suppose  that  a  factor  z  is  selected,  and 
that  the  expansion  associated  with  this  factor  is  to  be  found.  The 
part  of  this  expansion  due  to  the  t^  transformations  is 

&«  +  A*2  +  P*?  +  •  •  •  +  A^-i  +  u'V-i. 

In  the  equation  which  connects  w1  with  z,  the  terms  of  the  lowest 
degree  contain  a  factor  z,  and  the  expansion  connected  with  this 
factor  requires  the  transformation  z  =  z^v',  to  be  followed  by 
3i  —  y&o'  =  Z2lu'>  %  —  y&w*  =  zsw')  an(i  so  on-  Thus 

z  =  yX2  +  7$°*  +  yX4  +  -  +  y*™'"*  +  «<•"";"% 

the  series  stopping  when  the  lowest  terms  in  zmif  and  w'  contain  a 
factor  w',  and  when  the  expansion  is  to  be  continued  with  regard  to 
this  factor.  The  next  series  of  transformations  is 

ii'1  =  it\'w",  n\'  =  S.2w"  +  w^iv",  u\2'  =  SX'  +  ic3'ic"j  and  so  on. 
The  process  terminates  as  soon  as  the  factor  to  be  considered  is 
linear.     For  if  w(t+l)  —  \iu(t)  be  a  linear  factor  of  the  lowest  terms  in 
w(t+l},  w(t\  we  know  that 


The  system  of  expansions,  when  w  —  faz  is  the  factor  selected  from 
(w,  z)k,  is  the  following  : 


z   = 

16''=, 


In  these  expansions  some  of  the  constants  may  =  0. 
Because  w(t+1)  is  expansible  as  an  integral  series  in  «0t(=T),  it 
follows  that  w(t~l\  iu(f~2),  •••  can  be  expressed  as  integral  series  in  T. 

z  =«T* 


*  The  two  series  are  termed  by  Weierstrass  a  "  functionenpaar."  See  Biermann, 
Analytische  Functionen,  ch.  iv.,  sect.  1.  It  is  understood  that  T  lies  within  the  region 
of  convergence  of  both  series. 
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when  A,  /x  are  positive  integers  and  /x  ^>  X.     By  reversion  of  series 


and  therefore          w  =  J5^a/A  +  B,z^+1^  +  .  .  .  . 

If  (w,  z)K  contain  a  factor  in  z,  and  the  corresponding  expansion 
be  required,  the  system  I.  must  be  replaced  by 


Z  =ptfF  +  psW°  +  • 

iv  =  yX2  +  ys^'3  H h  ym«w'ms  +  iu'w"m2, 

mt+l\  ) 

As  before,  w(i+1)  is  an  integral  series  in  w(t\  and 


but  now  the  positive  number  /x  5^  the  positive  number  A.     The  series 
for  w  in  terms  of  z  is  again 


Eeturning  to  the  point  (w  =  b,  z  =  a)  the  corresponding  expan 
sion  is 


where  /x  is  a  positive  integer. 

If  b  =  GO  when  z  =  a  we  write  for  to  —  co,  1/w  ;  hence 


which  gives      50w  =  (2  -  a)  ~'U/A  J  1  +  d  (z  -  a)  J/A  +  C2  (z  —  a)  2/A  +  •  •  •  }  . 
When  a  =  cc,  z  —  a  must  be  replaced  by  1/2. 

§  119.  To  complete  the  proof  that  at  (a,  6)  to  —  b  can  be  ex 
pressed  as  an  integral  or  fractional  series,  we  have  to  show 

(i.)  That  after  a  finite  number  of  Mother's  transformations  of 
the  first  kind  there  must  result  an  equation  Fv(wv,  z)  =  0  in  which 
the  factors  are  either  simple  or  powers  of  z. 

(ii.)  That  t  is  in  all  cases  finite. 

If  it  be  possible  to  continue  the  transformations  of  the  first  kind 
indefinitely,  there  must  exist  two  or  more  branches  of  w  which 
coincide,  near  z  =  0,  to  any  order  of  approximation.  To  see  that 
this  is  impossible,  form  the  equation  <£(TF,  z)  =  0,  whose  roots  are 
the  squares  of  the  differences  of  the  n  roots  of  F(tun,  zm}  =  0. 
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Let  it  be          AJT^-v  +  . . .  -f  ZA  W+  J/M  =  0, 

where  A,  B,  •  ««,  L,  J/,  are  integral  functions  of  z,  of  finite  degrees 
a,  •  «•,  A,  /A,  and  Jf  is  the  discriminant,  save  as  to  a  factor.  If  two 
series  for  w,  near  z  =  a,  coincide  as  far  as  a  term  (z  —  a)7  exclusive, 
one  value  of  TFis  of  the  form  P2q(z  —  a)  ;  and  the  equation  shows 
that  J/M  =  Pp(z-«), 

where  p  is  certainly  as  great  as  2q.  Hence  2  <?</*,  and  cannot  be 
infinite.  This  shows  that  i/  is  finite. 

It  must  next  be  proved  that  t  is  finite.  We  know  that  after  a 
finite  number  g  of  transformations,  the  process  either  terminates  or 
must  be  continued  by  a  transformation  of  the  second  kind.  Hence 
mi>  =9t  is  finite.  That  the  order  of  the  element  in  the  (V,  z)  equa 
tion  >Ar  — 1,  can  be  shown  by  the  consideration  that,  after  each 
transformation  of  the  first  kind,  the  order  of  the  element  is  not 
increased,  while  the  transformation  of  the  second  kind  must  dimin 
ish  the  order.  For  instance,  if  z  be  a  factor  of  the  ^-element  of 
§  117,  &,.  must  be  less  than  I,  and  I  is  at  most  =  k.  Thus  the  order 
of  the  element  in  the  (w1,  z)  equation  >  k  —  1.  Since,  after  each 
change  in  the  character  of  the  transformation,  the  order  of  the  ele 
ment  is  diminished  by  at  least  1,  the  number  t  must  be  finite. 

§  120.     Resume  of  the  preceding  results. 

The  equation  F(wn,  zm)  =  0  gives  ?i  expansions  of  w  for  each 
value  of  z.  If  the  n  branches  for  z  =  a  be  finite,  distinct,  and  equal 
to  bi}  b.2,  •••,  bn)  there  are  n  integral  expansions 

ic-  b^=P(z-a); 

but  if  two  or  more  of  the  values  be  equal,  say  61=61,=  .v  =  6/a(  =  6), 
the  corresponding  expansions  may  be  all  fractional,  some  fractional 
and  some  integral,  or  all  integral.  To  a  given  value  z  =  a,  there 
may  belong  several  separate  systems  of  equal  roots,  consisting  of 
Hi,  p..2,  "•  members.  Geometrically,  these  cases  of  equal  roots  occur 
when  z  =  a  is  a  vertical  line,  which  is  a  tangent  to  the  curve  at  one 
or  more  points,  or  passes  through  one  or  more  multiple  points.  In 
the  most  general  case,  the  /*  expansions  of  a  system  (/*  <  n),  which 
correspond  to  such  a  point  are 

ic  —  b  =  (z  —  a)1/riP((z  —  a)1/ri)  ...  r^i  expansions, 
w  —  b  =  (z  —  a)Vr*-P((z  —  a)l/r*)  •••  ryS2  expansions, 


ic  —  b  =  (z  —  a)l/r\P( (z  —  a)l/r\)  •••  r^  expansions, 
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where      /x  =  r^  -f  r2s.2  +  •••  -f-rAsA.     The  TKSK  expansions 


form  a  set,  which  can  be  subdivided  into  SK  sub-sets,  each  forming  a 
cyclic  system  of  rK  expansions.  The  typical  member  of  such  a  sub 
set  is 

iv  -  b  =  c,\av(z  -  ay/rl«,  +  c2\av(z  -  a)V"}«i  +  •••, 


where  a  =  e27rt'/r;  v  =  0,  1,  2  •••  r  —  1, 

and  one  at  least  of  the  fractions  q\/r,  fy/r,  •••  is  in  its  lowest  terms. 

In  the  special  cases  a  =  co  ,  6  =  co  ,  z  —  a  and  w  —  b  are  replaced 
by  1/2,  l/w. 

The  preceding  treatment  of  higher  singularities  is  based  upon 
the  memoirs  of  Hamburger  (Zeitschrift  fur  Mathematik  und  Physik, 
t.  xvi.),  Mother  (Math.  Ann.,  t.  ix.),  and  Stolz  (Math.  Ann.,  t.  viii.). 

§  121.     Resolution  of  the  singularity. 

When  the  branches  of  an  algebraic  function  at  a  singular  point 
are  expanded  in  integral  and  fractional  series  in  the  way  now 
explained,  we  are  able  to  determine  the  number  of  nodes  and  of 
simple  branch-points  into  which  the  singularity  may  be  supposed  to 
be  resolved.  It  is  convenient  to  define  the  relative  order  of  two 
branches  WK,  wk  as  the  least  exponent  of  z  in  the  difference  of  the 
two  expansions  of  these  branches.  Geometrically  speaking,  if  WK  and 
WA  be  equal  to  integral  series,  the  relative  order  =  the  order  of 
w/c  —  i0x  =  the  number  of  intersections  of  the  branches  at  the  origin. 
The  least  exponent  of  z  in  the  product  of  all  the  differences  of  the 
branches,  or  the  sum  of  all  the  relative  orders,  may  be  called  the 
total  relative  order. 

Now  a  simple  branch-point,  at  which  there  are  two  expansions 


contributes  1/2  to  the  total  relative  order;  and  a  node,  at  which 
WK  =  aKz  +  P2(z),  WA  =  atf  +  Q2(z),  aK  =£  ax,  contributes  1.  Therefore, 
if  the  origin  can  be  resolved  into  8  nodes  and  (3  simple  branch-points, 
we  have 


where  I  is  the  total  relative  order.  But  ft  is  determinate  at  once 
from  the  expansions  ;  for  if  r  be  the  least  common  denominator  of 
the  exponents  which  enter  into  a  cyclic  system  of  expansions,  that 
cyclic  system  contributes  r  —  1  simple  branch-points.  Therefore 
ft  =  2(r  —  1),  and  then  the  preceding  equation  gives  8. 
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For  example,  suppose  we  have  the  single  cyclic  system 
ic  =  z4/3  +  z5/2  +  Pr(zV6)>  r  >  15 


Here  ft  =  5,  I  =  3  x  5/2  +  12  x  4/3  =  23^,  and  therefore  8  =  21. 
The  5  branch-points  indicate  that  there  are  in  the  penultimate  form 
5  small  loops,  and  therefore  the  singularity  is  equivalent  to  5  cusps 
and  16  nodes. 

The  number  of  branch-points  at  a  multiple  point  ceases  to  be 
equal  to  the  number  of  cusps  if  the  w-axis  be  parallel  to  a  tangent. 
To  take  the  simplest  case,  while  ic  =  z2/s  gives  two  branch-points  and 
one  node,  w  =  z372  gives  one  branch-point  and  one  node.  The  expla 
nation  is  given  in  Fig.  29.  If  the  case  occur,  we  may  change  the 
direction  of  the  w-axis.  It  is  sufficient  to  write,  in  the  cyclic  system 
in  question,  z±  +  aw  for  z,  where  a  is  arbitrary. 

§122.  Example  i.  Let  (ic  -  az)3  +  z5  +  (ic  -  az)4z2  =  0  .  The 
origin  is  a  3-element  ;  we  wish  to  determine  the  expansions  of  w. 
Let  ic  —  az  =  iCjZ,  and  remove  the  factor  z3.  The  new  equation  is 

tvf  -f  z2  -f  icfz3  =  0, 

and  the  origin  is  a  2-element.  Since  z2  is  a  factor  of  the  terms  of 
lowest  degree,  use  a  transformation  of  the  second  kind,  z  =  z^. 
Removing  the  factor  u\2,  u\  -f-  zx2  -f  zfic?  =  0.  The  origin  is  now  a 
1-element,  and  u\=  P>2(zi).  Therefore,  reversing  the  series, 

2!  =  AOt'i1/2),    and    z  =  ziicl  =  P3(ic11/2). 
Reversing  again, 

WlV*  =  Pl  (ZVS)  f      Wi  =  p2  (2l/8)  ^      ic-aZ=  IL\Z  =  P5  (Z1/3)  , 

and  finally,  u-  =  az  +  P5(z1/3). 

The  singularity  at  the  origin  is  determined  by  ft  =  2,  8  =  4; 
therefore  the  penultimate  form  consists 
of  four  nodes  and  two  vanishing  loops, 
and  the  singularity  is  equivalent  to  two 
nodes  and  two  cusps.  Since  the  equation 
is  of  degree  4  in  10,  and  since  only  three 
expansions  have  been  found,  there  is  one  fig.  30 

root  which  becomes  infinite  when  z  =  0. 
To  obtain  its  expansion  put  iv  =  I/it.     Then 

(1  -  azuYu  +  z2(l  -  azu)4  +  &u*  =  0. 
The  origin  is  a  1-elenient,  and  u  =  P2(z). 
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Therefore 


,  and  to  =  i 


The  following  two  examples  have  been  supplied  by  Professor 
Charlotte  A.  Scott  of  Bryn  Mawr  College.  For  explanation  of 
the  method  by  which  the  penultimate  forms  are  inferred,  refer 
ence  should  be  made  to  Professor  Scott's  paper  in  the  American 
Journal,  t.  xiv. 


axis  of  x 


Fig.  31 


Example  ii.     Instead  of  w,  z  use  y,  x,  and  let 


we  seek  the  expansions  at  the  origin,  which  is  a  3-element.     Write 
y  =  y^  x  =  a?!.     The  new  equation  is 


2/i3  -  305^  +  2  x,3  -  xfyi  -2^  +  9  xfy^  =  0. 
The  origin  is  a  3-element.     First  consider  the  simple  factor  y1  + 


Write  yl  + 
equation  is 


or 


=  x.2.     Then  yi  =  x2(y2  —  2),  and  the  new 


0. 


Therefore  y  =  y^  =  x22(y2  —  2)  =  x22(—  2+2x23+  higher  integral 
powers  of  xz).  Next  consider  the  repeated  factor  yl—x1.  Let 
yi  —  Xi=^  Xoy2,  xl  =  x2]  then  yL  =  o?2(l  +  y2).  The  resulting  equation 
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has  for  its  lowest  terms  3(*/22  —  #22),  and  the  expansions  associated 
with  the  two  linear  factors  y2  —  x2,  y2  +  x2  are  integral  in  x2.     Thus 


=  a?22(l  ±  X2  +  higher  integral  powers). 
Therefore  the  expansions  are 


Here  /?  =  0,  8  =  7,  and  the  origin  can  be  resolved  into  seven  nodes. 
Fig.  31  shows  the  ultimate  and  penultimate  forms. 

Example  iii.     Show  that  the  branches  of  y,  given  by 

f  -  3x4y  +  2  a6  +  9aty  =  0, 
are  y  =  x2  -f  3  *V/2  -  -  -, 


The  ultimate  and  penultimate  forms  are  given  in  Fig.  32. 


axis  of  x 

Fig.  32 

Neicton's  Parallelogram. 

§  123.  We  shall  next  describe  briefly  a  method  of  determining  the 
expansions  at  a  point  which  is  historically  interesting  as  emanating 
from  Newton.  In  the  hands  of  Puiseux  it  proved  to  be  a  potent 
instrument  for  the  advancement  of  Cauchy's  Theory  of  Functions. 
[For  Puiseux's  important  memoirs,  see  Liouville,  ser.  1,  tt.  xv.,  xvi., 
or  Briot  and  Bouquet,  Fonctions  Elliptiques,  2d  edition.] 

Let  us  take,  as  a  typical  expansion, 

iv  —  b  =  c^z  —  a)  Vr  -f  c2(z  —  a)q-/r  +  c3(z  —  a)  Vr  -\ , 

in  which  one,  at  least,  of  the  integers  <ft,  q2,  •••  is  prime  to  ?•,  and 
(Ji<Q2<Q3'"-     Let   ft/r,  q2/r,  etc.,  when  reduced  to  their  lowest 


148 


ALGEBRAIC    FUNCTIONS. 


terms,  be  ^  /*i  + /%  ^  -|-  /u,2  -f-  /x3,  •••.     The  expansion  for  w  —  b  is 
obtainable  from  the  series  of  equations 


where  &,  £2>  •  ••  vanish  when  2  =  a.  Newton's  parallelogram  offers 
a  rapid  and  direct  method  for  the  calculation  of  the  quantities 
ci>  cs>  '"•)  /*i>  /*2>  ••*•  For  simplicity  let  a  =  b  =  0,  and  suppose  that 
Jc  branches  of  w  =  0  when  2  =  0.  Let  the  equation  be  written 
^afgzfw9  =  0.  Draw  two  rectangular  axes  of,  og,  and  represent  a 
term  afgzfwg 'by  the  point  p,  whose  Cartesian  co-ordinates  are  /,  g. 
Let  the  points  nearest  to  the  origin  on  og  and  o/be  Jc  and  L  Assume 
w  =  c^i,  and  insert  this  value  of  w  in  the  equation  ^afgzfw9  =  0. 
The  order  of  the  term  afgzfiu9  in  z  is  ^g  +f.  Now  that  line  through 
p,  which  makes  with  og  an  angle  tan"1  /x1?  intercepts  on  of  a  length 
^g  +/.  Therefore  all  terms  of  the  same  order  in  z  lie  on  a  line. 
In  any  approximation  we  keep  the  terms  of  lowest  order  only,  and 
of  course  there  must  be  at  least  two  such  terms.  Hence  w  =  c^i 
will  not  be  a  first  approximation  for  10  unless  it  makes  at  least  two 
terms  give  the  same  minimum  intercept  on  of.  To  find  the  admissible 
values  of  ^  suppose  that  pegs  are  placed  at  all  the  points  p,  and 
that  a  string  fog  is  pulled  in  the  directions  of,  og,  until  it  is  stopped 
by  some  of  the  pegs.  The  string  has,  between  I  and  &,  the  form  of 

a  polygon,  convex  with 
regard  to  o,  each  side  of 
which  begins  and  ends  at 
a  peg,  and  may  be  in  con 
tact  with  intermediate 
pegs. 

(1)  The     number    of 
these  sides  is  the  number 
of  values  which  ^  can  take. 

(2)  The    value    of  ^ 
for  each  side  is  the  tangent 
of  the  angle  made  by  that 

o  I  /    side  with  og. 

(3)  The    number    of 

terms  to  be  retained  in  the  approximations  which  correspond  to  one 
of  the  sides  is  the  number  of  pegs  in  contact  with  the  side. 


Fig.  33 
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(4)  The  polygon  begins  at  /  and  ends  at  k. 

Let  the  pegs  in  contact  with  a  side  be  pff,  a-  =  1,  2,  •  ••,  p. 

Let  tc  =  CjZ**.  for  this  side.     We  must  have 


=  '••  =  Mr  +  fa-  =  "•  = 
and  therefore 


=  KI/^I»  where  /q  is  prime  to  AI. 

We  suppose  that  g^  is  the  least  and  gp  the  greatest  ordinate  of  the 
p  pegs  on  the  side  in  question.  The  equation,  after  division  by 
zW<T+s<r,  is 

2lafaf<c1ff<r  -f  terms  involving  z  =  0,  (cr=  1,  2,  —  ,  p)  •••(!.). 
When  2  is  zero,  the  values  of  q  are  given  by 


Neglecting  the  ^  zero  values  of  Cj,  there  are  grp  —  gl  values  differ 
ent  from  zero,  and  thus  the  number  of  expansions  associated  with 
the  first  side  =  the  difference  of  the  ordinates  of  the  end  pegs. 
The  total  number  of  expansions  is  therefore  the  difference  of  the 
ordinates  of  k  and  I,  which  shows  that  the  figure  accounts  for  all 
the  k  branches  in  question. 

§  124.     The  ^-equation  may  be  written 

3<W^-*  =  0,    (<r»l,2,~.,p). 

It  is  important  to  notice  that  g0  —  g1  is  a  multiple  of  \^  and  that 
therefore  the  equation  may  be  written  as  an  equation  in  c^i.  Owing 
to  this,  the  branches  of  w  which  belong  to  the  side  break  up  into 
cyclic  systems.  Corresponding  to  each  simple  root  of  the  equation 
in  C!AI,  there  is  a  distinct  cyclic  system  whose  typical  first  term  is 
CiZ*i  or  (c/i^-'i)1/*!. 

Corresponding  to  each  Arnold  root  of  c/i  there  are  k\  cyclic  sys 
tems  with  the  same  first  terms.  To  separate  these  systems,  instead  of 
writing  ic  =  c^z  li  write  ic  =  (CT  -f-  ^1)z'x»,  where  cx  arises  from  the  known 
Ayfold  root.  When  2=0,  ^=0;  and  (i.)  becomes  an  equation  involv 
ing  integral  powers  of  &  and  powers  of  z  whose  exponents  have 
the  denominator  \lm  Writing  z  =  ZLAI,  we  have  an  integral  equation  in 
&  and  zv  The  terms  independent  of  zl  are  obtained  by  writing 
Cj  +  Ci  instead  of  ct  in  the  crequation  ;  and  since  k1  values  of  cx  are 
equal,  the  lowest  power  of  &  in  this  equation  is  ^*i.  Therefore, 
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when  %  =  0,  \  values  of  &  are  zero.  We  form  a  new  polygon  for 
tlie  equation  in  £b  z^  The  branches  of  £x  break  up  into  sets,  which 
belong  to  the  sides  of  the  new  polygon,  and  these  sets  break  up  into 
cyclic  systems. 

If  &  =  CaVsAs,    w=  (<?!  4-  c2z<2/AiA2)z*i/Ai, 

to  the  second  order  of  approximation.  The  equation  in  c2A2  may 
have  all  its  roots  distinct,  in  which  case  the  series  arising  from  the 
multiple  root  of  CLAI  are  all  separated,  and  form  cyclic  systems  of  A.^ 
elements  ;  or  the  equation  may  have  multiple  roots,  in  which  case  a 
further  transformation  must  be  effected.  After  a  finite  number  of 
such  transformations,  all  the  expansions  associated  with  the  side  of 
the  original  polygon  become  distinct. 

§  125.     Example  1.      (io2  -z)2     wz-  -  z4  =  0. 

The  diagram  shows  that  ^  =  1/2,  and,  on 
substitution  of  e^1/2  for  w,  we  have 


Thus  the  two  roots  in  cf  are  equal.     To 
_      discriminate  between  the  two  expansions  for 
w,  we  must  proceed   to  the  second  terms. 
Put  w  =  zl/2  (G!  4-  c2z^).     Then,  remembering 
-     that  ^2  >  0,  the  terms  of  lowest  order  that 
Fig.  34  survive  are 


Hence  2  +  2/x2  =  5/2,   /x2  =  l/4,   4c1c22  =  l; 

and  to  the  second  approximation 

w  =  c,z1/2  4-  —  L=  z3/4,   (cx2  =  1)  . 
2Vq 

The  four  branches  are  approximately 

Wi==  z*/4  +  £38/4,  w.  =  -z^  -  1  iz>l\  ics=z^  -  l^3/4,  w,=  -z^ 
the  exact  values  are  integral  series  in  z1/4. 

Example  2.     To  see  how  equal  roots  of  the  crequation  introduce 
a  new  radical,  take  the  general  equation  of  the  form  just  considered, 

a^iv*  +  a12zw2  -f  a20^2  +  a2lz-w  +  a^z*  =  0, 
and  first  substitute  iv  =  c^2.     This  gives,  if 
<£(ci)  =  CTo^!4  +  a12Cj2  4-  ^20? 
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Xow  substitute,  for  CD  ct  +  €.&"*.     Then 


•  =  0. 

When        <£(ci)  =  0,   ^'(c^O,    we  have   /x2=l/2; 
but  when         <^>(c1)  =  0,    <£'(ci)  =  0,  <£"(ci)=£0, 
we  have  /xo  =  l/4,   ctt  =  —  2an/^"(c1). 

Enough  has  been  said  to  show  how  Puiseux's  method  applies  to 
any  particular  example. 

The  Theory  of  Loops. 

§  126.  Let  10  be  an  algebraic  function  defined  by  the  equation 
F(ivn,  zw)  =  0.  For  a  given  value  of  z  there  will  usually  be  n  differ 
ent  finite  values  of  w,  which  we  denote  by  WH  w^  •••,  wn.  Let  two 
paths  in  the  z-plane  lead  from  z(0)  to  £.  Will  the  two  paths  give 
rise  to  the  same  or  different  final  values  of  w  at  £,  when  the  same 
initial  branch  is  chosen  in  both  cases  ? 

To  make  the  question  a  definite  one  we  must  first  show  what  is 
meant  by  the  values  of  WK,  (K  =  1,  2,  •  ••,  n)  along  a  path.  For  short 
ness  we  omit  the  suffix  *. 

Let  z(0)z(1),  z(1)z(2),  ...  be  arbitrarily  small  elements  of  a  path  from 
z(0)  to  £.  Assuming  that  z(0)  is  not  a  critical  point,  each  branch  is 
regular  near  z(0),  and  the  values  of  iv  at  z(0) 
are  all  distinct.  If  we  choose  an  initial 
value  iv(0\  the  corresponding  series  ic  —  WQ 
=  Pr(z—  z(0)),  where  r>0,  defines  uniquely 
the  value  of  w  at  z(1),  so  long  as  z(1)  lies 
within  the  circle  of  convergence,  and  a 
fortiori  so  long  as  |  z(1)  —  z(0)  |  <  P(0\  where  p(())  is  the  distance  from  2(0) 
to  the  nearest  critical  point.  This  value  of  w  is  the  value  of  the 
selected  branch  at  z(1).  In  the  same  way  the  value  at  z(2)  is  deter 
mined  uniquely  so  long  as  |  z(2)  —  z(1)  |  <  p(1),  where  p(1)  is  the  distance 
from  z(1)  to  the  critical  point  nearest  to  it.  No  ambiguity  arises  so 
long  as  the  path  of  z  lies  wholly  within  the  chain  of  circles  whose 
radii  are  p<°>,  pw,  ....  See  §  95. 

The  preceding  argument  does  not  apply  to  the  case  in  which  z 
passes  through  a  pole  or  a  branch-point,  when  the  pole  or  branch 
point  affects  the  branch  which  we  are  considering.  At  a  pole  the 
indetermination  can  be  readily  removed  by  the  use  of  the  series  in 
1/w.  But  at  a  branch-point  a  there  is  real  indetermination.  If  /x 
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branches  permute  at  a,  when  z  passes  through  a,  any  one  of  these 
branches  can,  without  breach  of  continuity,  move  in  any  one  of  /x 
directions. 

To  avoid  this  case,  the  2-path  must  be  so  chosen  as  not  to  pass 
through  a  branch-point.  When  the  initial  value  of  a  branch  is 
selected,  the  final  value  is  now  fully  determined,  for  the  particular 
path. 

§  127.  Theorem.  If  a  contour  C  include  no  critical  point  of  the 
function,  and  if,  starting  from  a  point  z(0)  with  the  value  WK(O)  of  WK,  z 
describe  the  contour,  the  final  value  of  WK,  when  z  returns  to  z(0),  is  WK(Q). 

Since  z(0)  is  not  a  critical  point,  there  exists  an  integral  series 


which  within  its  circle  of  convergence  defines  WK  as  a  one-valued 
continuous  function  of  z.  Let  a  circle  smaller  than  but  concentric 
with  the  circle  of  convergence  meet  C  at  the  points  z(1),  z(~>.  The 
branch  IVK  is  one-valued  along  the  contour  2(0)z(1)z(2)2(0) ;  therefore  the 

theorem  holds  for  this  con 
tour.  Let  a  circle,  with 
centre  z(l)  and  less  than  the 
circle  of  convergence  whose 
centre  is  z(l\  meet  the  con 
tour  z(1)£2(2)  at  z(3)  and  z(4) ; 
then  the  theorem  is  true 
for  the  contour  z(l)z'3}zwz(l). 
Fig.  36  It  is  therefore  true  for 

£/vjv/£/v'<v£'£'.       Lllclu 

is,  for  the  contour  2(0)z(3)z(4)z(2)z(0).  Proceeding  in  this  way  with  circles 
whose  centres  are  z(2),  2(3),  •  •  • ,  we  prove  the  theorem  for  the  contour  (7. 

Corollary.  The  paths  z(0)z(1)£  and  z^z^t  lead  to  the  same  final 
value  of  WK,  the  initial  values  being  the  same ;  that  is,  a  path  may 
be  deformed  in  any  manner  provided  it  does  not  pass  over  a  critical 
point. 

It  has  appeared  in  §  46  and  §  48  that  a  closed  path  which  includes 
a  branch-point  may  lead  to  a  final  value  of  w  different  from  the 
selected  initial  value ;  therefore  also  two  paths  from  z(0)  to  £  may 
lead  to  different  values  of  iv.  As  infinitely  many  paths  lead  from  z(0) 
to  £,  it  is  a  matter  of  importance  to  reduce  these  to  combinations  of 
certain  standard  paths.  This  can  be  effected  by  means  of  the 
preceding  theorem. 
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Let  a  small  circle  (c)  be  described  with  a  critical  point  c  as 
centre.  Let  L  be  a  line  from  any  point  z(0),  which  is  not  a  critical 
point,  to  the  circle.  The  path  from  z(0)  along  L  to  the  circle,  round 
the  circle,  and  back  to  z(0)  along  L,  is  called  a  loop.  A  loop  is  sup 
posed  neither  to  cross  itself  nor  any  other  loop.  It  is  positive  or 
negative  according  as  (c)  is 
described  positively  or  nega 
tively  ;  but  it  will  be  supposed 
to  be  positive  unless  the  con 
trary  is  stated. 

If  a  contour  C  contain 
several  critical  points  c1?  c2,  •  •  •,  CA, 
the  path  C  which  begins  and 
ends  at  a  point  z(0)  of  the  con 
tour  can  be  contracted,  without 
passing  over  any  critical  point, 
into  X  loops  from  z(0)  to  the 
points  CD  c2,  "',c\',  therefore  by 
the  preceding  theorem  the  path 
C  has  the  same  effect  on  the  branches  of  w  as  the  successive  X  loops. 

A  loop  to  an  infinity  which  is  not  a  branch-point  will  reproduce 
the  initial  value.     For  near  such  a  point,  say  c,  we  have 


l-=Pr(z-c),  r>0, 


or  z^  =     0z-cz, 

so  that,  when  z  describes  the  circle  (c),  IUK  does  not  change  its  value. 
Accordingly,  in  the  present  discussion,  the  loops  to  infinities  which 
are  not  branch-points  may  be  disregarded. 

The  nature  of  the  changes  produced  by  a  loop  to  a  branch-point 
a  is  to  be  decided  from  the  expansions  for  iv  near  that  point.  The 
selected  value  of  iv  at  z(0)  leads  by  a  given  path  to  a  definite  value 
near  a.  If  this  value  belong  to  one  of  the  cyclic  systems  near  a,  it 
is  changed  by  the  description  of  the  circle  (a)  into  another,  of  the 
same  system,  which  leads  to  a  definite  new  value  at  z(0).  If  r  be 
the  least  common  denominator  of  the  exponents  which  enter  into 
the  system  of  expansions,  r  descriptions  of  the  loop  will  restore  the 
initial  value  at  z(0). 

The  sphere-representation  (§  27)  shows  that  the  effect  of  the 
description  of  a  contour  C  may  be  determined  as  well  from  the 
external  branch-points  as  from  those  inside;  if  the  contour  be 
described  positively,  the  loops  to  the  external  branch-points  must 
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be  negative.  In  particular,  a  contour  which  encloses  all  the  branch 
points  in  the  finite  part  of  the  plane  will  reproduce  the  initial  value 
of  a  branch,  or  not,  according  as  the  point  z  =  GO  is  not,  or  is,  a 
branch-point. 

§  128.    The  prepared  equation. 

It  has  been  stated  that  the  theory  of  quadratic  transformations 
enables  us  to  replace  any  given  algebraic  equation  by  another  in 
which  the  multiple  points  have  no  coincident  tangents.  Further, 
if  we  project  to  infinity  a  line  t =  0  which  is  not  a  tangent,  by  means 
of  the  linear  transformation  w'  =  tv/t,  z'  =  z/t,  we  have  an  equation 
which  has  no  contact  with  the  line  cc .  Lastly,  if  n  be  the  order  of 
this  equation,  a  suitable  change  of  axes  yields  an  equation  in  which 
the  term  tvn  occurs,  and  in  which  there  are,  parallel  to  the  w-axis, 
only  ordinary  tangents  with  finite  points  of  contact.  The  branch 
points  are  now  all  simple  and  at  a  finite  distance. 

When  an  equation  is  brought  to  such  a  form  it  will  be  said  to  be 
prepared.  The  great  advantage  of  such  a  form  is  that  at  a  branch 
point  for  which  z  =  a,  the  expansions  are  all  integral  in  z  —  a, 
except  two  which  are  integral  in  (z  —  a)1/2. 

Since  there  are  no  cusps,  and  since  from  the  point  at  co  on  the 
w-axis  the  tangents  are  all  vertical,  /?,  the  number  of  branch-points, 
=  the  number  of  vertical  tangents  =  the  class  of  the  curve.  From 
Pluckers  equations  (Salmon,  Higher  Plane  Curves,  p.  65),  if  3  = 
the  number  of  nodes  and  p  =  the  deficiency,  we  have 

(3  =  n(n-l)-28, 
p=i(n-l)(n-2)-S, 
and  therefore  /?  =  2p  +  2(n  —  1). 

§  129.     Deformation  of  loops. 

Let  F(WJ  2)  =  0  be  an  irreducible  prepared  equation,  and  let  ft 
loops  be  drawn  from  2(0)  to  all  the  branch-points.  Since  all  the 
branch-points  are  simple,  if  a  loop  lead  from  an  initial  value  WK  to 
a  definite  final  value  WK<,  the  initial  value  IVK>  leads  to  the  final  value 
WK  ;  and  any  other  initial  value  is  not  affected  by  the  loop.  The 
negative  description  of  a  loop  has  the  same  effect  as  the  positive 
description. 

Beginning  with  an  arbitrary  loop,  we  assign  to  the  branch-points 
the  names  a:,  «2>  •••>  ap  in  the  order  in  which  their  loops  are  met  by  a 
small  circle  described  positively  round  z(0).  We  denote  the  corre 
sponding  loops  by  A1}  A2,  •••,  A&  and  say  that  A\  is  in  advance  of  A^ 
when  \<fjL. 
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A  loop  A^  to  a  branch-point  aA  can  evidently  be  deformed  so 
long  as  it  does  not  pass  over  a  branch-point.  On  the  other  hand, 
let  two  loops  A\,  A^  to  the  same  branch-point  aA  enclose  a  single 
branch-point  aA+1.  In  Fig.  38,  the  loop  AJ  can  be  deformed  into 
the  broken  path  without  crossing  a  branch-point,  and  the  broken 
path  is  equivalent  to  the  loops  A^+i,  A^  A^  in  succession.* 

Let  A^  and  ^.A+1  permute  the  branches  zt\,  u\>  arid  WKJ  WK'. 

(1)  If  t,  t'  be  different  from  K,  K'  the  new  loop  A*1  still  permutes 
IV.  and  ii\'.    For,  starting  with  u\,  A*+l  leaves  it  unaltered,  A^  changes 
it  to  «v>  ^A+I  leaves  t(v  unaltered. 

(2)  If  i,  i'  be  the  same  as  K,  K'  the 
loop  A*1  still  permutes  «\,  iot\ 

(3)  If  K'  =  i,  K  3=.  t',  .4A'  permutes  «v 
and  to*.     For  ^.A+i  leaves  u\"  unaltered, 
A\  changes  it  to  WL,  A\+\  changes  wt 
to  ICK. 

Hence,  if  we  denote  a  loop  which 
permutes  wt,  ^ot•  by  (it'),  we  have  the 
theorem:  A  loop  (a')  which  retreats 
over  a  loop  (IK)  becomes  (I'K). 

That  is,  when  adjacent  loops  affect  a  common  branch,  the 
deformed  loop  affects  the  other  two  branches. 

Example.  Show  that  the  retreat  of  Ak  over  A^,  followed  by 
the  retreat  of  J.A+1  over  A*',  does  not  restore  the  original  situation. 
What  has  been  said  about  the  retreat  of  a  loop  applies  equally  to 
its  advance. 

§  130.  We  are  now  in  a  position  to  prove  some  important  theo 
rems  due  to  Luroth  and  Clebsch.  (Liiroth,  Math.  Ann.,  t.  iv: ;  Clebsch, 
Math.  Ann.,  t.  vi. ;  Clifford,  On  the  Canonical  Form  and  Dissection 
of  a  Kiemann's  Surface,  Collected  Works,  p.  241.  See  also  Laurent, 
Traite  d' Analyse,  t.  iv.) 

We  first  choose  (n  —  1)  fundamental  loops  in  the  following  man 
ner.  However  the  loops  are  drawn,  there  must  be  at  least  one  loop 
which  permutes  wl  with  one  of  the  other  branches,  for  otherwise  u\ 
would  be  one-valued.  Call  this  the  first  fundamental  loop,  and  let  the 
roots  affected  by  it  be  (iL\w.2).  There  must  be  a  second  loop  which 
permutes  either  u\  or  wz  with  a  third  root  u:3.  for  otherwise  i'.\,  icz 
could  only  change  into  each  other,  and  would  form  the  roots  of 
an  irreducible  equation  of  degree  2  in  u:  This  would  imply  that 


*  If  we  were  discussing  an  unprepared  equation,  we  should  have  to  attend  to  the  point  that 
the  first  description  of  A  .  ,  ±  is  negative. 
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F(w,  z)  =  0  is  a  reducible  equation.  Let  this  second  loop  be  chosen 
as  the  second  fundamental  loop.  In  this  way  (n  —  1 )  fundamental 
loops  can  be  found :  the  first  connects  u\  with  iv2,  the  second  i^  or 
tv2  with  w3J  the  third  iv1}  w»  or  w3  with  w4,  and  so  on. 

(i.)  All  the  loops  (1  2)  which  interchange  w^  w2  can  be  placed 
in  consecutive  positions.  The  following  is  the  way  in  which  this  is 
done.  Let  us  call  one  of  the  loops  (12)  the  first  loop,  and  let  the 
2d,  3d,-.-,  (r—  l)th  loops  be  different  from  (12),  while  the  rth 
is  (12).  A  retreat  of  the  (r  —  l)th,  (r  —  2)th,  •..,  2d  loops  over  the 
rth  will  produce  no  change  in  the  rth  loop,  for  it  has  remained 
stationary.  By  a  continuation  of  this  process,  all  the  loops  (12) 
can  be  brought  together  into  one  group,  which  is  conveniently  repre 
sented  by  the  notation  [1  2]. 

(ii.)  All  the  loops  (1  3)  can  be  gathered  into  a  group  [1  3]  and 
placed  next  to  [1  2].  For  if  m  loops  intervene  between  the  first 
loop  (1  3)  and  the  last  of  the  group  [1  2],  make  these  m  loops 
retreat  over  (13),  and  thus  bring  the  first  loop  (13)  next  to  [1  2]  ; 
and  continue  the  process  until  all  the  loops  (1  3)  are  gathered  into 
a  single  group  [1  3]  placed  next  to  [1  2].  In  this  process  a  new 
loop  (1  2)  makes  its  appearance  when  a  loop  (2  3)  retreats  over  a 
loop  (13).  It  must  be  at  once  added  to  the  group  [12]  by  the 
process  described  above. 

By  following  this  plan,  we  can  arrange  all  the  ft  loops  in  suc 
cessive  groups 

[1  2],  [1  3],  -.,  [1  n],  [2  3],  .-,  [2  n],  ...,  [n  - 1,  n], 
it  being  understood  that  members  may  be  missing  from  the  sequence, 
(iii.)    The  groups  have  the  following  properties  : 

(A)  Each  group  contains  an  even  number  of  loops. 

(B)  The  groups  can  be  placed  in  any  order  without  altering 
their  effects. 

(C)  With   the  aid   of  the  theory  of  fundamental  loops,  it  is 
possible  to  make  all  the  groups  contain  the  index  1. 

(D)  It  is  possible  to  make   all  the  groups,    except   the   first, 
namely,  [1  3],  [1  4],  •••,  [1  ?i],  consist  of  two  loops  each. 

A.  If  the  system  [1  2]  [1  3]---|>  —  1,  n~]  be  described  with 
initial  value  w1}  the  final  value  must  also  be  w^  (§  127).  Now  if  [12] 
contain  an  odd  number  of  loops,  the  effect  of  the  group  is  to  change 
Wi  into  iv2j  a  value  with  respect  to  which  the  groups  [13]  ...[In]  are 
inoperative.  As  the  remaining  groups  are  inoperative  with  respect 
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to  WH  and  as  the  initial  value  with  which  they  are  described  is  iv2,  it 
is  impossible  that  they  should  finally  reproduce  u\.  This  proves 
that  [12]  contains  an  even  number  of  loops,  and  that,  therefore,  it 
has  no  effect  upon  w^  Hence  the  description  of  [13]  begins  with 
the  value  Wi.  The  same  argument  as  that  just  used  shows  that  [13] 
must  contain  an  even  number  of  loops.  Assume  the  truth  of  the 
theorem  for  all  the  groups  up  to  [we],  where  i  <  K.  We  can  prove 
by  induction  that  it  holds  for  [IK],  and  hence  for  all  the  following 
groups.  To  prove  that  it  holds  for  [IK]  describe  all  the  loops, 
beginning  with  the  first  loop  of  [IK]  and  with  initial  value  wt.  The 
final  value  must  be  wt.  If  possible,  let  the  number  of  loops  in  [IK] 
be  odd,  then  the  value  of  w  after  the  last  loop  of  the  group  is  v:K. 
The  remaining  groups  with  index  t,  namely  [i,  K-fl],  [i,  *+2],  •••,  [tw], 
are  inoperative  as  regards  WK,  and,  therefore,  at  the  end  of  these  the 
value  is  still  WK.  From  thence  onwards  to  \_n  —  1,  ?j]  the  loops  are 
inoperative  as  regards  wtj  and  the  value  u't  at  the  entrance  of  [12]  is 
different  from  wv  Finally,  the  passage  over  the  groups  [12],  [13],  •••, 
up  to  [i,  K],  each  with  an  even  number  of  loops,  produces  no  effect 
upon  ivt.  That  is  to  say,  a  complete  circuit  changes  ivt  into  w,. 
This  is  impossible,  and  accordingly  [IK]  contains  an  even  number 
of  loops. 

B.  The  groups  may  be  placed  in  any  order  without  changing 
their  effects. 

For  the  whole  effect  of  any  group  on  a  root  is  nil,  since  it  con 
tains  an  even  number  of  loops  ;  and  therefore  the  retreat  or  advance 
of  any  number  of  single  loops  over  a  whole  group  produces  no  effect 
upon  the  single  loops. 

From  this  point  onwards  we  assume  that  the  process  of  collecting 
the  (3  loops  into  groups  has  been  completed.  At  all  stages  of  the 
process  it  is  possible  to  select  (n  —  1)  fundamental  loops,  but  a 
system  which  is  fundamental  at  one  stage  need  not  be  fundamental 
at  succeeding  stages. 

C.  Let  [IK]  be  a  group  in  which  both  t  and  K  are  greater  than  1. 
It  is  a  property  of  the  fundamental  loops  that  each  of  the  roots  zc\, 
WK  is  connected  by  a  fundamental  loop  with  a  ic  of  lower  index. 
Call  this  loop  (0i),  0  <  i.      Hence  the  group  [0t]  certainly  exists. 
Place  it  in  front  of  [IK]  and  let  the  last  of  its  loops  retreat  over  [IK]  . 
This  produces  no  change  in  the  effect  of  either  the  loop  (0i)  or  the 
group  [IK].    Xext  let  the  group  [IK]  retreat  over  this  single  loop  (0i). 
Each  loop  of  [IK]  changes  into  (#K)  and  the  new  group  is  [0*].    The 
original  group  [0t]  is  restored  by  the  double  retreat,  but  instead  of 
the  sequence  [0i]  [IK],  there  is  now  a  sequence  [0i]  [0*],  that  is,  the 
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index  t  of  one  group  lias  been  lowered  to  0  without  any  accompany 
ing  change  in  the  other  groups.  The  process  can  be  continued  until 
each  group  has  an  index  1.  At  various  stages  of  the  process  it  may 
be  necessary  to  change  the  fundamental  loops. 

D.  If  a  group  contain  more  than  2  loops,  this  number  can  be 
diminished  by  the  addition  of  2  loops  to  another  group. 

This  can  be  proved  by  observing  that  the  retreat  of  2  loops  (IK) 
over  a  loop  (*X)  changes  the  order  (IK),  (IK),  (K\)  into  (*A),  (iX),  (iX). 
The  retreat  of  (*X)  over  the  pair  (iX),  (iX)  produces  no  effect. 
Thus,  by  retreats  of  loops,  the  arrangement  (IK)  (IK)  (IK)  (*X)  can  be 
changed  successively  into 


,   (LK)(L\)(L\)(K\). 

Now  (IK)  (iX)  (iX)  can,  in  a  similar  way  (namely,  by  the  retreat 
of  (IK)  over  (tX)  (tX)  followed  by  the  retreat  of  (iX)  (iX)  over  (IK)), 
be  changed,  first  into  (tX)  (tX)  (IK),  and  next  into  (IK)  (KX)  (KX)  ; 
hence  the  arrangement  (IK)  (IK)  (IK)  (KX)  can  be  replaced  by 

(CK)(KX)(KX)(KX). 

The  table  indicates,  sufficiently,  the  successive  changes  : 

IK  IK  IK  KX 

IK  K\  tX  tX 

IK  tX  tX  KX 

tX  tX  IK  KX 

IK  KX  KX  KX 

It  is  a  consequence  of  the  properties  of  the  fundamental  loops 
that  it  is  always  possible  to  unite  any  two  loops  (IK),  (pa)  by  a  chain 
of  groups  [wc][«cX3C^*i'**Epflp3t  It  nas  been  Prove<l  that  two  loops 
can  be  removed  from  [IK]  and  added  to  [KX].  These,  in  turn,  can  be  re 
moved  from  [KX]  and  added  to  [X/x],  and  so  on.  Therefore  two  loops 
can  be  removed  from  a  group  which  contains  more  than  two,  and 
added  to  another.  When  the  process  is  continued  sufficiently  long, 
the  groups  [13]  [14]  •  •  •  [In]  can  each  be  reduced  to  two  loops,  and 
then  [12]  contains  (3-2  (n-2)  loops,  or  2  (p  -f  1)  loops  (§  128). 

We  have  proved  that  the  original  groups  [12][13]-"[n  —  1,  n]  can 
be  replaced  by  (n  —  1)  groups  [12]  [13]  •*•[!»],  The  same  method 
shows  that  they  can,  equally  well,  be  replaced  by  any  system  of 
(n  —  1)  groups  which  satisfy  the  condition  that  the  (n  —  1)  differ 
ent  loops,  entering  into  the  system,  are  capable  of  forming  a  funda 
mental  system. 
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Example.  The  following  scheme  shows  the  process  for  a  system 
of  12  loops : 

12  (23  -14.24  .  34  •  13  -  24)  (12)  23  -  24  .  34  .  34 
12  •  12  •  13  (24)*  (14)  34  .  23  (14)  (23  -  24)  34  .  34 
12  .  12  (13) (12)  24  .  34  .  23  -  23  -  24  .  12  .  34  .  34 
12  •  12  .  12  (23  •  24  -  34  -  23  -  23  -  24)  (12)  34  .  34 
12  -  12  •  12  •  12  •  13  (14)*(34)  13  •  13  •  14  -  34  -  34 
12  -  12  •  12  •  12  •  13  •  13  (14)  (13  -  13)  14  -  34  -  34 
12  •  12  .  12  •  12  •  13  •  13  •  13  -  13  (14  .  14)  (34  .  34) 
12  •  12  .  12  •  12  •  13-13  •  13  (13)*(34  •  34)  14  .  14 
12  •  12  •  12  •  12  -  13  •  13  .  13  (14  -  14)*(13)  14  .  14 
12  •  12  •  12  (12)  (13-13  -  13)  (13)  (14  .  14  .  14)  14 
12  •  12  •  12  •  12  •  12  (12)  (13  .  13  •  13)  13  -  14  .  14 
12  •  12  •  12  .  12  •  12-12  -  12-12  -  13  -  13  -  14  -  14 

The  first  line  gives  the  original  order.  The  parentheses  signify 
that  the  loops  in  the  left-hand  parenthesis  retreat  over  those  in  the 
right-hand  parenthesis.  An  asterisk  denotes  an  advance.  From  the 
tenth  stage  on,  use  is  made  of  theorem  D  alone. 

This  system  of  loops  is  used  for  another  purpose  in  Clebsch  and 
Gordan's  Theorie  der  Abelschen  Functionen,  p.  100. 

References.  —  For  TTeierstrass's  treatment  of  the  algebraic  function,  the 
reader  is  referred  to  Biermann,  Analytische  Functionen.  Information  on  the 
subjects  discussed  in  this  chapter  will  also  be  found  in  Briot  and  Bouquet's 
Fonctions  Elliptiques,  Chrystal's  Algebra,  Clebsch's  Geometry,  Koiiigsberger's 
Elliptische  Functionen,  and  Salmon's  Higher  Plane  Curves. 

The  Algebraic  Function  has  been  treated  from  the  standpoint  of  the  Theory 
of  Numbers  by  Kronecker  (Crelle,  tt.  xci.,  xcii.),  Dedekind  and  Weber  (ib.  t. 
xcii.),  and  Hensel  (Crelle,  t.  cix.). 


CHAPTER   V. 

INTEGRATION. 

§  131.  The  theorems  of  this  chapter  will  relate  to  functions 
which  are  one-valued  within  certain  regions  of  the  z-plane,  bounded 
by  simple  or  complex  contours.  A  region  with  a  complex  contour,  in 
the  finite  part  of  the  plane,  is  one  which  is  bounded  by  non-intersect 
ing  closed  curves  (7,  Ci,  O2,  ••• ,  <7K,  where  Ci,  C2,  ••• ,  <7«  lie  inside  C  and 
outside  one  another ;  a  region  with  a  complex  contour,  which  includes 
the  point  z  —  GO,  is  one  which  lies  outside  non-intersecting  curves 
Ci,  C.,,  •••,  CK.  Unless  the  contrary  is  stated,  the  region  will  usually 
be  assumed  to  lie  in  the  finite  part  of  the  plane,  but  sufficient  direc 
tions  will  be  given  to  enable  the  student  to  deal  with  the  other  case. 

It  will  assist  the  reader  if  we  anticipate  some  of  the  results  of 
the  chapter,  and  give  here  a  brief  statement  of  the  behaviour  of  a 
function  in  the  neighbourhood  of  its  singular  points,  omitting  all 
mention  of  the  more  unusual  cases,  which  arise  from  clusters  of 
singularities.  The  singular  points  are  either  places  near  which  the 
function  is  one-valued  or  places  near  which  it  is  many-valued.  If 
c  be  a  place  of  the  former  kind,  in  whose  neighbourhood  there  is  no 
other  singular  point,  the  function  can  be  expressed  in  the  form 

P(Z-c)+-^  +  —  ^-3+-, 

z  —  c      (z  — c)2 

where,  according  as  the  singular  point  c  is  a  pole  or  an  essential 
singularity,  the  series  of  negative  powers  of  z  —  c  does  or  does  not 
terminate.  If  c  be  a  place  of  the  latter  kind,  and  if  there  be  no  other 
singular  point  in  the  neighbourhood  of  c,  branches  of  the  function  will 
be  represented,  near  c,  by  one  or  more  sets  of  series  with  fractional 
exponents  ;  and  c  is  said  to  be  a  branch-point  with  respect  to  these 
branches.  If  branches  of  the  function  be  represented,  near  c,  by  a 
set  of  series 

«i(«  -  c) Vr  -f-  a.2(z  -  c)?2/r  +  a3(z  -  c)  Vr  +  •••, 
160 
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where  qlt  g2,  •••,  r  are  finite  integers  and  r  is  positive,  the  branch-point 
is  called  algebraic.  The  point  is  an  infinity  of  the  r  branches  when 
ql  is  negative.  In  the  expansions  at  oc ,  z  —  c  must  be  replaced 
by  1/2. 

Definitions.  If  a  function  be  one-valued  and  continuous,  and 
possess  a  derivative,  at  all  points  within  a  region  F,  it  is  said  to  be 
holomorphic  within  F. 

Such  a  function  can  have  no  singular  points,  of  either  kind, 
within  F. 

If  a  function  be  holomorphic  within  F,  except  at  certain  poles, 
it  is  said  to  be  meromorphic  within  F. 

For  example,  sin  z  is  holomorphic  throughout  the  finite  part  of 
the  plane;  tan  z  is  meromorphic  throughout  the  finite  part  of  the 
plane,  the  poles  being  the  zeros  of  cos  z. 

The  words  "holomorphic"  and  "meromorphic,"  introduced  by 
Briot  and  Bouquet,  are  intended  to  suggest  that  the  functions  behave 
respectively  like  the  integral  polynomial  and  the  rational  fraction. 
Halphen  proposed  that  the  terms  be  replaced  by  "  integral "  and 
"fractional."  Cauchy's  term  "syiiectic"  is  synonymous  with 
"holomorphic." 

§  132.    Curvilinear  integrals. 

The  properties  of  integrals  of  a  real  variable,  taken  over  a 
curved  path,  are  required  as  preliminary  to  the  study  of  the  inte 
gral  of  a  function  of  z. 

For  our  immediate  purpose  they  may  be  stated  very  briefly :  — 

Let  U(x,  y)  be  a  continuous  function  of  two  real  variables,  and 
let  L  be  a  path  defined  by  the  equations  x=  </>i(0>  y  =  <fe(0-  ^e 
suppose  that  <j>i(t),  <&>(£)  are  continuous  functions  of  the  real  variable 
t,  such  that  t  increases  constantly  from  t0  to  T,  as  the  point  (x,  y} 
describes  the  path  L  from  z0  to  Z.  For  instance,  t  may  be  the  length 
of  the  arc  of  the  curve.  While  it  is  supposed  that  L  is  an  unbroken 
path  from  z0  to  Z,  it  is  not  assumed  that  the  various  portions  of  the 
path  are  represented  by  arcs  of  one  and  the  same  curve.  That  is  to 
say,  while  <j>i(t)j  <£2(0  are  to  be  continuous  along  L,  they  need  not 
be  represented  throughout  the  path  by  one  and  the  same  pair  of 
arithmetic  expressions.  We  may  assume,  accordingly,  that  <f>\(t)t 
<£2'(0  are  subject  to  a  finite  number  of  discontinuities  of  finite 
amount. 

Suppose  (ar0,  y0)  and  (X,  F)  to  be  the  terminal  points  z0>  Z,  an(i 
let  (ajj,  2/i),  (o;2,  i/2),  ..-,  (#„_!,  2/n_j)  be  intermediate  points  on  the 
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path.  L,  while  ti,  t%  •••,  £„_].  are  the  corresponding  values  of  t.    Let  us 
construct  the  sum 


0*  - 


where  (&,  i^),  •••,  (£,„  ??n)  are  points  on  the  w  arcs  which  connect 
the  points  (a;0,  y0),  (x1?  3^),  •••,  (X,  Y),  and  TI,  r27  •••,  rn  are  the 
corresponding  values  of  t.  When  the  number  n  is  increased,  and 
each  arc  diminished  indefinitely,  this  sum  tends  to  a  definite  limit, 
whatever  be  the  mode  of  interpolation  of  the  points  (XK,  yK)  and 
(&,  77*).  This  limit  is  the  same  as  that  of 

U\  fr  (rO  ,  <fc  (TI)  I  I  </>!  (t,)  -  <fc  (t0)  }  +  •  •  •, 
or  that  Of  Ufafa),  ^(TI)  }  {0i'(*o)  +  e}  («i  -  *o)  +  '", 

where  |  e  |  vanishes  with  |  ^  —  ^  •  This  limit,  by  the  properties  of 
ordinary  definite  integrals  of  a  single  real  variable  t, 


This  is  the  meaning  of  the  curvilinear  integral  I  Udx.  Similarly, 
if  F(a?,  y)  be  a  continuous  function  of  x,  y,  the  meaning  to  be 
attached  to  Cvdy  is  f  F(^  ^>4iVft;  and  generally  by  JT/dFis 

Ji  J«0  ^^ 

understood   f  *17—  dfc  where  U",  F  are  expressed  as  functions  of  t 
Jto       dt 

by  means  of  the  equations  x  =  <f>i(t),  y  =  <#>2(0- 

The  conception  of  the  definite  integral  of  a  one-valued  function 
of  a  real  variable,  as  the  limit  of  the  sum  of  infinitely  many  ele 
ments,  is  capable  of  extension  to  functions  of  z.  Let  f(z)  be  a 
function  which  is  one-valued  and  continuous  along  a  path  L,  of 
finite  length  Z,  which  leads  from  ZQ  to  Z-,  and  let  zlf  z»>~,  zn_l  be 
intermediate  points  on  L. 

Further,  let  &,  £2,  •••,  £n  be  points  situated  on  the  arcs 

(Z0,  Z0>    Ol,  %)>    («2>  ^)5    —  j    (»«-!*   Z)' 

We  shall  prove  that  the  sum 


tends  towards  a  perfectly  determinate  limit,  when  the  number  n 
increases  indefinitely  and  each  interval  zK+l  —  ZK  tends  to  zero.  This 
limit  will  be  called  the  integral  of  f(z)  with  regard  to  the  path  L 

from  ZQ  to  Z}  and  will  be  written    C  /(*)&.     That  the  absolute  value 

•) *0 
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of  the  integral  is  finite  is  evident  from  the  consideration  that  for 
all  values  of  n,  and  all  positions  of  21?  z.2t  ...,  zn_^  £1?  £,,  ....  £n? 


where  M  is  the  greatest  absolute  value  of  f(z)  upon  the  path  L. 
When  ?i  tends  to  cc,  the  coefficient  of  M  becomes  the  length  I  of  the 
path  L.  This  proves  that  the  absolute  value  of  the  definite  inte 
gral  is  finite.  To  show  that  the  sum  tends  to  a  limit,  let  us  write 
u  +  iv  for  f(z)  and  x  +  iy  for  z.  Thus  lim  2/(£«)  (2  ^  -  ZK) 


=  lim  S  [-M(£C,  ^)  +  iv(. 
=  £(udx  -  vdy)  +  i £ 

an  expression  whose  value  does  not  depend  upon  the  mode  of 
interpolation  of  z1?  z2,  ••.,  zn_lt  £1?  •  ••,  £n. 

It  is  very  important  to  notice  that  the  limit  has  been  proved  to 
exist,  for  a  given  path  between  z0  and  Z,  on  the  two  conditions  that 
/(z)  is  one-valued  and  continuous  along  that  path.  If  f(z)  be  a 
many-valued  function,  one  of  its  values  must  be  selected  at  z0,  and 
then  the  succession  of  values  along  the  path  from  z0  to  Z  is  com 
pletely  determined  by  the  principle  of  continuity,  provided  the  path 
does  not  traverse  a  singular  point  at  which  the  selected  value 
becomes  discontinuous  or  equal  to  another  value. 

It  follows  from  the  definition  that,  for  one  and  the  same  path, 


(z)ch  =  -  Cz°f(z)dz, 

J  z 

since  the  element,  (zK+1-  «<)/(&)>  of  the  first  integral  is  replaced  by 
(z*  -  2*^i)/(£«)  in  the  second.  As  the  integral  f /(«)<&  is  reducible 

to  real  curvilinear  integrals,  the  ordinary  processes  such  as  inte 
gration  by  parts,  change  of  the  independent  variable,  and  so  on,  are 
still  applicable.  When  z  is  changed  to  a  new  variable  2',  the  path  L 
in  the  z-plane  must,  of  course,  be  replaced  by  the  corresponding 
path  L'  in  the  z'-plane ;  z'  must  be  so  chosen  as  to  be  one-valued  and 
continuous  along  the  path  L'. 

§  133.     The  problem   which   arises   is   to  find   the   effect  of  a 

change  of  path  from  z0  to  Z  upon  the  value  of   C*  f(z)dz.     Cauchy 

•J+ 

liscovered,  in  this  connexion,  a  theorem  which  is  of  vital  impor 
tance  in  the  Theory  of  Functions. 
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Caucliy's  Theorem.  Iff(z)  and  its  derivative/' (z)  be  one-valued 
and  continuous  on  the  boundary  of  and  within  a  region  r,  the  integral 

I  f(z)dz  taken  in  the  positive  direction  over  the  complete  boundary 

Jc 

C  is  equal  to  0. 

For  simplicity  we  shall  postpone,  for  the  present,  the  examina 
tion  of  the  case  in  which  the  bounding  contour  is  complex. 

Many  proofs  have  been  given  of  this  fundamental  theorem  in  the 
Theory  of  Functions.  The  one  which  we  shall  give  is  due  to  Goursat 
(Demonstration  du  Theoreme  de  Cauchy.  Acta  Math.,  t.  iv.,  p.  197). 
This  proof  is  instructive  inasmuch  as  it  makes  direct  use  of  the 
property  of  monogenic  functions  that  the  value  of  the  derivative  of 
f(z)  at  3j  is  independent  of  the  path  along  which  z  approaches  z±* 

Let  the  region  T,  with  a  simple  contour,  be  divided  by  two 
systems  of  equidistant  lines,  parallel  to  two  rectangular  axes,  into 
a  network  of  small  regions.  The  interior  regions  are  squares  of 
area  h2,  while  exterior  regions  are  portions  of  squares.  The  integral 


m 


Fig.  39 

I  f(z)dz  is  equal  to  the  sum  of  the  integrals  taken  positively  over 
J  c 

the  rim  of  each  region,  for  the  figure  shows  that  each  line  other  than 
C  is  traversed  twice,  in  opposite  directions,  with  the  same  value  of 
f(z).  We  shall  first  examine  the  value  of  an  integral  taken  round 
a  complete  square,  such  as  pqrs,  whose  contour  may  be  denoted  for 
shortness  by  Q.  If  ZL  be  any  point  inside  C7t,  we  have,  for  each  point 

of  a, 


Z  — 


where  |  e  J  varies  along  <7t,  acquiring  a  maximum  value  ct. 

*  We  reserve  for  Chapter  VI.  a  proof  by  Riemann  of  the  generalized  theorem  which  relates 
to  multiply  connected  surfaces.  Riemann's  proof  has  justly  become  classical,  but  it  is  open  to 
the  objection  that  it  employs  double  integrals  in  the  proof  of  an  elementary  theorem. 
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Hence  jf  A»)  dZ  =    (X*  ~  ^  )  dZ' 


because       dz  is  zero  from  the  definition  of  an  integral,  and  if 

*  =  t,  £zdz  =  $  Cdt  =  0. 
Thus  the  absolute  value  of    C  f(z)dz 

JCi 

~Sc  *(Z  ~  Z^dz  <  €t  *  7iV2  •  4  h 

<  4^/2  €t  (area  of  square)      .....     (A). 

We  next  examine  the  value  of  C  f(z)dz,  where  A  is  the  contour 

*//>t 
of  the  incomplete  square  Mmn.     As  before,  let  z.  be  a  point  inside  &, 


then 
but 

J  J  DL 

2{  perimeter  of  complete  square  +  arc  kl\ 

area  of  complete  square  j 
5  •  (length  of  arc  A7)     .....     (B). 
The  result  of  adding  up  all  the  right-hand  sides  of  the  set  of 
inequalities  A  and  B  is  an  arbitrarily  small  quantity,  for  the  sum  is 
<  /xV2J4  sum  of  all  the  complete,  squares  Ct,  D, 
+  (the  length  of  C)h], 

when  ,t  is  the  greatest  of  the  quantities  ct.     But,  if  M  become  arbi 
trarily  small  with  h,  this  expression  vanishes  in  the  limit.     Hence 


To  complete  the  proof,  it  must  be  shown  that  a  quantity  h  can 
always  be  found  such  that  /x<an  arbitrarily  assigned  small  quantity  ^ 
By  supposition  /(*)  and/'(z)  are  one-valued  and  continuous  within 
T  and  upon  C;  hence  a  positive  number  A  can  be  found  such  that 
*  +  «-/(*)       ', 


provided  !  ^  '  !  <  A.  Xow  if  z  be  within  a  small  square,  and  z  +  £  be 
on  the  perimeter,  the  maximum  value  of  '  £  is  h^/2.  Therefore  if 
h  be  taken  <  _,  the  absolute  values  of  the  expressions  e  will  all  be 
less  than  77,  which  completes  the  proof. 
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§  134.  Cauchy's  theorem  can  be  stated  in  the  following  form  : 
If  a  path  Li  from  z0  to  zv  can  be  deformed  continuously  into  a  path 
L2  from  ZQ  to  z1?  without  passing  over  any  singular  point  of  f(z)  in  the 
process,  the  integral  (  lf(z)  dz  is  the  same  for  both  paths. 

JzQ 

For  let  LI,  L2  be  represented  by  z^az^  and  z^bz^  and  let  J(z0,  a,  z^), 

I(z0)  b,  Zi)  stand  for  the  integral    j    'f(z)dz  with  regard  to  these  two 

*A> 
paths.     We  have 

I(z0,  a,  z,)  +  /(»!,  6,  z0)  =  0, 

and  /(«!,  6,  «0)  = 

therefore  I(zOJ  «,  »i)  = 

This  result,  which  is  of  fundamental  importance,  permits  the- 
reduction  of  any  path  from  z0  to  ^  to  a  path  composed  of  loops 
issuing  from  z0,  and  of  some  standard  path  from  z0  to  ZL. 

Theorem.  Let  g(z)  be  holomorphic  within  a  region  T  bounded 
by  a  simple  contour,  and  let  the  path  of  integration  lie  entirely 
within  T;  then,  if  y(z1)=  (  *'g(z)dz,  y(^)  is  a  holomorphic  function 

*szo 

which  has  g(zl)  for  its  derivative  throughout  the  region  T. 

In  the  first  place  y(z^  is  one-valued,  for  its  value  is  independent 
of  the  path  from  z0  to  z1?  so  long  as  the  path  lies  in  T.  Let  %  +  h 
be  a  point  near  z,  and  let  the  path  (z0)  zlt  ZL  +  h)  lie  entirely  within 
r.  Then 

Z+h  2  g(z)dz. 


To  determine  the  value  of   ]        g(z)dz,  take  for  the  path  (zl  to 

J  z^ 

Zl  -i-  /i)  the  join  of  the  two  points.  This  can  be  done  because  the 
value  of  the  integral  is  the  same  for  all  paths  in  T  which  connect 
z{  and  »!  +  h.  If  the  point  zl  +  ^  approach  21?  the  element  of  the 
integral  is  (g(Zi)  +  e)c?z,  where  e  |  tends  to  zero  with  h  |,  and  the 
integral  itself  takes  the  form 

/•*.+/»  /"2..+A  /'*;!rl+ft 

j       ^(20^+  I        €^  =  7^(^)4-  I        «te. 

•/«,  Jz^  *Szi 

But  the  absolute  value  of  an  integral  is  less  than  the  sum  of  the 
absolute   values   of   the    elements    of   the   integral;    therefore   the 

absolute  value  of    f*1+*ec7«  is  less  than     rj  \  \  7i  [,  where     rj    is  the 

Jz^ 

greatest  value  of    e|   on  the  straight  line    (zv  to  Zi-f/0-     Hence, 
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where  |  ^  |  tends  to  zero  with  |7i|.     This  proves  that   |   g(z)dz  is 

JH 
a  holomorphic  function  of  z  within  F,  for  it  is  one-valued,  continuous, 

and  possesses  a  first  derivative  g(z). 

§  135.  Cauchy's  theorem  can  be  extended  to  functions  which 
are  holomorphic  within  a  region 
bounded  by  more  than  one  closed 
contour.*  For  simplicity,  we  shall 
consider  a  region  bounded  by  only 
two  rims ;  but  the  argument  is 
general.  In  the  figure,  the  shaded 
region  is  bounded  by  two  contours 
abc,  a'b'c'.  Let  g(z)  be  a  function 
which  is  holomorphic  within  the 
shaded  region,  and  let  the  contours 
be  joined  by  a  cut  aa'.  Because  the 

simple  contour  abcaa'b'c'a'a  bounds  a  region,  we  have,  by  Cauchy's 
theorem, 

/(a,  b,  c,  a)  +  /(a,  a')  +  I(a',  b',  c',  a')  +  I  (a1,  a)  =  0; 
and  because  the  function  g(z)   is  holomorphic  within  the  shaded 
region 

/(a,  a')  =  -/(a',  a). 

Hence  /(a,  b,  c,  a)  +  /(«',  b',  c',  a')  =  0. 

The  contours  abca,  a'b'c' a'  are  both  described  positively  in  the 
direction  of  the  arrows,  for  the  moving  points  have  the  shaded  region 
to  the  left  in  both  cases.  As  examples  of  functions  holomorphic 

within  a  region  with  two  rims,  we  may  instance  - 

___^__     J  (z-al)(z-a.2} 

and  either  branch  of  V(z  —  «i)(z  —  a2),  where  a1?  a,  lie  inside  a'b'c'. 
In  a  similar  manner  it  is  easy  to  establish  the  general  theorem : 

Theorem.  If  g(z)  be  holomorphic  within  a  region  T,  bounded 
externally  by  (7,  and  internally  by  d,  Cy2,  ••-,  C,,,  the  sum  of  the  inte 
grals  \  g(z)dz,  taken  over  all  these  contours,  in  the  positive  direc 
tion  with  regard  to  the  region  bounded  by  them,  is  equal  to  zero, 

or  (V(*)<fc+   fflr(*)<fr4  ••••  4-  Cg(z)dz  =  0, 

Jo  Jc1  Jcn 

where  the  integrals  are  taken  in  the  directions  of  the  arrows. 

*  Throughout  this  chapter,  when  we  speak  of  taking  the  integral  of  a  function  along  the 
boundary  of  a  region  r,  within  which  the  function  is  holomorphic,  it  is  to  be  understood  that  r  is 
itself  part  of  a  larger  region  within  which  the  function  is  holomorphic,  so  that  the  boundary  of  T 
lies  wholly  in  this  larger  region. 
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Fig.  41 

ceivable  cases :  — 


Corollary.     I  g  (z)  dz  =  2"  \   g  (z)  dz, 

<J  G  \     J  GA 

when  the  arrows  are  all  drawn  in  the 
same  direction. 

§  136.    When  CK  encloses  no  singular 

point,    I   g(z)dz  =  0.     Suppose  that  CK 

•/  c< 
encloses  one  and  only  one  singular  point, 

CK.  If  the  function  g(z)  be  a  branch  of 
a  many-valued  function,  and  if  z  be  con 
fined  to  the  region  T,  there  are  four  con- 


(i.)  CK  is  a  branch-point  of  the  many-valued  function,  which  is 
operative  with  regard  to  g(z). 

(ii.)  CK  is  a  branch-point  which  is  inoperative  with  regard  to  g(z). 

(iii.)  CK  is  a  pole. 

(iv.)  CK  is  an  essential  singularity. 

The  hypotheses  (i.)  and  (ii.)  must  be  rejected.  In  the  former 
case  g(z)  would  change  its  value  after  a  description  of  CK,  and  would 
not  be  holomorphic  in  F ;  while,  in  the  latter  case,  CK  is  not  a  singu 
lar  point  of  the  branch  g(z).  In  cases  (iii.),  (iv.),  I  g  (z)  dz  may  or 

c/CVc 

may  not  be  zero.     The  following  theorem  supplies  a  test :  — 

Theorem.  The  integral  of  any  function  f(z),  taken  round  a  circle 
whose  radius  is  p  and  centre  c,  vanishes  with  p  if 

lim  (z  -  c)f(z)  =  0. 

z=c 

Let  us  in  future  denote  by  (  c)  a  circle  with  centre  c,  so  small  as 
to  include  no  singular  point  other  than  c.  Let  /x  be  the  maximum 
absolute  value  of  (z  —  c)f(z)  on  such  a  circle,  whose  radius  is  p. 


Then 


Therefore 


z  —  c  =  pei 


dz  =  i, 


and 


Cf(z)dz    <  f/xd0<27r/z, 

J(c)  J(c) 

lim  Cf(z)dz<  Iim27r/A  =  0. 

p=0  t/(c)  "    p=0 
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Similarly,  the  limit  when  p  =  cc  of   (    /(z)  dz,  where  the  path  of 

J(=c) 

integration  is  a  circle  (7,  with  centre  0,  so  large  as  to  include  all 
singular  points  in  the  finite  part  of  the  plane,  is  zero  when 

limz/(z)  =0. 

On  the  sphere  the  circle  C  is  a  small  circle  enclosing  the  point  oo  . 
These  theorems  remain  true  when  the  complete  perimeters  of 
the  circles  are  replaced  by  arcs. 


§  137.     The  integral   C 

«/ nt 


dz 


Let  the  contour  C  contain  c.     The  function  is  not  holo- 

Z  —  C 

morphic  within  C,  and  consequently  Cauchy's  theorem  is  not  immedi 
ately  applicable.  Draw  a  circle  (c)  of  radius  p.  Within  the  region 

bounded  by  C  and  (c),  is  holomorphic,  and  therefore 

Cdz/(z-c)  =  C  dz/(z-c), 

Jc  J(c) 

where  the  integrals  are  taken  in  the  same  directions. 
Write  z  —  c  =  peie ;  then 

f  dz/(z-c)  = 

J(c) 

Therefore  C  dz/  (z-c)  =  2  TTZ. 

The  contour  C  divides  the  sphere  into  two  parts  F  ancj.  F'.  Let  c 
be  in  F.  If  C  be  described  positively  with  regard  to  F,  it  is  described 
negatively  with  regard  to  F'.  The  integral  with  regard  to  F'  is  not 

zero  although  is  holomorphic  in  F'.     The   reason   is   that   F' 

%  —  C 

contains  the  point  cc  at  which  lim— ^—  =  1  =£  0.*     The  value  of  the 

z  —  c 

integral  taken  positively  round  I"  is  of  course  equal  to  the  integral 
taken  negatively  round  F,  or  =  —  2  iri. 

The  remark  is  made  lest  the  student  should  suppose  that  there 
is  a  peculiar  virtue  in  those  singular  points  of  an  integral  which  lie 
inside  a  contour.  The  contour  C  merely  divides  the  critical  points 

*  Generally  in  considering  JtWF where  ?7and  Fare  functions  of  z,  we  must  attend  to  the 
singular  points  of  Tas  much  as  to  those  of  U,  in  accordance  with  the  equation  Ud  V+  Vd  U=d(  U  V). 
The  two  sets  form  the  singular  points  of  the  integral. 
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into  two  sets,  lying  in  T  and  r'  ;  the  value  of  the  integral  along  C 
depends  on  the  values  of  the  integrals  round  either  set  of  singular 
points,  and  in  the  problem  of  determining  its  value  we  choose  the 
more  convenient  set  ;  and  the  advantage  of  the  region  which  does 
not  contain  z  =  co  is  that  the  singular  points  of  the  integral  are  the 
same  as  those  of  the  function. 

Example.     Determine   the    value   of   f  zdz/(z  —  a)  (z  —  b)  along 

any  given  simple  contour,  from  the  consideration  of  the  singular 

points  of  the  integral  which  lie  inside,  or  outside,  the  contour. 

J* 
dz/(z  --  c)n  =  0,  though 
a    ' 


This  instance  shows  that  the  condition  of  the  preceding  paragraph, 

though   sufficient  for  the  vanishing  of    f/(*)cfe,   is  not  necessary. 

J  c 

More  generally    j  y'(z)dz  =  0,  where  C  is  any  contour  lying  in  a 

Jc 

region  within  which  g(z)   is  holomorphic.     If    I  -  taken  from 

J  z  —  c 

any  initial  point  a  along  a  given  path  to  a  point  b,  be  equal  to  J,  we 
can,  by  making  z  turn  n  times  round  c,  give  to  the  integral  at  b  the 
value  I  -\-  2  n-jri  ;  that  is,  the  integral  has  at  b  infinitely  many  values 

all  congruent  to  the  modulus 
2iri.  If,  however,  we  draw 
any  line  from  c  to  GO  and  re 
gard  this  as  a  barrier  which 
z  must  not  cross,  the  value 
0  1  2_  of  the  integral  is  fully  deter- 

f'S*  42  mined  when  the  value  at  any 

point  is  given.  For  instance  let  c  =  1,  and  let  the  barrier  lie  along 
the  real  axis.  Let  the  value  of  the  integral  at  2+  be  0  ;  then  the 

C*    dz 
value  at  2_  is  2  TTI,  and  I       -  =  log  |  z  —  1    +  i00)  log  denoting  the 

c/2+  Z  —  1 

real  logarithm,  and  00  the  acute  angle  21  z.     Compare  §  106. 

§  138.  An  example  of  Cauchtfs  treatment  of  the  integral  of  a 
many-valued  function. 

Though  the  subject  of  the  integral  of  a  many-  valued  function 
will  be  treated  in  detail  later  by  the  help  of  Riemann  surfaces, 
it  seems  advisable  to  give  an  illustration  of  the  way  in  which, 
when  by  means  of  loops  such  a  function  has  been  rendered  one- 
valued,  Cauchy's  theorem  may  be  used. 
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Let  us  consider  a  branch  of  the  two-valued  function  defined  by 
ic-=  1/(1  —  z2).  The  points  ±  1  are  both  branch-points  and  infini 
ties.  Let  u\  be  that  branch 
which  =  1,  when  z  =  0.  As  z 
moves  along  Op  in  the  direction 
of  the  arrow,  IL\  remains  posi-  0 
tive.  After  the  description  of 
the  small  circle  pqrt  its  value  Fig.  43 

at  r  is  —  I/ 1  Vl  —  z2  \ ,  and 
along  ?-0  the  value  is  different  from  that  along  Op.  Within  the 
region  bounded  by  C  and  pqr  the  branch  IL\  is  not  holomorphic,  and 
we  are  not  justified  in  saying  that 


I  11:^2=  I    iL\dz. 

»/c  •SPOT 


Within  the  region  bounded  by  the  simple  rim  Oa&OrgpO,  u\  is  holo- 
morphic ;  for  0?*  must  now  be  regarded  as  distinct  from  Op,  and  a 
complete  circuit  round  1  is  prevented  by  the  barrier  L. 


Hence 


=  F  ^_ 

c/O      A/1     _ 


-JT: 


dz 


?r 


=  77  4~  U  =  7T, 


since 


and 


,.          /»!    5        £2  ^ 

lira  I  =-, 

5=0  c/0        ^/l  —  J/*2        « 

f     dz       along  pgr  =  0 

J    A/1    —  Z2 


VI  -z 
in  the  limit,  owing  to  the  fact  that 


VI  — 


More  generally,  if  c^  c2,  •••,  c;i  be  those  branch-points  of  /(z) 
which  are  situated  within  a  closed  curve  C,  and  if  there  be  no  crit 
ical  point  in  the  region  F  contained  between  C  and  the  small  circles 
round  c1?  c2,  •••,  cn,  a  branch  of  the  function  f(z)  need  not  be  one- 
valued  in  the  region  F,  but  must  be  one-valued  within  the  region 
bounded  by  the  single  rim,  composed  of  C  and  the  n  loops  from  a 


172  INTEGRATION. 

point  of  C  to  the  branch-points.     But,  if  m  poles  d1}  d2,  •  ••,  dm  be 

contained  within  r,    (  f(z)dz  —  [the  sum  of  the  integrals  taken  posi- 

Jc  m   r 

tively  over  the  n  loops  to  the  branch-points]  =  2  I     f(»)dz. 


It  is  interesting  to  observe  the  way  in  which  Cauchy's  theorem 

Cz     dz 
accounts  for  all  the  values  of  the  integral   I    —      —  .     Any  path 


from  0  to  z  can  be  contracted,  without  passing  over  any  singular  point 
of  1/Vl  —  z2,  into  a  path  formed  by  single  or  repeated  descriptions  of 
loops  from  0  to  1,  —1  and  of  a  definitely  chosen  line  from  0  to  z,  as 
for  instance  the  join  of  the  two  points.  Let  u,  —  u  be  the  values  of 
the  integral  along  this  latter  line  when  the  initial  values  are  wlf  —  w^ 
A  single  positive  description  of  the  loop  to  1  changes  w1  into  —  ivlt 

and  the  corresponding  value  of  the  integral    I  wfiz  is  TT  —  u.     A  de- 

J« 

scription  of  the  loop  to  1,  followed  by  a  description  of  the  loop  to  —  1, 
is  equivalent  to  a  description  of  the  first  loop  with  the  value  w^  and 
of  the  second  with  the  value  —  w^  the  final  value  being  w^,  and  there 
fore  the  corresponding  path  from  0  to  z  with  initial  value  w1  leads  to 
the  value  2-ir  +  u  of  the  integral.  By  a  consideration  of  all  possible 

combinations  of  the  loops,  it  is  easy  to  see  that  I  c?z/  Vl  —  z2  has 
infinitely  many  values,  which  are  all  included  in  the  formulae 

U  +  2  ?l7T,     7T  —  U  -f  2  ?l7T, 

where  n  is  any  integer,  positive  or  negative.  The  resulting  theorems 
in  Trigonometry  are 

(  sin  (u  +  2  nrr)  =  sin  u, 
(  sin(7r  —  u-\-2  HTT)  =  sin  u. 

A  similar  process  of  reasoning  would  establish  the  double  perio 
dicity  of  the  function  z  =  snw,  defined  by  the  equation 


C"  dz 

rt  i  I        

w*  —    I  _ 


but  we  shall  consider  the  elliptic  functions  (chapter  vii.)  when  the 
general  theory  of  periodicity  has  been  given  in  the  chapter  011 
Riemann  surfaces.  We  refer  the  reader  who  wishes  for  further 
information  on  Cauchy's  Theory  of  Periodicity  to  the  great  trea 
tise  of  Briot  and  Bouquet,  Theorie  des  Functions  Elliptiques ;  to 
Clebsch  and  Gordan,  Abelsche  Functionen,  ch.  iv.  j  and  to  Jordan's 
Cours  d' Analyse,  t.  ii. 
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§  139.     A  second  theorem  of  Cauchy's. 

Let  g(z)  be  holomorphic  within  and  on  the  boundary  of  a  region 
F,  bounded  by  a  simple  contour  C,  and  let  t  be  any  point  within  the 
region.  The  function  g(z)/(z  —  t)  becomes  infinite  when  z  =  t.  The 
function  g(z)/(z  —  t)  is  holomorphic  in  the  region  bounded  by  C  and 
(0.  Hence  fg(z)<lz=  {  g(z)* 

Jc   Z  —  t          J(t)     Z—t 

Now,  since  g(z)  has  a  derivative  within  F,  \g(z)  —  g(t)  \/(z  —  t) 
has  a  finite  and  determinate  limit  when  z  =  t,  and  therefore  is  a 
holomorphic  function  throughout  F.  Cauchy's  theorem,  gives 


C 

J(t) 


(t)  Z  -  t 


^^=g(t)  r_- 

z-t  'Jnz  —  t 

Cauchy's  integral  for  g(t)  is  —  .  f  ^M^. 

£  7T?  \sC     Z  —  t 


From  this  result  can  be  deduced  expressions  for  the  successive 
derivatives.  By  subtraction,  and  after  division  by  A£,  there  results 
from  the  two  formulae 


-  --  , 

c  z-t'  2iriJcz  -  t-  A*' 

the  third  formula 

But,  everywhere  on  C,  z  —  t  differs  from  0;  therefore  g(t)  has  a 
single  first  derivative,  and  this  derivative  is  holomorphic  throughout 
T.  g'(t)  has,  in  turn,  a  holomorphic  first  derivative  g"(t),  and  so 
on.  Hence  when  a  function  is  holomorphic  in  the  region  F,  all  its 
derivatives  are  holomorphic  in  the  same  region. 

§  140.  Taylors  theorem.  Let  g(z)  be  holomorphic  in  and  on  a  circle 
C;  and  let  c  be  the  centre  of  the  circle,  c  -f  t  any  inside  point.  We 
have 


MI 
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where 
Now 


Rn  =  —  Cq(z)dz — 

2«*J«r<>         (z-c)»+l(z-c-t) 


dO. 


Let 


(z-c)n+1(z-c-t) 
on  (7;  hence 

\R 


27T1          Jc\(z-c)n+l(z-c-t) 
take  its  maximum  value  at  the  point  £ 

gm 


n+l 


Since 


f-c 


<  1,    JSB  I  diminishes  as  n  increases,  and,  when  n  is 


chosen   sufficiently   great,   can  be  made  less  than  any  assignable 
quantity.     Thus  Taylor's  theorem 


is  established. 

When  the  region  r  includes  0,  we  have,  putting  c  =  0,  Maclaurin's 


+ 


As  this  result 


theorem,  namely,  g(t)  =  g(Q)  +  tg'(0)  +  ~0 

expresses  that  every  function  g(z),  which  is  holomorphic  within  a 
region  which  includes  0,  is  expansible  as  an  integral  series,  it  forms 
a  bridge  between  the  theories  of  Cauchy  and  Weierstrass. 

These  important  extensions  of  Taylor's  and  Maclaurin's  theo 
rems  to  the  field  of  the  complex  variable  were  due  to  Cauchy 
(Memoire  sur  le  Calcul  des  residus  et  le  Calcul  des  limites,  Turin, 
1831.  See  also  the  Comptes  Kendus,  1846). 

When  we  speak,  in  what  follows,  of  the  whole  z-plane,  we  shall 
imply  that  z  =  oo  is  included,  whereas,  when  we  speak  of  the  finite 
part  of  the  plane,  we  shall  exclude  z  =  co,  by  drawing  on  the  sphere 
an  infinitely  small  circle  round  the  point. 

Theorem.    It   is  impossible   to   find   a   function  g(z),  which  is 
holomorphic  over  the  whole  plane,  and  not  a  constant. 
For  if  it  were  possible,  we  should  have 


finite  for  every  point  z  on  the  plane.  Let  G  be  the  greatest  value 
which  g(z)  \  can  take.  By  the  theorem  of  §  96,  the  absolute  value 
of  the  coefficient  of  zn<  G/Rn,  where  R(>  z\),  can  be  made  as  great 
as  we  please.  That  is,  the  absolute  value  of  a  constant  coefficient 
is  less  than  a  quantity  which  can  be  made  arbitrarily  small.  Such 
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a  constant  coefficient  must  be  zero.  In  this  way  it  can  be  proved 
that  if  G  be  finite,  all  the  terms,  except  the  first,  in  Maclaurin's 
expansion  for  g(z)  vanish.  This  important  theorem  (due  to  Liou- 
ville),  shows  that  if  a  function  g(z)  be  holomorphic  throughout  the 
finite  part  of  the  plane,  and  also  at  cc,  it  must  be  constant.  A 
function  g(z),  which  is  holoniorphic  over  the  finite  part  of  the  plane, 
is  of  course  no  exception.  Its  property  is  that  it  has  no  infinity 
at  a  finite  distance  from  0. 


§  141.  Laurent's  TJieorem.  Let  g(z)  be  holomorphic  in  the  ring 
bounded  by  two  concentric  circles 
C",  C",  with  centre  c;  and  let 
c  +  1  be  any  point  in  the  ring. 
Laurent's  theorem  states  that  g(c  +  t) 
can  be  expanded  in  a  convergent 

+  x> 

series  of  the  form  ^o.mtm.       Describe 

—  x 

a  small  circle  C""  with  centre  c  +  t. 
Then 

^        1      C     q(z}dz 

0(C  +  £)  =  -  ^V     ^  -  , 

27TlJc"-Z-C-t 

or,  since  g(z)  is  holomorphic  in  the 

shaded  region,  F'9'44 

^  +  0  =  J_  f  <yQQ(fe     J_  f  <K«0<fe 

2  Tri  Jc-  z  -  c  -  t      2wi  Jc-  z-c-t' 

where  the  integration  is  performed  in  the  sense  of  the  arrows.     On 
the  circle  C'z  —  c>t 


z  —  c  —  t     z  —  c      (z  —  c)'2      (2— c); 


l+l 

/n+1 


(*-«)"«(*-  c-0' 


and 


where 


L  f 

TTl  JC- 


9z   =  «0  +  aj  +  o/+  —  +  aj»  +  E 

Z  —  C  —  t 


g(z)dz        R         1 
«' 


t*+lg(z)dz 


Now  it  can  be  proved  precisely  as  in  §  140,  that  the  limit  of 
when  n  =  x,  is  zero. 
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Again,  on  the  circle  <7",    t  \  >   z  —  c|, 


,  where  £  is  some  point  on  C" ; 


therefore,  since 


Hence 


£-c 


<  1,      lim  En  =  0. 


g(c  +  t)  =  2amtm. 


It  is  clear  that  this  formula  is  not  proved  for  the  case  when 
c  +  1  is  on  the  boundary  of  a  ring-shaped  domain  within  which  g(z) 
is  holomorphic.  The  coefficients  of  the  various  powers  of  t  are 
integrals  which  extend  over  C'  and  C",  but  they  might  equally 
well  be  taken  over  concentric  circles  D',  D"  which  lie  within  the 
former  ring  and  still  include  the  point  c  -f-  t. 

§  142.     Integration  and  differentiation  of  infinite  series. 

If  f(z)  =  %fm(z)  be  a  uniformly  convergent  series  within  a  region 
r,  and  if  the  path  of  integration  L  lie  within  T,  then 


/• 

) 

c/a 


For  let 


then,  however  small  c  may  be,  it  will  always  be  possible  to  choose  n 
so  that  throughout  the  path  L  \  pn(z)  <  c.     If  n  be  so  chosen, 


f 

»/o 


but 


Pn(«)    |ete|< 


<e(lengthof 
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Cb 
Hence,  when  n  tends  to  oc,    \    pn(z)dz  tends  to  zero,  and 


1 

An  immediate  deduction  can  be  made  :  — 

If  <£(*)  =<h(2)  +  «fe(2)  +  <M«)  +  ••• 

be  convergent  within  a  certain  region,  and  if 

f(z)  =  4>/(z)  +  ti(z)  +  <j>3'  (z)  -f  .. 
be  uniformly  convergent  within  the  same  region,  then 


That  Laurent's  series  is  unique  can  be  shown  readily  by  the  use 
of  the  above  theorem  on  integration.     For  if 


we  must  have 

+l(am'-<)r  =  0. 

-  30 

Divide  by  tn+l,  and  integrate  along  any  circle,  centre  c,  which 
lies  within  the  ring.     The  integral    Ctm-n~ldt  is  zero,  except  when 

m  =  n  ;  in  this  exceptional  case  f  —  =  2iri.    Hence,  2iri(an'  —  an)  =0, 

•J   t 

and  an'  =  an,  whatever  integer  71  may  be. 
Laurent's  expansion  consists  of  two  parts, 


and  a^r1  +  a_2r2  +  a_3r3+.... 

The  former  has  a  circle  of  convergence  C',  and  is  convergent  for 
every  point  within  that  circle.     In  the  latter  put  t~l  =  rj  the  series 

a^r1  +  a_2r2  4-  a_3r3  +  ... 
is  convergent  for  all  -points  within  the  ring  C',  C"  ;  that  is, 


is  convergent  for  values  T  which  arise  from  points  near  C".  But  if 
the  series  be  convergent  for  these  values  of  r,  it  is  also  convergent 
for  all  values  of  T  with  smaller  absolute  values,  that  is,  for  all  points 
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t  outside  C".  Thus  the  two  parts  of  Laurent's  expansion  have 
different  domains  of  convergence,  namely,  the  region  inside  C"  and 
the  region  outside  C".  The  region  common  to  these  two  domains  is 
the  ring. 

Laurent's  theorem  shows  that  in  the  neighbourhood  of  an  isolated 
singular  point  c,  a  one-valued  function  f(z)  consists  of  two  parts  ;  an 

integral  series  in  z  —  c  and  an  integral  series  in  -    —     For  z  may 

£  C 

be  taken  nearer  to  c  than  the  nearest  of  the  other  singular  points, 
and  circles  C",  C",  with  centre  c,  can  be  so  drawn  as  to  include  z  and 
no  singular  points  ;  in  other  words  there  is  a  ring  round  c  which  con 
tains  z,  and  within  which  f(z)  is  holomorphic.  Writing  z  =  c  +  t,  we 
may  apply  Laurent's  expansion.  The  larger  circle  C'  must  stop 
short  of  the  nearest  of  the  other  singular  points. 


Functions  of  Several  Variables. 

§  143.  Let  <j>(Zi,  z2)  be  a  function  of  two  independent  variables, 
which  is  holomorphic  when  z1?  Z2  are  confined  to  regions  I\,  F2 
bounded  by  contours  (71?  C2.  If  c1?  c2  lie  within  these  regions,  we  have 

(z,,  z.2)dzl_ 


—  C2 


and  therefore  -  =  ^  c2). 

\2  Trty  A  Jc2  fa  -  Cl)  (z2  -  c2) 

More  generally,  if 


and  _8V^_  =  wijj^j  T    T  _  <^>(gi,  gQ^ 

Sc^iSc^      (2  Tt)  Vc,  Jc2  (^  -  c^+tfa  - 


c2)n»+1 

This  expression  for  —  -  —  ^-  shows  that  the  order  of  differentia- 
fc1<li$cf» 

tion  is  indifferent,  and  also  that  each  partial  derivative  of  <£  fa,  z.2)  is 
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holomorphic  throughout  the  regions  I\,  r2.     By  an  easy  extension 
of  the  method  of  proof  used  in  finding  Taylor's  expansion,  we  have 


:    +§*>•••• 

§  144.  Some  general  theorems  on  holomorphic  and  meromorpliic 
functions. 

A  function  g(z)  which  is  holomorphic  in  a  region  T  and  con 
stant  along  a  curve  of  finite  length,  lying  in  the  region,  is  constant 
throughout  T,  however  small  the  length  may  be. 

This  follows  at  once  from  §  86  and  §  140. 

Hence  it  results  that  two  functions  which  are  holomorphic  in  T 
and  are  equal  for  infinitely  many  points  of  T,  are  equal  throughout  T. 

This  theorem  marks  off  Cauchy's  monogenic  function  (Weierstrass's  analytic 
function)  from  the  function  used  by  Dirichlet.  In  the  historical  account  of  the 
growth  of  the  present  views  on  the  nature  of  functions,  we  showed  that,  adopt 
ing  Dirichlet's  definition,  no  connexion  need  exist  between  the  values  of  a 
function  for  different  values  of  the  variable.  The  monogenic  function  u  +  iv  of 
z  is  not  so  general,  for  it  is  fettered  by  the  differential  equations 

du  _      8v     8u__8v. 
8x          8y'    8y~      5x  ' 

but  the  reader  must  not  suppose  that  these  restrictions  interfere  with  the  use 
fulness  of  the  Theory  of  Functions.  Without  them  u  +  iv  would  cease  to 
possess  a  definite  differential  quotient,  and  fundamental  result^,  such  as  the 
expansion  by  Taylor's  theorem,  Cauchy's  theorem,  etc.,  would  fall  to  the 
ground. 

By  §  87,  a  holomorphic  function  g(z),  which  vanishes  when  z  =  c 
and  is  not  identically  zero,  is,  near  c,  of  the  form  PM(z  —  c)  ;  that  is, 
it  is  equal  to  (z  —  c)m  x  (a  holomorphic  function  which  does  not 
vanish  at  c).  The  integer  m  is  called  the  order  of  multiplicity,  or 
simply  the  order,  of  the  zero  c. 

Differentiation  shows  that 

£'(*)  =  P*-i(*-c),  g"(z)=Pm.s(z-c), 

and  so  on.  Since  a  region  containing  c  can  be  assigned  whose  area 
is  not  infinitely  small,  within  which  there  is  no  zero  of  g(z)/(z  —  c)m, 
it  follows  that  the  number  of  zeros  of  g(z),  which  lie  in  T,  is  finite 
if  T  lie  in  the  finite  part  of  the  plane. 
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Next  let  us  consider  a  function  h(z),  meromorphic  in  r.  Let  c 
be  a  pole  ;  then  by  definition  there  is  a  positive  integer  m,  such  that 
(z  —  c)mh(z)  is  holomorphic  near  c;  therefore 


and  l/fc(z)  =  (z  ~  C)WA'  (*  —  c), 

and  c  is  a  zero  of  l/h(z),  of  the  order  m. 

Since  there  is  a  region  containing  c,  of  area  not  infinitely  small, 
within  which  P0(z  —  c)  is  not  zero  and  is  not  oo,  it  follows  that  the 
number  of  poles  of  h(z)  which  lie  in  T  is  finite,  if  F  lie  in  the  finite 
part  of  the  plane,  and  that  a  zero  and  a  pole  cannot  be  infinitely  near. 

At  a  pole  C  of  order  m,  the  function  h  (z) 


The  importance  of  this  expression  lies  in  the  division  of  7i(z) 
into  a  purely  algebraic  part 


•i        .        .       .m 
(z-cY  z-c 

which  accounts  for  the  polar  discontinuity,  and  into  a  function  holo 
morphic  at  c. 

§  145.  Theorem.  A  function  h(z)  which  has,  within  a  region  T 
in  the  finite  part  of  the  plane,  a  finite  number  of  poles,  can  be  ex 
pressed  as  the  sum  of  a  rational  fraction  and  a  function  holomorphic 
throughout  I\ 

For  let  h  (z)  have,  within  T,  v  poles  c1?  c2,  •  •  •  ,  cv  of  orders 
m1?  w2,  •  •  •  ,  mv.  In  the  neighbourhood  of  c1} 


Z  —  Ci 


where  hi(z)  is  not  infinite  at  c1?  but  is  infinite  at  c2,  c3,  •••,  cv  with 
orders  m2,  mg,  •••  .     As  before,  it  can  be  proved  that 


/ 

(Z  -  C2)  m2        (2  —  C2)  W2-1  2  -  C2 

where  /i2(2j)  is  not  infinite  at  Cj,  c2,  but  is  infinite  at  ca,  c4,  •••,  cv. 
Proceeding  in  this  way,  we  arrive  finally  at  a  function  hv(z)  which 
is  holomorphic  throughout  T.  Hence 
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Bl  B,  jgmg 

(z-c,)^      (z-c.^-^          z-c, 


-f  a  function  which  is  holomorphic  throughout  T. 

Theorem.  If  g(z)  be  holomorphic  throughout  the  finite  part  of 
the  plane,  with  a  pole  at  x  of  order  m,  it  must  be  an  integral 
polynomial  of  degree  m  in  z. 

For  the  one-valued  function  gf  -  j  is  holomorphic  everywhere 
except  at  the  origin,  where  it  has  a  pole  of  order  m.  It  must  be  of 

the  form  ±  +  !±i  +  ...  +  *  +  +(z). 

but  <f)(z)  has  no  singularity  in  the  plane,  and  reduces  to  a  constant 
«0  (§  140)  ;  hence 

g(z)  =  a0  +  djZ  -j-  a.2-  -\  -----  \-amzM. 

Theorem.  If  a  function  h(z)  have  no  infinities  in  the  plane 
other  than  a  finite  number  of  poles,  it  must  be  a  rational  fraction. 

For  h  (z)  =  a  rational  fraction  -f  a  function  which  is  holomorphic 
throughout  the  plane  =  a  rational  fraction  -f-  a  constant. 

Theorem.  Two  meromorphic  functions  h(z)  and  h^z),  which 
have  the  same  zeros  and  the  same  infinities,  with  the  same  or 
ders  of  multiplicity,  are  in  a  constant  ratio  to  each  other.  For 
hi(z)/h(z}  can  be  infinite  at  no  places  other  than  the  infinities  of 
the  numerator  and  the  zeros  of  the  denominator  ;  but,  by  hypothesis, 
each  infinity  of  the  numerator  is  neutralized  by  an  infinity  of  the 
denominator,  and  each  zero  of  the  denominator  by  a  zero  of  the 
numerator.  Hence  hl(z)/h(z)  is  holomorphic  throughout  the  plane, 
and  must  be  a  constant. 


Residues. 

§  146.  Let  c  be  an  isolated  singular  point  of  a  one-valued  function 
/(z)  ;  the  function  can,  as  has  been  said,  be  expanded  in  positive 
and  negative  powers  of  z  —  c,  when  z  is  near  c,  by  means  of  Laurent's 
theorem.  If  we  integrate  round  c,  the  integral  of  each  term  is  zero, 
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excepting  the  term  in  •     Let  the  coefficient  of  this  term  be  a ; 

z  —  c 

therefore  I  /(z)  dz  =  2  via. 

*/(c) 

The  coefficient  a  is  called  (after  Cauchy)  the  residue  of  f(z)  at  the 
point  c. 

The  integral  being  taken  in  the  positive  direction  with  regard  to 
c,  we  have  in  the  case  when  c  is  co 


where  a'  is  the  coefficient  of  -  in  the  expansion  at  oo.     There  is 

accordingly  a  residue  at  co  when  it  is  a  regular  point,  while  at  other 
regular  points  of  the  function  the  residue  is  zero ;  the  reason  being 
that  the  residue  belongs  to  the  integral  rather  than  to  the  function. 
If  lim  (z  —  c)f(z)  be  finite,  this  limit  is  the  residue  at  c,  and  if 

z=c 

lim  zf(z)  be  finite,  this  limit,  with   sign   changed,  is  the  residue 

z=» 

at  co. 

If  we  cannot  apply  Laurent's  theorem  at  a  point  c,  as  may  happen 
when  c  belongs  to  a  cluster  of  essential  singularities,  we  may  draw  a 
contour  C  including  the  cluster,  and  define  the  residue  as 


^-.  f 

iTTlJc 


It  is  evident,  by  differentiation,  that  the  only  infinities  of  h'(z), 
in  T,  are  poles  of  orders  7?ix  +  1,  •••,  mv  +  1,  at  c1?  •••,  cv. 

Cauchy's  theorem  (§  135)  may  now  be  stated  as  follows :  If  a 
function  /(z)  be  holomorphic  in  a  region  T,  bounded  by  a  simple 
contour  Cy,  except  at  isolated  singular  points  c1?  c2,  •••,  cn,  and  if  the 
residues  at  these  points  be  a1?  a2)  •••,  cin,  then 


f(z)dz     =  2  7ri^aK. 
For  f /(«)<&    =2   f    f(z)dz, 

JC  lJ(cK) 

and  I      f(z)  dz  =  2  Trt'a*. 

J  (CK) 

The  theorem  is  true  for  both  the  regions  into  which  C  divides 
the  plane,  if  the  conditions  apply  to  both.     Therefore,  for  a  func- 
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tion  holomorphic  over  the  whole  plane,  except  at  isolated  singular 
points,  the  sum  of  the  residues  is  zero ;  the  residue  at  infinity  being 
included. 

Example.     Verify  that  the  sum  of   the  residues  is  zero  in  the 
cases : — 


(1) 


(z-a)(z-b)(z-C 


When  h(z)  has  a  pole  of  order  m  at  c,  g(z)D  log  h(z)  has  a  residue 
—  mg(c)  ;  #(z)  being  any  function  holomorphic  in  F,  which  does  not 

vanish  at  c,  and  D  standing  for  — 

For          h(z)  =  (z-c)-mP0(z-c),  g(z)  =  g(c)  + P^z-c), 
and  therefore  g  (z)  D  log  h  (z)  =  -  -^  +  P(z  -  c) . 

%  —  C 

Similarly  at  a  zero  c'  of  order  ra'  the  residue  of  g(z)D  log  h(z)  is 
m'g(c').  Therefore,  if  C  be  any  simple  contour  lying  in  F,  we  have, 
by  the  preceding  theorem, 

Cg  (z)  D  log  h  (z)  =  2  vi^m'g  (c')-2  iri^mg  (c) , 
Jc 

the  summations  being  for  all  zeros  and  poles  of  h(z)  which  lie  in  C. 
The  theorem  is  equally  true  if  g(z)  vanish  at  any  of  the  points 
c  or  c'. 

Corollary.  If  ///  be  the  number  of  zeros,  and  p  the  number  of 
poles,  within  a  region  F  bounded  by  a  contour  C, 


provided  a  zero  of  order  m'  is  counted  as  m'  zeros  and  a  pole  of 
order  m  as  m  poles. 

Example.     Show  from  this  formula  that  the  number  of  zeros  of 
the  integral  polynomial  zn  +  a^""1  +  a&n~*  +  •••  4-  an  is  ?i. 

Essential  Singularities.* 

§  147.     If  a0  +  «i2  +  aoZ2  +  •••  be  a  series  whose  circle  of  conver 
gence  is  infinitely  great,  the  series 

a0  4-  «i/z  +  a.2/z-  +  a3/2r3  H 

*  See  §  99. 
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will  represent  a  function  which  is  holomorphic  throughout  the  plane, 
except  at  the  point  0.  The  singularity  at  this  exceptional  point  is 
of  an  entirely  different  nature  from  that  at  a  pole,  or,  to  state  the 
matter  in  another  way,  the  behaviour  of 

a0  +  aj/2  +  a2/z2  -f  as/z*  -f  •  •  •  to  ao, 
at  z  =  0,  is  entirely  different  from  that  of 
Oo  +  ctj/zH  -----  \-an/zn, 

at  the  same  point.  Consider  the  function  el/*.  This  function  is 
holomorphic  throughout  the  plane,  the  point  z  =  0  excepted,  and 

=  1  +  1/2  +  1/2  !  z2  +  1/3  !  z3  +  .... 

If  z  be  near  the  origin,  we  may  put  z  —  peei,  where  p  is  small. 
The  function  el/z  becomes  ecos0/p  x  e^isiu0/p,  and  the  absolute  value  of 
el/z  =  ecose/p.  The  value  of  ecose/(>  depends  upon  the  direction  $  in 
which  z  approaches  the  origin.  If  cos  6  be  negative,  eco*e/p  =  0 
when  p  =  0  ;  if  cos  0  be  positive,  ec°80/p  =  oo  ,  when  p  =  0  ;  if  cos  0 
be  zero,  ecosfl/p  =  1.  There  is  also  indeter  initiation  as  regards  the 
amplitude  —  sin  0/p.  It  is  easy  to  show  that  el/z  takes  an  arbitrarily 
prescribed  value  a  +  i/3  at  infinitely  many  points  within  a  circle, 
whose  centre  is  at  the  origin,  no  matter  how  small  the  radius  may 
be  ;  for  the  equation 


=  a  +  ij3  =  cevi 

gives  1/2  =  log  c  +  i(v  +  2  WITT),  where  m  is  any  integer  ; 

or  #  +  i?/  =  1/(A  +  iB)  ,  where  A  =  log  c,  B  =  v  +  2  m-n-. 

Thus         x  =  ^1/(^12+B2),  y  =  -  B/(A2  +  J52); 

that  is,  the  absolute  values  of  x  and  y  can,  by  varying  m,  be  made 
to  take  infinitely  many  values  less  than  assigned  positive  quantities, 
however  small.  The  argument  fails  when  A  =  oo  ;  that  is,  when 
c  =  0  or  c  =  oo. 

Next  let  us  consider  the  function  I/sin  (1/2).  At  a  point 
2  =  l/mTr,  where  m  is  an  integer,  the  function  has  a  polar  infinity, 
for  the  reciprocal  function  sin  1/2  vanishes.  This  is  true  however 
large  the  integer  m  may  be  ;  therefore,  however  small  be  the  radius 
of  a  circle,  centre  0,  it  is  always  possible  to  find  an  integer  /x,  such 
that  for  m  =  ^  and  for  all  greater  integers,  1/mir  is  less  than  the 
radius  of  the  circle.  Thus  I/sin  1/2  has  infinitely  many  poles 
accumulated  in  the  neighbourhood  of  2  =  0,  and  the  function  cannot 
be  expanded  in  the  neighbourhood  of  z  =  0. 
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The  singularity  of  the  many-valued  function  log  z  at  z  =  0  is  of 
a  different  nature.  Within  the  circle  ;  z  \  =  p,  the  absolute  value 
of  log  z  >  log  p,  and  therefore  log  z  cannot  take  all  assigned  values 
within  the  circle.  The  origin  is  here  a  branch-point  at  which 
infinitely  many  branches  unite. 

§  148.  A  point  c  is  a  pole  or  ordinary  singularity  of  the  one-valued 
function,  when  we  can  transform  the  function  by  multiplying  by  a 
power  of  z  —  c,  into  one  which  presents  no  singularity  at  z  =  c  ; 
otherwise  z  =  c  is  an  essential  singularity.  In  the  reciprocal  of  a  one- 
valued  function  /(z),  poles  become  zeros,  but  essential  singularities 
remain  essential  singularities.  When  a  function  has  infinitely  many 
polar  and  essential  singularities  scattered  over  the  whole  plane,  a 
complication  may  arise  by  the  presence  of  infinite  accumulations  of 
these  singularities  at  special  points  of  the  plane.  This  case  has 
received  treatment  in  some  important  memoirs  (notably  that  of 
Mittag-Leffler,  Acta  Math.,  t.  iv.),  but  the  simpler  case  is  that  in 
which  the  places  of  discontinuity  in  the  finite  part  of  the  plane  are 
isolated.  It  is  this  latter  case  which  we  shall  consider. 

Transcendental  functions  can  be  classified  according  to  the  num 
ber  of  their  essential  singularities.  Those  with  a  finite  number  are 
more  nearly  allied  to  rational  functions  than  those  with  an  infinite 
number.  After  Weierstrass,  we  use  the  notation  G(z)  to  denote  an 
integral  transcendental  function  (see  Ch.  iii.,  §  99).  We  have  used 
g(z}  for  functions  holomorphic  over  the  finite  plane,  or  a  region  of 
it;  while  G(z)  is  reserved  for  functions  holomorphic  throughout  the 
finite  part  of  the  plane.  We  shall  understand  by  G(-  -J  the 

function   defined   by   the   series   —  —  -\  --  ^  --  1  —    to  cc.  where 

z  —  c      (z  —  c)2 
«i«  +  ao22H  —  defines  an  integral  transcendental  function. 

A  theorem  of  Weierstrass  's.  A  one-valued  function  /(z)  which 
has  only  polar  discontinuities  in  the  finite  part  of  the  plane,  and 
which  has  a  single  essential  singularity  at  x,  can  be  represented  as 
the  quotient  of  two  integral  functions. 

The  number  of  polar  infinities  may  be  infinitely  great,  but  only 
a  finite  number  of  these  are  supposed  to  be  scattered  over  the  finite 
part  of  the  plane.  Let  the  poles  be  of  orders  mlt  m2,  •••  at  points 
GI,  c2,  •••,  such  that 


!<|c2    <jc3 


=  30. 


If  a  function  (^(z)  could  be  constructed  with  zeros  of  orders  m^ 
m2,  .-.  at  Cj,  c2,  •••,  the  functions  (^(z)  -/(z)  would  be  finite  for  all 
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finite  values   of  z,  and   would  therefore   be   an   integral   function 

O,  (z),  say.     Hence  f(z)  =  Q&±.     That  the  function    O^z)    can 

GI(Z) 
always  be  constructed  will  be  proved  presently.     In  the  special  case 

when  2  —  is  a  convergent  series,  Weierstrass  has  given  the  follow- 

CA 
ing  very  simple  proof  :  — 

Write,  tentatively, 

G,(Z)  =  (Z  -  Cl)"i(2  -  C2)"X«  -  C3)-3  ...  ; 

then  GI&= 


-CA/ 

(2 c    \ M 
-  )   converges,  where  M  is  the 

greatest  of  the  quantities  m.     This  second  product  converges  with 
|,    that  is,  with    II  [  1  +  z  ~  z° }   or  with   %z~z°.     But 


^Z~Z()    converges   when   2—  •  -  —   converges,   and  therefore 
ZG  -  CA  CA     1  -  2;0/cA 

also  when  2—  converges;  for,  after  a  sufficient  number  of  terms, 


1_^ 
CA 

will  always  be  less  than  some  fixed  finite  number. 

§  149.    Statement  of  the  theorems  of  Weierstrass  and  Mittag-Leffler. 

I.  Factors.  This  example  suggests  the  problem  :  to  represent 
as  an  infinite  product  any  function  which  is  holomorphic  throughout 
the  finite  part  of  the  plane,  and  has  infinitely  many  zeros,  of  which 
only  a  finite  number  lie  within  any  finite  distance  from  the  origin. 
This  problem  has  been  completely  solved  by  Weierstrass,  who  has 
proved  that  such  a  holomorphic  function  can  be  expressed  in  the 
form 


0(0) 

where  c1?  c2,  c3,  •••  are  the  zeros  of  G(z)  arranged  in  ascending  order 
of  absolute  value,  and 
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The  simplest  special  case  of  Weierstrass's  theorem  is  offered  by 
the  integral  polynomial  of  degree  ?i,  which  can  be  represented  as  the 
product  of  n  simple  factors.  Another  example,  which  will  be  proved 
later,  is  afforded  by  the  formula 

sin,rz  =  ir2lI/l--V  * 

II.     Partial  fractions.     We  know  that  any  algebraic  fraction  of 
the  form  c<c          (l         '  '"  '  a»  can  be  converted  into  partial  frac- 


tions,  and  also  that  any  meromorphic  function  7<(z),  with  a  finite 

n  /       1        \ 

number  of  poles  at  c1}  c2,  •••,  cn  in  a  region  r,  =  2«  R   -  ]-f  a 


function  g(z)  which  is  holomorphic  throughout  F,  where  R\ 


. 
represents  an  integral  polynomial  in  l/(z  —  c).      This  theorem  is 

capable  of  great  extension.  Mittag-Lenier  has  shown  that  a  one- 
valued  function  can  be  constructed  with  infinitely  many  polar  or 
essential  singularities  of  assigned  characters  at  places  cl5  Co,  c3,  •••, 

such  that  |  cx   <   c2   <    c3    •••,  L   cn '  =  cc, 

and  that  the  analytic  expression  for  the  function  is 


i  ( 

In  this  theorem  the  number  of  discontinuities  is  infinite  in  the 
whole  plane,  but  finite  in  the  finite  part  of  the  plane.  Weierstrass 
in  a  brilliant  memoir  (Zur  Theorie  der  eindeutigen  analytischen 
Functionen)  proved  the  corresponding  theorem  for  the  special  case 
of  a  finite  number  of  singularities. 

It  is  to  be  noticed  in  Weierstrass's  and  Mittag-Leffler's  Theorems 
that,  when  CK  is  a  pole,  the  series  GK( j  ends  after  a  finite  num 
ber  of  terms,  whereas,  when  CK  is  an  essential  singularity,  the  series 
is  infinite  but  convergent  throughout  every  region  of  the  plane  which 

excludes  the  CK'S,  and  GK  ( j  expresses  a  transcendental  function. 

Further  it  must  be  understood  that  the  points  cb  c2,  •••,  in  the  finite 
part  of  the  plane  are  at  finite  distances  apart,  so  that  oo  is  the  only 
limiting  point  of  the  infinite  system  cx,  c2,  •••. 


*  The  conditions  for  convergence  may  or  may  not  require  that  s  shall  be  constant.  Laguerre 
suggested  a  classification  of  integral  functions  based  on  this  theorem.  When  s  is  constant  he 
called  G(z}  a  function  of  '  genre  '  s.  According  to  this  definition  sin  z  is  of  '  genre '  1.  Hermite, 
Cours  d' Analyse. 
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Proof  of  Mittag-Leffler'  s  Theorem. 

§  150.     We  have  to  construct  a  one-valued  function  f(z)  which 
has  for  its  singular  points  cb  c2,  c3,  •  ••,  and  is  discontinuous  at  these 

points  like   GK(^—\   (K  =  1,  2,  3,   ...).     Expand  #Y_LA  by 

\z  -  cKJ  \z  -  cj 

Maclaurin's  theorem,  in  the  form 


«o,  K  4-  «i,  *z  +  a,,,  ,<z2  H  -----  h  ap,  *&  +  A^  =  /«  (2)  +  A*  say, 
the  circle  of  convergence  extending  as  far  as  CK.     For  a  given  value 
of  z  we  can,  by  taking  p  large  enough,  make  the  remainder  A^,  as 
small  as  we  please.     Let  eb  e2,  •••,  en,---  be  positive  quantities  forming 
a  convergent  series,  and  let  p  be  taken  so  great  that 

<  e«,  where  I  *   <  |  CK  |. 


Consider  now  the  series 


Whatever  finite  value  |  z  may  have,  there  is  a  finite  number  of 
singular  points  CK  which  are  less  than  z  in  absolute  value,  and  an 
infinite  number  which  are  greater  than  z  in  absolute  value.  Suppose 
cn  to  be  the  first  singular  point,  such  that  z  |  <  |  cn 

The  first  n  —  1  terms  of  the  series 

/«(*)l 


form  a  finite  series  with  a  finite  sum.     Removing  these  terms,  we 
have  a  series  whose  terms  are  less  than 

fn  +  e«+i  H —  j  f°r  aU  values  of  |  z   <   cn  , 

since,  if   z\<   cn  |,  it  must,  a  fortiori,  <   cn+l  |,  etc. 

The  series  eu  +  cn+l  +  en+2  H — being,  by  hypothesis,  convergent, 
so  is  the  series 

1 


proving  that  2    GK( )— fK(z)     is  an  unconditionally  and  uni- 

1 L    \z  ~ c/c/         J 

formly  convergent  series,  when   z   is  not   situated  at  one  of  the 
points  c. 

Now  in  a  part  of  the  plane  which  contains  only  the  singular 

point  CK  we  have  assumed  that  f(z)  =  GJ )-{-  a  function  which 

\z  -  cj 
is  holomorphic  in  the  domain  of  CK.     Hence,  by  subtracting  the 
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function  GK(  —  -  —  )  from  /(z),  we  render  the  point  CK  an  ordinary 

\z-cj  /    1    \ 

point.     Instead  of  subtracting  Gj  -  ],  subtract 


the  point  CK  is  equally  an  ordinary  point.     Hence 


is  a  function  6r(z),  free  from  singular  points  in  the  finite  part  of 
the  plane.  We  have,  then,  the  general  expression  for  every  one- 
valued  function  with  isolated  singularities  ;  namely, 


This  theorem  of  Mittag-Leffler's  has  been  stated  in  the  following 
form  by  Casorati  (Aggiunte  a  recenti  lavori  dei  Sig1  Weierstrass  e 
Mittag-Leffler.  Annali  di  Matematica,  serie  ii.,  t.  x.):  — 

Given  a  series  of  functions  of  z,  which  are  finitely  or  infinitely 
many-valued,  let  one  value  be  selected  for  each  when  z  takes  a  given 
initial  value  z0,  and  when  z  describes  a  path  let  the  function-values 
at  a  neighbouring  point  to  z0  on  the  z-path  be  those  which  succeed, 
by  the  law  of  continuity,  those  already  selected.  In  this  way  we 
single  out  an  infinite  series  of  branches  <f>i(z),  ^(z)?  ••••  Suppose 
that  these  branches  can  be  represented  by  integral  series  in  z,  with 
radii  of  convergence  p^  p%  ps,  —  such  that 

Pl  =  P2=P3'~>    Lpn=  30; 

then,  by  a  suitable  choice  of  the  integral  polynomials, 


the  series  (^(z)  -/,(z)) 


can  be  made  unconditionally  and  uniformly  convergent  throughout 
every  part  of  the  plane  from  which  the  singular  points  of  <£i(z), 
<j>2 (z),  •-.,  are  excluded. 

Proof  of  Weierstrass's  Factor- TJieor em. 

§  151.     Let   GU   c2,   c3,  •••,   differ   from   one    another  by   finite 
amounts,  and  let 
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also  let  #,(«)  =  logfl--], 

V       cj 

where  that  branch  is  selected  which 

z        z2         zs 

O 9  O \  '"  ) 

CK      2  <v      3  <v 

a  series  whose   radius  of   convergence   is     CK  \ . 
Leffler's  Theorem, 


Then,  by  Mittag- 


can  be  made  to  converge  unconditionally  and  uniformly  throughout 
every  part  of  the  plane  which  contains  none  of  the  points  c^ 
c2,  €&•••.  This  series  will  represent  a  branch  of  a  many-valued 
function  of  z,  for  when  z  describes  positively  a  closed  contour 
round  several  of  the  points  cx,  each  of  the  corresponding  terms 
increases  by  2iri.  As  the  various  branches  of  x(z)  differ  merely 
by  multiples  of  2?ri,  ex(z)  must  be  one-valued. 


G(z)  =  exw  =  n    1  -  -  )r 


Hence 


is  a  one-valued  integral  transcendental  function,  which  vanishes 
exclusively  at  the  points  cl9  c2,  •••.  In  this  way  we  have  formed  a 
product  which  is  unconditionally  and  uniformly  convergent,  and 

whose  factors  [1  —  —  ]e"/«w,  called  by  Weierstrass  <  primary  factors/ 

V        CJ 
vanish  at  the  assigned  points  c^  c2,  •••  [Casorati,  loc.  cit.]. 

To  complete  the  discussion  let  us  consider  a  mode  of  construction 
of  the  functions  /*(z),  (K  =  1,  2,  •••).  The  problem  is  to  determine 
integral  polynomials  fK  (z)  such  that 


Z>  log 


=  2 


shall  be  unconditionally  and  uniformly  convergent.     We  have 
-!_  =  -/     ,.  z3 

where  /„  M  =  -  +A+  ^ +  •••  +  —• 


Thus 


(JL 

I*— c- 
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and  the  problem  will  be  solved  if  this  latter  series  be  convergent. 

This  will  be  the  case  for  a  fixed  value  of  s,  if  2——  be  absolutely  con- 

CK'+] 

vergent.  For  many  distributions  of  the  points  CK  it  is  possible  to 
find  a  fixed  value  for  s  which  will  make  the  series  absolutely  con 
vergent.  That  there  are  distributions  for  which  s  must  depend  upon 
KJ  is  shown  by  the  series 


_    _      _   _  _ 
(log  3)"         (log  4)*+ 

which  is  divergent,  however  great  s  may  be.  Let  us,  then,  suppose 
s  a  function  of  K  ;  as,  for  instance,  s  =  K  —  1.  The  series  of  abso 
lute  values  is  now 


1 
and  the  ratio  of  the  (K  -f  l)th  to  the  /<th  term  is 

z  —  c' 


which  is  evidently  zero  when  K  =  x  .  Thus  the  series  is  conver 
gent.  That  the  convergence  of  2  ~^~  —  is  uniform  through- 

1   CKK      (Z  —  CK) 

out  every  part  of  the  plane,  which  excludes  the  points  c,  is  evident 
from  the  consideration  that,  for  each  finite  value  of  z,  the  series  can 
be  decomposed  into  two  parts, 


such  that  n  is  finite  and  z  <  j  cn+1  1.  For  all  values  of  z  within  a 
region  of  the  z-plane,  which  contains  none  of  the  points'  CK,  the  lat 
ter  series  is  convergent  and  expressible  as  an  integral  series,  and 
the  former  series  consists  merely  of  a  finite  number  of  terms. 

Now  that  a  satisfactory  form  has  been  found  for  fK,.(z),  namely, 


we  write 


Dlo§G(z)-  2  {  JL.+f^(fi  I  = 

v  %        GJC  J 


where  GQ'(z)  is  holomorphic  throughout  the  finite  part  of  the  plane. 
Multiply  by  ch  and  integrate  ;  the  resulting  equation  is 


where  £0(0)  =  0. 
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The  reader  should  notice  that  the  expression  for  a  holomorphic 
function  as  an  infinite  product  is  fully  determined,  save  as  to  an  expo 
nential  factor  which  nowhere  vanishes.  Also  that  when  r  of  the 
numbers  c  are  equal,  the  corresponding  primary  factor  must  be 
raised  to  the  exponent  r,  and  that  when  r  of  the  numbers  c  =  0,  the 

preceding  reasoning  applies  to  the  function  —  V/,  so  that  G(z)  now 
contains  a  factor  zr. 

§  152.     An  example  of  the  factor-theorem. 

Let  G(z)  =  sin  irz/irz.  The  zeros  of  O(z),  namely  z  =  ±l,  ±2, 
•  ••,  are  distributed  so  that  the  series 

h-  --  h-  -  r  +  •••  is  divergent, 

|  c2         |  c3  1 


but  -  —  -  H  --  -  +  -  —  r,  +  ••  •  convergent. 

2  2  2 


-  +  -       , 

C2|2        |C3|2 

Hence  s  =  1,  and 

G(z)  =  H(l  - 


the  accent  signifying  that  n  =  0  is  omitted.  By  combining  each 
term  (1  —  z/n)ez/n  with  the  corresponding  term  (1  -f-  z/n)e~z/n,  we 
get 

G(z)  =  n(l-z2/n2), 

or  sin  KZ  =  irz(l-  z2/!2)  (1  -  z2/22)  (1  -  z2/32)  •••  , 

or  sin  z    =z(l-  z2/7r2)  (1  -  z2/2  V)  (1  -  z2/3  V)  .... 

The  presence  of  the  exponential  in  the  primary  factor  ensures 
the    unconditional    convergence    of   the    product.      The    value    of 

n 

n(l  —  Z/K)  depends  upon  the  ratio  n/m,  when  n,  m  tend  to  co.* 

An  Example  of  Mittag-Leffler'  s  Theorem.^ 

The  series  2  -  (n  =  0,  ±  1,  ±2,.-.)  is  divergent,  but  if  by 
z  —  nir 

%'  we  denote  that  n  =  0  is  not  to  be  included  in  the  summation, 

i    ,  i  ]  =  s,     » 

—  nir       nir)  mrz 


*  Cayley,  Collected  "Works,  t.  1.,  p.  156. 

t  See  M.  De  Preele,  Bulletin  de  la  Soci£t6  Mathematiqne,  t.  xvi.;  also  Hermite's  Cours 
d'Analyee. 
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is  convergent.  Hence  cot z  —  1/2  —  ^'z/mr(z  —  mr)=  a  holomorphic 
function  G(z).  If  it  can  be  proved  that  G(z)  does  not  become  infinite 
as  |  z  |  tends  to  the  limit  x,  G(z)  must  reduce  to  a  constant  (§  140). 

(i.)  Let  z  =  x  +  iy,  where  y  =£  0.     In  the  expression 
cot  x  cot  n/  —  1          1          v ,         z 


cot  a;  +  cot  iy       x  -f-  f  y         ww  (z  —  mr) 

the  first  two  terms  do  not  tend  to  x  with  z,  and  the  third  term  is 
finite. 

(ii.)  Let  2/  =  0.  The  first  term  is  infinite  only  when  x=m- 
(m  an  integer),  the  second  term  is  infinite  only  when  2  =  0,  while 
the  third  term  tends  to  x  only  for  values  of  x  which  tend  to 
WITT.  To  examine  the  behaviour  in  the  neighbourhood  of  m-ir,  write 
x  =  x'  +  niTT.  The  limit  of  the  function 

cot(s'+mir)  -  X'  +  m7r  is  -  — ,  when  x'  =0. 
m-x  m-n- 

1  x 

This  shows  that  cot  x 2'—  -  is  finite  for   everv 

,         o  x         n-n-ix  —  mr) 

value  oi  x. 

(iii.)  By  combining  (i.)  and  (ii.)  we  see  that  G(z)  is  finite 
throughout  the  plane  and  reduces  to  a  constant.  That  this  constant 

=  0  is  evident  from  the  consideration  that  cot  z  — 1/2  —  2' 

changes  sign  with  z. 


Hence        cot  2  =  12  +  2' 


-x  mr(z  —  mr) 
Examples.     Prove  that 


tanz=2 -,  r=±l,  ±3,  ±5,  •••. 

TTT  [Tir 

TIT— 


=±l.  ±3,  ±5, 


§  153.  Tlieorem.  In  the  neighbourhood  of  an  essential  singu 
larity  c,  a  one-valued  function  approaches,  as  nearly  as  we  please. 
every  arbitrarily  given  magnitude  (Weierstrass). 
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Let  A  be  any  arbitrarily  assigned  magnitude.  We  have  to  prove 
that  within  any  circle,  however  small,  round  c  as  centre,  there  must 
be  infinitely  many  points  such  that  the  value  of  the  function  at  each 
of  these  differs  from  A  by  as  small  a  quantity  as  we  please.  If 
infinitely  many  roots  of  the  equation  f(z)  =  A  lie  within  the  circle, 
the  theorem  is  clearly  true.  If,  on  the  contrary,  the  number  of  roots 
be  finite,  describe  round  c,  as  a  centre,  a  circle  C  in  which  f(z)  is 

nowhere  =  A.     The  function —  has  an  essential  singularity 

/O)  ~  A 

at  z  —  c,  and  no  pole  in  the  neighbourhood  of  c.     Hence  we  may  use 
Laurent's  theorem : 


throughout  the  interior  of  (7,  the  point  c  exclusive.  The  second 
series  converges  throughout  the  plane.  Writing  l/(z  —  c)  =  x,  the 
second  series  becomes  an  integral  series  P(x)  convergent  for  every 
point  within  a  circle  of  radius  R  concentric  with  C.  But,  however 
great  R  may  be,  there  are  points  outside  (7,  at  which  the  absolute 
value  is  greater  than  an  arbitrarily  assigned  value.  Let  x  be  such 
a  point ;  to  it  corresponds  a  point  z  =  c  -f- 1/#,  arbitrarily  close  to  c, 
at  which  the  series  is  greater,  in  absolute  value,  than  any  assigned 
quantity.  Consequently  f(z)  has  values  which  differ  arbitrarily 
little  from  A.  See  Picard's  Cours  d' Analyse.  l 

Picard  has  further  shown  that,  as  in  the  case  of  ez  (§  147),  near 
an  essential  singularity  of  a  one-valued  function  there  are  infinitely 
many  points  at  which  the  function  is  exactly  equal  to  A,  except 
possibly  for  two  values  of  A.  Comptes  Kendus,  t.  Ixxxix.,  p.  745 ; 
Bulletin  des  Sciences  Math.,  1880. 

The  first  theorem  of  §  145  can  be  extended  to  any  one-valued 
functions.  If  fi(z),  f*(z)y  two  one-valued  functions  with  arbitrarily 
many  poles  and  essential  singularities,  coincide  in  value  along  a  line 
L  of  length  not  infinitely  small,  they  must  be  identically  equal. 

For  /j  (z)  — f.>  (z) ,  =  (f)(z),  is  zero  along  L.  Let  C  be  a  closed 
curve  which  does  not  include  a  discontinuity  of  f\(z),  /2(2)?  but  does 
include  a  portion  Ll  of  L.  Within  C,  <j>(z)  is  holomorphic ;  but  it 
=  0  along  LI,  therefore  it  must  =  0  throughout  the  interior  of  C. 
Now  C  may  be  drawn  as  close  as  we  please  to  a  pole  cx  of  /x  (z)  or 
/2(z).  The  place  Ci  cannot  be  a  pole  of  <j>(z),  for  this  would  imply 
an  abrupt  change  in  value  from  0  to  oo.  Assume  cx  to  be  an  essen 
tial  singularity  of  each  of  the  functions  /i(»),/2(«).  All  the  points 
inside  C  and  close  to  CA  make  <f>(z)  =  0,  whereas,  near  cl5  <£(z)  should 
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be  completely  indeterminate.  It  follows  that  c±  is  not  an  essential 
singularity  of  <£(z).  Hence  <£(z),  having  neither  poles  nor  essential 
singularities,  reduces  to  zero.  (This  proof  is  due  to  Picard.  It  is 
to  be  found  in  Hermite's  Cours  d'  Analyse.) 

§  154.  An  w-valued  function  of  z,  which  has  in  the  finite  part 
of  the  plane  only  algebraic  singularities,  is  the  root  of  an  algebraic 
equation  whose  coefficients  are  ineroniorphic  functions  of  z. 

Let  wlt  w.2,-.,  wm  be  the  n  branches.  In  the  preceding  chapter  it 
was  shown  that  near  any  finite  point  z  =  a  there  exists  for  each 
branch  an  expansion  of  the  form  P(z  —  a)l/r/(z  —  a)A/r  where  r  and 
and  A  are  positive  integers.  From  the  behaviour  of  a  cyclic  system 
at  an  algebraic  singularity  a  it  follows  that  if  ^  be  an  integer  the 
sum  of  the  /xth  powers  of  all  the  branches,  £M,  is  unaltered  when 
z  describes  the  circle  (a).  Therefore  S^  is  developable  in  the  form 
P(z  —  a)/(z—  a)",  where  v  is  a  positive  integer;  that  is,  S^  is  a 
one-valued  function,  with  no  finite  singularities  except  poles  j  that 
is,  3^  is  ineroniorphic. 

In  the  equation 

(w-w1)(w-w2)  —  (w-.wn)  =  0     ....   (i.), 
the  coefficients  are  expressible  as  integral  functions  of 


and  are  therefore  also  meromorphic  functions  of  z. 

If  the  equation  in  w  be  irreducible,  a  closed  path  can  be  found 
which  leads  from  a  given  initial  branch  u\  to  any  other,  branch. 

For  if  it  be  possible  to  pass  from  n\  to  «c2,  ws,  •••,«,•*,  K  <  n,  and  to 
no  other  branch,  what  has  been  said  about  all  the  branches  applies 
to  the  system  w1}  w2,  •-,  IVK,  and  we  have  an  equation 


with  meromorphic  coefficients.  That  is,  the  equation  of  degree  n 
admits  a  factor  of  the  same  form  but  of  degree  <  n,  and  is,  there 
fore,  reducible. 

If  the  number  of  singularities  be  finite,  and  if  z  =  x  be  also  an 
algebraic  singularity,  each  coefficient  in  the  equation  (i.)  has  a 
finite  number  of  poles,  and  is  (§  145)  a  rational  fraction.  In  this 
case  iv  is  an  algebraic  function  of  z. 
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§  155.     Applications  of  Cauchifs  theorems  to  definite  integrals. 
(1)    Consider   (  eia*dz/(tf  +  z2),  where  a  and  b  are  real  and  posi 
tive,  and  let  the  contour  G  be  the  semicircle  and  diameter  of  Fig.  45. 

In  the  first  place, 
lim  (z  -  ib)eiaz/(b2  +  z2)  =  e~ab/2  ib  ; 

z=ib 

hence  f  =  7re~ab/b. 

•/(») 

Secondly, 


4fi 

since  \  eia*  \  =  e~ay,  a  quantity  finite  when  y  >0. 

Therefore,  when  the  radius  of  the  semicircle  is  GO  ,  the  integral 
along  it  is  zero.  There  remains  the  integral  along  the  real  axis, 
which  must  be  equal  to  the  integral  round  ib. 


Hence  cfo/(&2  +  **)  =  ^~  "A 

»/-» 

and,  on  separation  of  the  real  and  imaginary  parts, 
cos  axdx/(b2  +  a;2)  =7re-t*/b, 


F 

J-x> 

C™sma 

(2)   Let        /!=  Ceaxdx/(l  +  ex) 
«y  —  °o 


where  a  is  real  and  0  <  a  <  1. 
—.?, — 


-p 


_/7V 

-<?  o  £ 

F/Sf.  45 


*In  72  the  path  of  integration  passee  through^the  pole  *=0  of  the  integrand.    In  euch  a 
case  we  define  the  principal  value  of  the  integral  J*/(»)<I*  as  the  limit  of 


where  c'   c"  are  the  points  in  which  the  path  of  integration  is  cut  by  a  small  circle  with  centre 
at  the  pole,  when  the  radius  of  the  circle  tends  to  zero.    In  the  example,  72  is  the  pnncipal 
of  the  integral. 
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Let  the  contour  C  be  as  in  the  figure,  the  breadth  of  the  rec 
tangle  being  ?r,  and  the  length  oo  .     The  integral 


since  the  pole  z  =  0  is  excluded  by  the  semicircle.  Over  the  paths 
from  p  to  q  and  from  —  q  to  —  p  which  are  of  finite  length,  the 
integrand  vanishes,  and  therefore  the  integral  is  zero.  The  residue 
at  0  being  lim  ze^/^l  —  e*)  or  —  1,  the  integral  along  the  seniicir- 

z=0 

cle  =  iri.     From  q  to  —  q,z  =  x  +  vi,  and  therefore  the  integral  is 


f 

«/co 


or  - 


or 

Or 


Therefore    L  +  vi  —  e^I^  =  0, 

72  —  cos  Tra  -  /!  =  0,   TT  —  sin  Tra  • 
7i  =  TT  esc  ?ra,    Jo  =  TT  cot  Tra, 

It  may  be  remarked  that  if  we  write  the  last  result  in  the  form 

i 

-dx  =  Tr(cot  Tra  —  cot  TT&),  0  <  b  <  1, 


f 

«/— : 


1-e* 


there  is  no  longer  a  pole  at  the  origin,  and  the  statement  is  not 
restricted  to  the  principal  value. 
If  we  write  ex  =  t,  we  have 


r 


ta~ldt/(l  +  i)  =  Tr  esc  Tra, 

-0  =  ^ 


:ra  —  cot 


(3)  In  order  to  make  the  function  log        —  one-valued,  we  draw 

z  —  a 

a  line  from  a  to  (3,  and  regard  this  line  as  a  barrier  which  z  must  not 
cross.  Let  a  and  /?  be  real,  and  let  a  <  (3  ;  the  barrier  may  be 
drawn  along  the  real  axis.  Assign  a  real  value  of  the  logarithm 
to  a  point  x+  on  the  positive  side  of  the  barrier  ;  then  at  any  point 
z  the  value  of  the  logarithm  is 


log 


—  i(supplement  of  angle  azj3). 


\Z- 


Consider  the  integral 


where 


is  a  rational  fraction  ;  for 


Fig.  47 
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simplicity  we  suppose  that  if  n  be  the  degree  of  ^(«),  that  of 
4(z)<n  -  1,  and  that  »//(>)  has  n  simple  zeros  z1;  *2,  -,z*  none  of 
which  lie  011  the  barrier. 

Let   C  consist  of  the  two  sides  of  the  barrier  and  two  small 


circles  round  a  and  ft.     Since  the  residue  at  zr  is  ,   we  have 


l//'(Zr)  Z,.-" 

Again,  the  residues  at  a  and  0  are  zero,  therefore  J^and  J^are  zero, 
and   (   may  be  written 

*/C 


or 


or,  since  the  logarithm  loses  2  TTI  in  passing  from  x+  to  «_, 


the  formula  for  the  integration  of  the  rational  fraction 

T  \"/ 

If  by  log  ^£,  we  mean  that  branch  which  is  real  when  z  is  real 
and  either  >  (3  or  <  a,  log  ^£  =  log  ^  +  id,  and  the  formula 
may  be  written 

J«  "^0*0  '        *'(*')  °g^-*> 

for  ^lyS)^0' 

(4)  In  the  same  way,  if  f(z)  =  ^j-  flog  — 
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X  —  aj       \         X  —  a 

.        R  —  #,  „  C 

log  " dx  +  4  TT-  I 

a;  —  a  Jo. 

and  therefore 


Zr-a 


Examples.     (1)  Prove  that  if  a  be  real  and  0  <  a  <  1, 
I     sin  axdx/x  =  v/2. 

(2)    By  means  of   flog^tl.—  ,  taken  over  the  circle  |  z  :  =  1, 

*/  ^2!          Z 

fir/  2 

prove    I       log  cos  BdO  =  —  TT  log  2/2. 


where  a,  /S  are  real  and  positive,  and  a  <  ft. 

§  156.  Differential  equations.  The  following  paragraphs  give  a 
succinct  account  of  a  method,  due  to  Cauchy,  of  proving  the  existence 
of  integrals  of  differential  equations.  The  mode  of  presentation 
is  taken  from  Briot  and  Bouquet's  Traite  des  Fonctions  Elliptiques, 
second  edition,  1875  (Livre  V.,  Fonctions  definies  par  des  Equations 
Diffe'rentielles). 

It  was  proved  in  §  143  that,  when  <£(z1?  z2)  is  holomorphic  in  the 
regions  I\,  T2  bounded  by  clt  c2,  each  partial  differential  quotient  can 
be  expressed  as  a  definite  integral.  Let  $(z,  ic)  be  a  function  of  the 
two  variables  z,  w,  which  is  holomorphic  in  two  circular  regions  r, 
T15  of  radii  p,  Pl  •  here  z,  w  are  regarded  as  independent  variables. 

The    value    of    ^  '£%^  at  2o,  w0  (the  centres  of  the  two  circles) 


is  given  by         **'+   =  r!  s!    f     f          *(*•  ^)^^ 
&8or8w-o'       (2  r»)Voi  Jc,  (z  -  z»)r+\w  -  wo 

^Vrite  z  —  z0  =  pei0,   w.—  it'0  =  p^i,  then 
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and       r^  s  <  r!  sl-£—a,  where  /x  is  the  greatest  absolute  value  of 

<£(z,  w)  for  the  regions  T,  I\.      For  purposes  of  comparison  we  shall 
need  another  function, 


Z  —  fj(\  \  /  -j 

1  — 


P    A  Pi 

the  partial  differential  quotient  at  z0)  WQ  is 


a  quantity  which  is  real  and  positive  ;  and  therefore 


This  inequality  plays  an  important  part  in  what  follows.     Let 
us  now  consider  the  differential  equation 

dw/dz=  <J>(w,  z), 

where  <£  is  the  function  discussed  above.  Suppose  that,  when  z  =  z0, 
a  value  of  w  is  w0  ;  there  will  be  no  loss  of  generality  if  we  write 
z0  =  0,  w0  =  0,  for  this  merely  amounts  to  a  change  of  both  origins. 
We  have  to  prove  the  existence  of  a  solution  w  =  P±  (z)  . 

Write  tentatively  w  =  P\(z),  so  that  w  =  0  when  2  =  0.    The  coeffi 
cients  in  P!  (z)  must  be  the  values  of  dw/dz,  —  d2w/dz2,  —  dsw/dz*,  •••  , 

when  2  =  0  and  w  =  0.  We  have  for  their  determination  a  system 
of  equations  which  are  free  from  negative  terms, 


w    = 

" 


Zi  W  <f>i2  ~\~  1^    Y*22  ~f"  ^    ^2? 


where  <h 

The  series  which  is  obtained  in  this  way,  namely, 
w0'  2  +  W  ^2/2 !  +  w0'"  zs/3 1+ •  -, 

has,  so  far,  merely  formal  significance  as  an  integral.  For  it  has 
not  been  proved  that  it  converges  in  the  neighbourhood  of  (0,  0),  or 
that  it  actually  satisfies  the  differential  equation.  It  will  be  suffi 
cient  if  we  show  that  the  series  is  convergent  for  a  finite  domain  of 
(0, 0)  ;  for  it  results,  from,  the  method  of  formation  of  the  successive 
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differential  quotients  of  w,  that  <£  and  «:',  together  with  all  their 
differential  quotients  with  regard  to  z,  are  equal  at  (0,  0).  The 
convergence  for  a  finite  domain  is  found  by  comparing  the  series 

ic  =  PI(Z),  derived  from  w'  =  <j>(ic,  z), 
with  the  series 

-JT=  ftOO>  derived  from  W  =  <E(TF,  z),^  „ 
where  *(W,  z)  =  ^/(l  -  TF/Pl)  (1  -  «/p). 

The  coefficients  in  Q1(z)  are  obtained  by  equations 
TF'  = 
TF"  =        -       Q     > (3), 


which  are  precisely  similar  to  the  equations  (2)  ;  and  since  3>  and 
all  its  partial  differential  quotients  are  real  and  positive  at  (0,  0), 
all  these  coefficients  are  real  and  positive.  Further  the  inequalities 

\w'  \  =  \<f>i\, 


which  are  derived  from  (2)  show,  with  the  help  of  the  inequalities 
(1),  that,  when  2  =  0,  ic  =  0,  TF=  0, 


K 


......  ,    j 

and  therefore  |  WOM  \  <  TT0(<0,  K  =  1,  2,  3,  —  . 

It?  follows  that  when  the  series  ^(2)  is  convergent,  the  series 
is  also  convergent.     It  will  therefore  suffice  if  we  prove  the 
convergence  of  Qi(z),  or 

TF0'z  +  TToV/2!  -f  TTo'V/S!  +  •••, 

for  a  neighbourhood  of  z  =  0  which  is  not  infinitely  small.  This 
is  easily  done,  for  the  equation  in  TFcan  be  solved  by  the  separation 
of  the  variables,  one  of  the  ordinary  methods  of  differential  equa 
tions.  Let  W=  0  when  z  =  0  ;  then  the  solution  is 


and  the  two  values  of  TFare  found  by  solving  a  quadratic. 
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That  branch  of  W  which  vanishes  when  z  =  0  is 


Pi  \  Ps 

the  radical  being  supposed  to  reduce  to  +  1  when  z  =  0.  By 
expanding  log  (1  —  z/p),  and  afterwards  the  radical,  as  an  integral 
series,  we  find  that  W  is  equal  to  an  integral  series  Qi(z)  whose 
circle  of  convergence  extends  to  the  nearest  singular  point.  This 
singular  point  is  the  branch-point  given  by 


Pi  V  Ps 

that  is,  z  =  P(l  -  e-Pi/Vp)  =  p'(<  p). 

For  all  points  within  the  circle  (p'),  the  branch  of  W  in  question 
is  given  by  the  series  Qi(z),  whose  coefficients  are  all  real  and 
positive ;  therefore 

I  W\^Q,(  z\). 
This  last  expression   increases  with     z     and  is  equal  to  pl  when 


==  p.     Therefore,  for  all  points  within  the  circle  (p1),    W\  < 


It  follows  that  the  series  PI(Z}  is  convergent  within  the  same 
circle,  and  that  w  \  <  pi  within  this  circle.  Hence  the  solution  is 
a  true  one. 

Briot  and  Bouquet  prove,  by  the  following  considerations,  that 
the  differential  equation  admits  no  other  solution  which  vanishes 
when  z  =  0.  Suppose  that  w  is  the  holomorphic  integral  just  found, 
and  that  w  +  w  is  a  second  integral  which  vanishes  when  z  =  0. 

Hence  dw/dz  =  <f>(w  +  w,  z)  —  <(>(w,  z). 

Since  the  right-hand  side  vanishes  for  w  =  0  independently  of  the 
value  of  2,  it  must  contain  an  integral  power  of  w.     Thus 


where  ij/(z)  is  made  a  function  of  z  only,  by  writing  for  w,  w,  their 
values  in  terms  of  z.  On  separating  the  variables,  this  equation  can 
be  integrated  along  a  curve  (0  to  £)  and  gives 


K-1X 

Since  the  integral  is  finite  and  co0  =  0,  the  equation  is  untrue.     There 
remains  the  case  K  =  1 ;  the  value  of  w  is  then 
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Since  w0  =  0,  o>  must  vanish  identically.     Thus  the  solution  of  the 
kind  proposed  is  not  only  existent,  but  also  unique. 

The  analytic  function  associated  with  the  solution  ic  =  P^z) 
can  be  found  by  the  method  of  continuation.  To  find  a  value  at  a 
place  z',  draw  a  path  from  0  to  z'  and  interpolate  points  between  z 
and  z'  in  the  manner  explained  in  Chapter  III.,  using  each  point  as 
the  centre  for  a  circle  of  convergence.  Progress  towards  z'  may 
be  barred  by  the  presence  of  singular  points  in  the  region  to  be 
traversed. 

§  157.  With  the  aid  of  the  preceding  theorem  it  is  possible  to 
prove  the  existence  and  one-valuediiess  of  ic  as  a  function  of  z  when 


dw/dz  =  V  (ic  —  aj)  ( w  —  a.2)  (w  —  «3)  (ic  —  a.Q, 

«i>  ci-2,  «3>  «4  being  four  constants,  supposed  unequal.  Suppose  that 
ic  =  IL-Q  when  z  =  0,  iv0  being  different  from  the  constants  c<j,  a^  «3,  a4. 
Also  let  the  sign  of  the  radical  be  assigned  when  w  =  ic0.  The 
equation  has  an  integral  which  is  holomorphic  in  the  neighbourhood 
of  z  =  0.  By  the  Weierstrassian  method  of  continuation,  this  ele 
ment  defines  an  analytic  function.  When  a  place  z0  is  reached,  for 
which  w  is  equal  to  «1?  a*,  «3,  «4,  or  cc ,  the  expression  on  the  right- 
hand  side  of  the  equation  for  div/dz  ceases  to  be  holomorphic.  That 
the  integral  of  the  equation  is  holomorphic  in  the  neighbourhood  of 
a  point  z0,  for  which  w  =  «1?  can  be  shown  by  the  transformation 
w  =  «!  -f-  W2.  The  right-hand  side  of  the  resulting  equation, 


2  d  W/dz  =  V(«i  -  a,  -f  W'2)  (a^  —  a.3  +  W2)  (ax  -  a4  +  W2), 

is  holomorphic  in  the  neighbourhood  of  17=  0,  and  therefore  W 
and  iv  are  holomorphic  in  the  neighbourhood  of  this  point  z0. 
Similarly  the  transformations  w  =  1/TF,  z  =  z(]  -f  z'  enable  us  to 
determine  what  happens  at  a  point  z0  for  which  zc  =  x.  For  the 
equation 


d  W/dz'  =  -  V  (1  -  «!  W)  (I  -  a,  W)  (1  -  «s  W)  (1  -  aJV) , 

when  coupled  with  the  initial  conditions  z'  =  0,  Ur=  0,  has  an 
integral  W  which  is  holomorphic  in  the  neighbourhood  of  z'  =  0,  and 
z  =  z0  is  a  pole  of  w.  Thus,  whatever  be  the  values  of  iv  at  a  point 
z  =  zQ,  the  integral  of  the  differential  equation  is  one-valued  in  the 
neighbourhood  of  z  =  ZQ. 

Picard  has  pointed  out  (Bulletin  des  Sciences  mathematiques, 
1890 ;  Traite  d' Analyse,  t.  ii.,  fasc.  1)  that  the  above  considerations 
do  not  prove  that  the  function  w  is  a  one-valued  function  of  z 
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throughout  the  finite  part  of  the  z-plane.  It  has  been  assumed  that 
the  value  of  the  integral  is  determinate  at  each  point  of  the  2-plane. 
He  makes  the  method  of  continuation  apply  rigorously  to  the  whole 
plane  by  proving  that  the  continuation  can  be  effected  by  a  circle  of 
fixed  radius  p.  Sound  the  points  a.1}  a2,  a3,  a4,  co  describe  circles 
(«i)>  (^2)?  («s)>  (^4)?  (<*>)•  Within  the  region  bounded  by  these 
five  circles  there  is  a  finite  radius  of  convergence  at  each  point,  and 
therefore  a  lower  limit,  which  does  not  vanish,  for  the  radii  of  con 
vergence.  When  w  lies  within  (a),  the  transformation  w  =  ax  -f  W2 
transforms  (aL)  into  a  new  circle,  and  so  long  as  W  lies  within  this 
new  circle,  there  is  a  lower  limit  of  the  radii  of  convergence  for  W. 
Similarly  for  the  other  points  a2,  a3,  a4,  GO.  The  least  of  these  six 
lower  limits  of  the  radii  of  convergence  of  the  series  which  define  ID 
is  a  number  p,  different  from  0 ;  and  when  we  assign  to  z,  w  any 
arbitrary  values  z0,  w0,  z0  being  finite,  w  is  one-valued  and  determi- 
nable  within  the  circle  whose  centre  is  z0  and  whose  radius  is  the 
fixed  number  p.  From  this  the  desired  conclusion  follows. 
If  we  attempt  to  apply  the  same  argument  to  the  equation 

dw/dz  =  V (w  —  ax)  (w  —  a2)  •  •  •  (w  —  a.2p+2), 
we  have,  when  iv  =  1/TFJ 


dW/dz  =  -  V(l  -  «!  W)  (1  -  c<2W) -•  (1  -  a,p+2W)/Wp-\ 

and  the  function  on  the  right  is  not  holomorphic  in  the  neighbour 
hood  of  W=  0,  when  p  >  1.  The  inference  is  that  w  is  not  a  one- 
valued  function  of  z  throughout  the  finite  part  of  the  z-plane ;  in 
point  of  fact,  w  is  an  infinitely  many-valued  function  of  z,  as  witi 
appear  later. 

References.  On  the  general  subject  of  this  chapter,  the  reader  should  con 
sult  :  Briot  and  Bouquet,  Fonctions  Elliptiques ;  Cauchy's  Works ;  Hermite's 
Cours  d' Analyse  ;  Jordan's  Cours  d' Analyse  ;  Laurent's  Traite  d' Analyse. 

Cauchy's  fundamental  theorem  has  been  extended  to  double  integrals  of 
functions  of  two  independent  complex  variables  by  Poincare  (Acta  Math.,  t.  ix.). 
Algebraic  functions  of  two  variables  are  discussed  in  Picard's  prize  memoir 
(Liouville,  ser.  iv.,  t.  v.). 


CHAPTER  VI. 

RIEMAXX  SURFACES. 

§  158.  Hitherto  we  have  considered  the  z-plane  as  a  single  plane 
sheet  upon  which  the  variable  z  is  represented.  In  the  Argand 
diagram,  to  each  point  z  are  attached  all  the  corresponding  values  of 
w.  As  long  as  iv  is  a  one-valued  function  of  z,  no  difficulty  arises ; 
for  every  path  from  z0  to  z  in  the  Argand  diagram  leads  from  the 
initial  value  IVQ  to  the  same  final  value  w.  But  if  iv  be  a  many-valued 
function,  a  definitely  selected  initial  value  at  z0  does  not  determine 
which  of  the  values  is  to  be  chosen  at  z,  since  different  paths  from 
zQ  to  z  may  lead  to  different  values  of  w  at  z.  A  familiar  instance 
is  afforded  by  the  algebraic  function  given  by  the  irreducible  equa 
tion  F(wn,  zm)  =  0.  Here  each  point  z  has  attached  to  it  n  values 
w.  When  n  >  1,  two  paths  from  z0  to  z  can  always  be 'found  which 
will  lead  from  the  same  initial  value  w0  at  z0  to  different  values  at  z. 

In  Riemann' s  method  of  representation  one  value  of  w,  and  only 
one,  corresponds  to  each  point  of  a  surface.  Before  considering  the 
general  problem  we  shall  show  how  to  form  a  Riemann  surface  in 
some  simple  special  cases. 

Let  iv  =  Vz.  To  one  z  in  the  Argand  diagram  correspond  two 
values  of  w,  whereas  we  wish  to  make  two  points  correspond  to  two 
values  of  w.  To  these  two  points  the  same  complex  variable  z  should 
be  attached. 

Instead  of  a  single  z-plane  we  take  two  indefinitely  thin  sheets, 
one  of  which  lies  immediately  below  the  other.  For  convenience  of 
description  we  suppose  them  to  be  horizontal.*  To  the  one  value  of 
z  correspond  two  places  in  these  sheets,  one  vertically  below  the 
other.  Every  place  in  the  upper  or  lower  sheet  has  one,  and  only 
one,  of  the  two  values  Vz,  —  Vz,  permanently  attached  to  it.  If,  for 
a  given  z,  Vz  be  attached  to  the  upper  sheet,  then  —  Vz  must  be 
attached  to  the  lower  sheet  at  the  point  z ;  but  we  cannot  infer,  from 

/*To  avoid  confusion  we  shall  speak  of  a  point  of  a  Riemann  surface  as  a.  place.  A  pair  of 
njxnbers  (z,  w)  is  attached  to  each  place,  and  serves  to  name  the  place;  but  it  is  frequently  con 
venient  to  use  a  single  letter  for  the  pair  (z,  w).  When  n  sheets  are  spread  over  the  Argand  dia 
gram  for  z,  the  vertical  line  through  the  point  z  meets  the  surface  in  n  places  (z,  tc). 
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this  alone,  the  value  for  the  upper  sheet  at  a  second  point  z'.  When 
z  =  0  or  co ,  the  values  of  w  are  equal,  and  only  one  place  is  needed 
to  represent  them  ;  hence  we  regard  the  sheets  as  hanging  together 
at  0  and  co .  But  we  require  a  further  connexion  between  the  two 
sheets.  In  the  Argand  diagram  a  closed  path,  which  starts  from  z 
and  passes  once  around  the  origin,  leads  from  Vzjbo  —  Vz.  There 
fore,  in  the  Eiemann  representation,  if  the  path  start  from  a  place 
in  the  upper  sheet,  to  which  a  value  Vz  is  attached,  it  must  lead  to 
that  place,  in  the  lower  sheet,  which  lies  vertically  below  the  initial 
place.  It  follows  that  either  we  must  give  up  the  idea  of  having 
only  one  w-value  attached  to  each  place  of  the  two  sheets,  or  else  we 
must  make  a  connexion  or  bridge  between  the  sheets,  over  which 
every  path,  which  goes  once  round  the  origin,  must  necessarily  pass. 
If  the  bridge  stretch  from  0  to  co ,  without  intersecting  itself,  this 
condition  will  be  satisfied  for  any  finite  path.  In  this  example  it 
should  be  noticed  that  0  and  co  are  branch-points  in  the  z-plane,  and 
that  the  bridge  extends  from  branch-point  to  branch-point. 

Secondly  we  know  that  the  same  path,  described  twice  in  the 
same  direction,  leads  from  Vz  to  Vz,  i.e.  from  a  place  of  the  upper 
sheet  to  the  same  place  of  the  upper  sheet,  assuming  that  the  initial 
place  lies  in  the  upper  sheet.  The  first  circuit  takes  the  place  into 
the  lower  sheet ;  in  order  that  the  second  circuit  may  restore  the 
place  to  the  upper  sheet,  it  is  necessary  that  it  should  pass  along  a 
bridge  from  the  lower  sheet  to  the  •  upper.  This  condition  and  the 
preceding  one  are  satisfied  by  a  double  bridge,  or  branch-cut,  which 
extends  from  0  to  co.  Figure  48,  a,  is  a  section  of  the  surface  made 
by  a  plane  perpendicular  to  the  bridge. 


0*2  62 

«i       b\ 


V  ><  X  (ft) 

Fig.  45 

Finally  a  closed  path  in  the  Argand  diagram,  which  includes  no 
branch-point,  restores  the  initial  value  of  to.  It  remains  then  for 
us  to  show  that  such  a  path  gives  a  closed  path  in  the  Riemann. 
surface.  There  is  often  an  advantage  in  distinguishing  by  suffixes 
the  places  in  which  a  vertical  line  cuts  the  sheets.  In  this  notation 
3i  and  Zo  mean  corresponding  places  z  in  the  first  and  second  sheets. 
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A  closed  path  which  starts  at  ^  must  end  at  z:  and  not  at  z2.  TVith 
this  notation,  Fig.  49  shows  that  a  closed  path  in  the  Argand 
diagram  which  does  not  enclose  0,  is  a  closed  path  in  the  Riemann 
surface.  For  instance,  a  point  which  starts  at  a  place  al  am 
describes  the  path  in  Fig.  49,  in  the  direction  of  the  arrow,  passes 
at  b  into  the  lower  sheet,  at  c  into  the  upper  sheet,  at  d  into  the 


Fig.  49 


lower  sheet,  and  finally  at  e  into  the  upper  sheet,  returning  to  the 
initial  place  a^  The  figure  also  shows  that  the  path  qir.2q.2  leads 
from  q±  to  qs,  whereas  qirflj-tfi  is  closed. 

The  Eiemann  surface  for  w  =  Vz  is  of  the  form  given  in  Fig.  50. 
Looking  from  0  to  a,  the  sheet  1  on  the  left  continues  along  Oa  into 
the  sheet  2  on  the  right,  and  the  sheet 
1  on  the  right  into  the  sheet  2  on  the 
left.  The  branch-cut  Oa  extends  from 
0  to  oc,  but  is  not  necessarily  straight ; 
the  sheets  1  and  2  are  nearly  parallel, 
infinitely  close  to  one  another,  and 
infinitely  extended  in  two  dimensions. 
The'  figure  illustrates  the  way  in  which 
the  surface  winds  round  the  point  0. 

The  displacement  of  a  branch-cut. 
The  places  OL,  62,  are  consecutive  in 
Fig.  48,  a ;  but  a1;  61?  or  a.,,  62>  are  not 
consecutive.  Thus  if  the  values  of  the  function  at  ait  a2,  be 
Va,  —  Va,  continuity  requires  that  the  values  at  61?  b2,  shall  be 
—  V&,  V& ;  then  the  values  at  c1?  c?1?  •  •  •  are  —  Vc,  —  VcJ,  •  •  •,  and 
so  on.  The  position  of  the  branch-cut  or  bridge  has  been  defined 
only  to  this  extent,  that  it  must  pass  from  0  to  oc,  and  never  cut 
itself.  Xaturally  any  other  branch-cut,  subject  to  these  conditions, 


Fig.  50 
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will  equally  serve  our  purpose.  Let  the  cut  be  deformed  from  V 
to  V'j  and  consider  the  same  vertical  section  of  the  surface  as  in 
Fig.  48.  Fig.  48,  b,  represents  the  new  state  of  things.  A  com 
parison  of  this  figure  with  Fig.  48,  a,  shows  that  the  points  which 
have  changed  sheets  (e.g.  &1}  62,  which  have  become  b2',  &/)  carry  the 
values  of  w  with  them.  For  the  value  at  a1?  in  Figs.  48,  a,  and 
48,  6,  being  V«,  the  value  at  b2  in  Fig.  48,  a,  is  Vfr,  and  the  value 
at  &/  in  Fig.  48,  b,  is  also  V0.  Viewing  the  whole  surface,  Fig.  50, 
when  the  branch-cut  is  shifted  to  V,  the  part  of  the  lower  sheet 
between  V  and  V  becomes  part  of  the  upper  sheet,  and  vice  versd. 
These  considerations  show  what  is  involved  in  the  shifting  of  a 
branch-cut. 

Let  us  next  examine  the  function  w  =  V(2  —  a)  (z  —  b).  This 
function  is  two-valued ;  we  wish  to  make  one  value  of  ID  correspond 
to  one  place  of  the  Eiemann  surface,  and  must  therefore  have  a 
two-sheeted  surface.  The  branch-points  are  a  and  b.  In  the  Argand 
diagram,  we  know  that  a  circuit  round  either  branch-point,  with  an 
initial  value  w,  leads  to  a  final  value  —  iv  ;  while  a  circuit  which 
includes  both  branch-points  restores  the  initial  value.  This  suggests 
that  we  draw  a  bridge  from  a  to  b.  Any  path,  on  meeting  the 
bridge,  has  to  change  from  one  sheet  to  another,  but  the  sheets  are 
unconnected  except  along  the  bridge. 

§  159.  The  Riemann  sphere.  We  have  now  had  two  simple 
illustrations  of  a  Eiemann  surface.  Before  giving  other  examples 
and  the  general  theory,  we  point  out  that,  as  in  the  case  of  the 
Argand  diagram,  there  is  often  a  great  advantage  in  substituting 
for  a  surface  formed  of  infinite  plane  sheets  a  closed  surface.  Any 
surface  may  be  selected  which  has  a  (1,  1)  correspondence  with  the 
plane  surface,  the  simplest  closed  surface  being  the  sphere. 

Let  us  suppose,  then,  the  Eiemann  surface  inverted  with  regard 
to  an  external  point  0',  which  lies  vertically  below  0  at  unit  distance. 
A  two-sheeted  Eiemann  surface  becomes  two  infinitely  near  spheres, 
joined  together  at  the  branch-points.  These  two  spheres  touch  each 
other  at  0',  but  by  a  slight  displacement,  this  connexion  can  be 
destroyed,  except  when  oo  is  a  branch-point  in  the  plane  surface ; 
in  fact,  in  the  last  example,  the  only  connexion  is  along  a  line 
extending  from  the  branch-point  a  to  the  branch-point  b,  whereas 
the  Eiemann  sphere  for  the  function  iv  =  -\/z  has  branch-points  at 
0  and  0',  which  are  connected  by  a  bridge  lying  along  any  line,  as 
for  instance  the  half  of  a  great  circle,  from  0  to  0'. 

It  is  now  clear  that  the  function  Vz  is  only  a  case  of  the  more 
general  function  V(«  —  a)  («  —  &).  We  may  regard  the  sphere,  in 
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the  second  case,  as  stretched,  without  tearing,  until  the  branch 
points  are  diametrically  opposite,  and  then  developed,  by  inversion, 
upon  the  tangent  plane  at  either  branch-point.  It  should  be  noticed 
that,  in  the  case  of  V(z  —  a)  (z  —  &),  the  method  suggested  by  the 
first  example,  namely,  the  drawing  of  branch-cuts  from  a,  b,  to  oo , 
does  not  differ  essentially  from  that  adopted  here;  for  oo  is  an 
ordinary  point  on  the  sphere,  and  the  two  cuts,  from  a,  6,  to  GO  , 
amount  merely  to  a  single  cut  from  a  to  b. 

§  160.  The  function  w  =  zv/l.  To  a  given  z  correspond  n  values 
of  w.  We  wish  to  make  one  value  of  w  correspond  to  one  place  of 
the  Eiemann  surface ;  we  must  therefore  have  an  ?i-sheeted  surface. 

Let  the  n  values  of  w,  for  a  given  z,  be  ii\  =  z1/n,  w2  =  aw1}  w3  =  a2w1} 

t\  o 

•••,  wn  =  an~X>  where  a  =  cos  —  +  i  sin—     The  way  in  which  we 

n  n 

number  the  sheets  is  immaterial.  Let,  then,  wlt  w2,  •••,  wn  belong, 
initially,  to  the  first,  second,  •••,  nth  sheets  respectively.  In  the 
Argand  diagram,  one  positive  circuit  round  the  origin  changes  z1/n 
into  azl/n,  i.e.  u\  into  w2.  A  second  circuit  changes  tv2  into  w3J  •••,  an 
nth  changes  icn  into  u\. 

Hence  if,  with  the  previous  notation,  zb  z2,  •••,  zn  be  n  places  in 
the  same  vertical  line,  to  all  of  which  z  is  attached,  the  first  circuit 
must  lead  from  zl  to  z.2)  the  second  from  z2  to  z3,  •••,  the  ?ith  from  zn 
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Fig.  51 

to  Z!.  A  bridge  must  be  drawn,  as  in  Fig.  49.  A  closed  path  which 
passes  once  round  the  origin  is  an  open  curve  in  the  Eiemann  sur 
face.  Suppose  that  this  path  starts  at  the  point  z,  and  proceeds  in 
the  positive  direction.  The  first  description  leads  from  zl  to  z2,  the 
second  from  *2  to  z3.  ...,  the  ??th  from  zn  to  zv  A  negative  descrip 
tion  of  the  path  leads  from  zl  to  ZB,  from  zn  to  zn_lf  from  zn_i  to  zn_2, 
and  so  on.  By  drawing  the  bridge,  it  is  easy  to  see  that  any  closed 
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path  in  the  Argand  diagram,  which  does  not  include  the  branch 
point  0,  gives  a  closed  path  on  the  Kiemann  surface,  for  such  a 
path  must  cross  the  bridge  an  even  number  of  times  (see  Fig.  49  for 
the  special  case  «  =  2)  ;  let  a,  b  be  two  consecutive  points  where 
the  path  crosses  the  bridge.  If,  at  a,  the  point  pass  from  the  /<tli 
to  the  Xth  sheet,  it  remains  in  the  Ath'  sheet  till  it  reaches  b,  and 
then  passes  back  to  the  icth.  sheet.  Thus,  on  the  whole,  it  returns 
to  the  original  sheet,  and  the  path  is  closed.  Fig.  51  represents  a 
section  of  .the  surface  made  by  a  plane  perpendicular  to  the  direc 
tion  of  the  bridge,  and  viewed  from  the  origin. 


§161.  The  function  w  =  ^z  (l-z)  (a-  z)(b-  z)  (c  —  z).  The 
function  is  two-valued,  with  branch-points  at  0,  1,  a,  &,  c,  co  .  The 
Eiemann  surface  must  be  two-sheeted.  It  is  required  to  find 
the  connexions  between  the  sheets.  From  the  theory  of  loops  we 
know  that  a  closed  curve  which  surrounds  an  even  number  of  the 
six  branch-points  (infinity  included),  or  which  passes  an  even 
number  of  times  round  a  single  branch-point,  will  reproduce  the 
initial  value  of  w ;  whereas,  if  the  curve  enclose  branch-points  an 
odd  number  of  times,  the  initial  value  of  ^u  is  reproduced  with  a 
change  of  sign.  The  branch-cuts  in  the  Kiemann  surface  must  be 
so  constructed  that  a  path,  which,  is  closed  in  the  Argand  diagram, 
shall  lead  from  zl  to  Zi  or  z.2,  according  as  it  includes  an  even  or  an 
odd  number  of  branch-points,  where,  in  estimating  the  number,  we 
must  count  each  branch-point  as  often  as  the  path  encircles  it. 

A  figure  would  show,  immediately,  that  cuts  along  straight  lines 
from  0,  1,  a,  b,  c,  to  <x>  satisfy  these  requirements,  but  a  simpler 
arrangement  is  to  join  0  to  1,  a  to  b,  c  to  GO  ,  by  branch-cuts.  These 
branch-cuts  must  not  cross  themselves  or  one  another.  In  Fig.  52 
they  are  represented  by  straight  lines.  This  figure  shows  that  paths 


Fig.  52 

which  enclose  an  even  number  of  branch-points  in  the  z-plane  are 
closed  on  the  Eiemann  surface,  whereas  q^rq2,  which  encloses  three 
branch-points,  begins  in  the  upper  sheet  and  ends  in  the  lower. 

In  the  same  way  the  Kiemann  surface  can  be  found  for  the  square 
root  of  a  rational   integral  function  of  degree  2  n  —  1  or  2  n.     It 
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should  be  noticed  that  the  former  function  is  a  special  case  of  the 
latter,  created  by  one  branch-point  moving  off  to  infinity. 

§  162.    Riemann  surfaces  for  irreducible  algebraic  functions. 

We  are  now  in  a  position  to  construct  a  Kiemaiin  surface  for  the 
general  algebraic  function.  Let  the  function  be  w-valued.  Take  n 
infinitely  thin  sheets,  lying  infinitely  near  one  another.  We  first 
assign  to  the  n  sheets  the  branches  which  correspond  to  a  given  z, 
say  z  ==  z(0),  which  is  not  a  critical  point.  When  z  describes  a  path 
from  2(0)  to  a  branch-point  a,  we  determine  by  the  principle  of  con 
tinuity  those  values  into  which  the  several  initial  values  of  w  pass; 
by  observing  those  which  belong  to  the  cyclic  systems  near  a  we 
decide  the  connexion  of  the  sheets  at  a.  Through  the  sheets  to 
which  one  and  the  same  cyclic  system  of  values  is  attached,  a  branch- 
cut  is  drawn  from  a  to  x  ,  and  this  is  done  for  each  cyclic  system  at 
a  ;  the  branch-cuts  being  distinct,  though  they  may  interlace  (as  in 
Fig.  53). 


Starting  afresh  from  z(0),  we  repeat  the  process  for  every  other 
branch-point. 

It  will  be  convenient  to  suppose  that  neither  the  paths  from 
2(0)  to  the  branch-points,  nor  the  branch-cuts  from  the  branch-points 
to  x  ,  intersect  one  another ;  also  that  none  of  the  paths  encounters 
a  branch-cut.  It  is  clear,  as  in  §  159,  that  a  new  system  of  paths 
may  lead  to  quite  different  connexions  of  the  sheets.  When  the 
connexions  of  the  sheets  have  been  ascertained,  the  branch-cuts  can 
not  be  drawn  at  random,  but  rnust'Satisfy  the  requirements  of  the 
cyclic  system  or  systems  at  oc  .  That  is,  a  very  large  circuit  which 
begins  at  any  place  of  the  surface  must  produce  the  same  effect  as 
in  the  theory  of  loops ;  this  effect  being  nil  when  oo  is  not  a  branch 
point. 

The  system  of  branch-cuts  adopted  is  merely  one  of  infinitely 
many  which  are  available  when  the  connexion  of  the  sheets  has  been 
established.  For  example,  the  cuts  may  be  drawn  to  any  finite 
point  instead  of  to  x  ,  regard  being  paid  to  the  requirements  of  the 
cyclic  systems  at  that  point  and  to  the  branch-point  at  oo .  Sup- 
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pose  that  a  non-critical  point  z0  is  selected  in  the  Argand  diagram 
and  that  cuts  are  made  in  the  z-plane  from  z0  to  the  branch-points 
of  the  function.  Let  these  cuts,  Vi,  V2)  •••,  Vr)  be  regarded  as  hav 
ing  positive  and  negative  banks,  which  are  met  in  the  order 
Fi+FrF2+  •••  Vr+V~  on  description  of  a  small  circle  round  z0.  By 
superposing  n  —  1  similarly  cut  sheets,  called  sheets  2,  3,  •••,  n,  on 
the  2-sheet,  and  by  joining  the  n  positive  banks  of  the  cuts  VK  to  the 
n  negative  banks  of  the  same  cuts,  the  n  sheets  become  connected, 
and  the  sheets  1,  2,  ••-,  n  pass  into  the  sheets  a1?  a2,  ••-,  anf  where 
(«!,  «2,  •••,  «„)  is  a  permutation  of  (1,  2,  •••,  n).  Let  the  resulting 
substitutions  along  the  r  cuts  F*  be  Slt  S2,-~,  $r;  then  if  the  new 
surface  is  to  be  a  Biemann  surface  in  which  it  is  possible  to  pass 
from  any  one  place  to  any  other  by  a  continuous  path,  it  is  necessary 
that  /S1S2-~Sr  be  equal  to  1.  When  an  w-sheeted  surface  is  con 
structed  by  the  process  just  described,  the  requisite  data,  in  order 
that  it  may  be  a  Riemann  surface,  are  the  positions  of  20,  of  the 
branch-points,  and  of  the  lines  F*,  together  with  the  substitutions 
$D  $2?  •••>  $r>  where  jS1S2-»Sr  =  'L.  See  Hurwitz,  Riemann'sche 
Flachen  mit  gegebenen  Verzweigungspunkten,  Math.  Ann.,  t.  xxxix. 

A  branch-point  a  in  Cauchy's  theory  of  loops  is  on  the  Riemann 
surface  one  or  more  branch-places  (a,  b)  with  or  without  ordinary 
places  (a,  c) ;  all  these  places  lying  in  the  same  vertical.  A  loop  to 
a  from  z(0),  in  Cauchy's  theory,  is  a  vertical  section  of  the  surface, 
consisting  of  n  loops  on  the  surface  which  are  closed  or  unclosed 
according  as  they  pass  near  (a,  c)  or  (a,  b).  When  a  branch-cut  has 
been  drawn  from  every  branch-place  to  <x> ,  any  path  C  on  the  sur 
face  which  begins  and  ends  at  places  in  the  same  vertical  can  be  con 
tracted  into  loops  on  the  surface,  precisely  as  in  §  127.  For  there 
has  arisen  nothing  to  invalidate  the  theorem  of  that  article.  A  closed 
loop  on  the  surface  is  of  no  effect,  and  may  be  omitted. 

To  each  place  of  the  surface  there  corresponds  a  pair  of  numbers 
(z,  w)  satisfying  the  equation  F=  0.  How  many  places  of  the  sur 
face  correspond  to  each  pair  of  numbers  ?  Evidently  only  those 
places  which  lie  in  the  same  vertical,  and  which  also  bear  the  same 
value  of  w.  First,  when  z  is  near  a,  let  r  values  of  w  become  nearly 
equal  to  b,  and  form  a  cyclic  system.  As  in  §  160  the  r  sheets  in 
which  these  nearly  equal  values  lie  are  regarded  as  hanging  together 
at  one  place  (a,  b),  whether  or  not  these  sheets  are  consecutive. 
Next,  let  there  be  a  node  at  a ;  then  not  only  are  two  values  of  w 
equal  to  b  when  z  is  equal  to  a,  but  also  two  values  of  z  are  equal  to 
a  when  w  is  equal  to  b.  The  series  near  a  for  these  branches  are 
integral  (§  113),  and  a  circuit  round  a,  which  starts  from  a  place 
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near  (a,  b),  must  lie  wholly  in  one  sheet.  There  is  therefore  no 
connexion  between  the  two  sheets  near  (a,  b}.  And,  in  general, 
when  the  pair  (a,  b)  constitute  a  higher  singularity,  the  sheets  to 
which  are  attached  those  branches  which  are  given,  near  (a,  6),  by 
integral  series,  have  no  connexion  at  (a,  b)  with  other  sheets.* 

"We  have  already  had  instances  in  which  branch-cuts,  instead  of 
proceeding  to  the  common  point  oo ,  are  drawn  directly  from  one 
branch-place  (a,  b)  to  another  (a',  b').    We  have  now  to  examine  when 
this   is   possible.     Since    branch-cuts 
are  not  allowed  to  cross  one  another, 
the  same  sheets  must  hang  together 
at  the  two  branch-places,  and  a  path 
C,  which  starts  in  one  of  these  sheets 
and  encloses  these  branch-places  and 
no  others,  must  run  entirely  in  the 
one  sheet.     If,  then,  on  crossing  the 
original  branch-cut  a  ce  ,  C  pass  from 
the   *th  to   the   Ath   sheet,   it   must 
on  crossing  the   original   branch-cut  p-    Q* 

a'oo,   pass    back    from    the    Ath    to 

the  Kth  sheet.  This  shows  that  if  the  positive  loop  from  z(0)  to 
a  permute  the  branches  in  the  cyclic  order  (iCiWZ"-wr),  the  posi 
tive  loop  from  z(0)  to  a1  must  permute  the  same  branches  in  the 
cyclic  order  (wiW-vw-V-i  •  •  •  «-2)  ;  that  is,  the  substitutions  due  to  the 
branch-cuts  at  z(0)  must  be  inverse.  If  not,  aa'  is  not  a  permissible 
branch-cut.  When  the  surface  is  two-sheeted,  the  condition  is  satis 
fied  by  any  pair  of  branch-points. 

§  163.    Examples  of  Riemann  surf  aces  for  algebraic  f 'auctions. 

The  construction  of  a  Eiemann  surface,  in  the  study  of  the  rela 
tion  of  two  complex  variables,  is  an  exercise  similar  to  the  tracing 
of  a  curve  in  the  field  of  real  variables.  The  present  problem  is  to 
map  the  w-plane  on  the  z-plane,  when  a  relation  F(icn,  zm)  =  0  is 
assigned.  It  should  be  noticed  that  there  is  not  only  an  n-sheeted 
z-surface,  but  also  an  m-sheeted  ic-surface,  the  places  (z,  iv)  and  (w,  z) 
on  the  two  surfaces  being  in  (1,1)  correspondence,  except  possibly 
at  special  points.  It  is  often  advisable  to  construct  both  surfaces. 
The  continuity  of  each  branch,  and  the  angular  relations  near  special 
points,  as  summed  up  in  §  111,  are  the  most  important  elements  in 
the  solution  of  the  problem.  In  determining  the  path  of  w  in  its 

*  Instead  of  a  penultimate  form  in  the  Cartesian  sense,  we  can  imagine  a  horizontal  displace 
ment  of  some  of  the  sheets,  which  necessitates  possibly  a  stretching  of  these  sheets,  until  there 
lie,  in  any  one  verucal,  only  two  equal  values  of  w. 


214  BIEMANN    SURFACES. 

plane,  for  a  given  path  of  z  in  its  plane,  we  must  attend  specially  not 
only  to  the  branch-points  in  the  z-plane,  but  also  to  those  points  in 
the  z-plane  which  correspond  to  branch-points  in  the  zo-plane.  Cor 
responding  to  a  simple  branch-point  b  in  the  w-plane,  there  is  a  point 
a  in  the  z-plane  near  which  w  —  b  =  P-2(z  —  a);  so  that  when  z  moves 
towards  a  in  a  given  direction,  makes  a  half-turn  round  a,  and  pro 
ceeds  in  the  same  direction,  a  branch  of  w  moves  towards  &  in  a  cer 
tain  direction,  makes  a  complete  turn  round  6,  and  proceeds  in  the 
opposite  direction.  We  shall  speak  of  such  a  point  as  a  turn-point. 
If  (a,  b)  be  any  pair  of  finite  values,  and  if  z  describe  a  small  circle 
round  a,  iv  turns  round  iv  =  b  with  the  same  direction  of  rotation. 
We  shall  suppose  that  the  branches  wlt  w2,  •  •-,  wn,  are  initially  assigned 
to  the  upper,  second,  •••,  lowest  sheets. 


Initially  let  2  =  0,  wl  =  exp  (iri/4),  w2  =  iwlt  w3  =  iw2,  w4  =  iws. 
The  series  for  w  near  2  =  —  1  are  w  =  P±(z  +  1)1/4.  Therefore  when 
2,  starting  from  0,  describes  positively  the  circle  whose  centre  is  —  1, 
which  by  §  127  is  equivalent  to  a  loop  from  0  to  —  1,  the  branches 
permute  in  the  cyclic  order  (wiW2wswt).  Similarly,  near  2  =  1,  the 
series  for  w  are  1/w  =  PI(Z  —  1)1/4,  and  when  2  describes  positively 
a  circle  whose  centre  is  1,  the  branches  permute  in  the  order 
(w1iv4iosw2).  A  four-sheeted  surface,  with  a  branch-cut  from  —  1  to  1, 
extending  through  all  the  sheets,  satisfies  the  requirements.  Look 
ing  from  —  1  to  1,  the  permutations,  either  at  1  or  —  1,  require  that 
the  right-hand  portions  of  sheets  1,  2,  3,  4  shall  pass  into  the  left- 
hand  portions  of  sheets  2,  3,  4,  1.  This  completes  the  construction 
of  the  surface.  A  contour  on  the  surface,  which  encloses  both  1  and 
—  1,  restores  the  initial  value  (§  127). 

Ex.  (2).  w  +  l/w=2z. 

For  a  given  z  there  are  two  values  of  w,  say  wl  and  w2,  connected 
by  the  relation  w^w^  =  1.  Hence  the  surface  has  two  sheets.  The 
branch-places  are(l,  1)  and  (—  1,  —  1). 

If  «?!  describe  an  arc  of  a  circle  from  —  1  to  +  1,  the  other  root 
w2  describes  the  remaining  arc,  and  2,  =  (wj  -f  ^o2)/2,  describes  an  arc 
from  —1  to  4-1  in  its  own  plane  (Fig.  55).  If  w^  describe  the 
circle  C,  whose  centre  is  0  and  radius  1,  so  does  w2  ;  and  z  moves 
along  the  real  axis  from  —  1  to  -f-  1.  Let  this  line  be  chosen  as 
the  branch-cut.  Since  the  two  sheets  are  joined  solely  along  the 
straight  line  from  —  1  to  +1,  and  since  this  line  maps  into  the  unit 


RIEMAXN     SURFACES. 


215 


circle  round  the  w-origin,  it  follows  that  to  all  points  of  one  of  the 

z-sheets  correspond  all  points  inside  the  circle  C  in  the  w-plane,  and 

to    all    points    of    the    other 

z-sheet,  all  points  outside  this 

circle.     In  the  case  of  a  circle 

in  the  w-plaiie  through    —  1 

and   1,  to   the   arc    inside    C 

corresponds  an  arc  in  the  one 

sheet;   to  the  remaining  arc 

outside     C    corresponds    the 

same  arc  in  the  other  sheet. 

To  the  set  of  circles  in 
the  «7-plane  with  limiting 
points  ±  1,  correspond  circles 
with  limiting  points  ±  1,  de 
scribed  in  both  sheets  of  the 
z-plane.  Again,  if  u\  =  pei9, 
we  have 

Wi=e-t9/P,2x=  (p  +  l/p)  cos  0, 
2y  =  (p-l/p)  sin0; 

therefore  to  circles  round  the 
origin  in  the  to-plane,  corre 
spond  ellipses  with  foci  ±  1 ; 
also  to  lines  through  the  origin  in  the  ic-plane,  correspond  the  con- 
focal  hyperbolas.  The  «c-plane  is  a  conform  representation  of  the 
two-sheeted  Biemann  surface. 

The  reader  will  find  interesting  discussions  of  this  and  allied 
examples  in  Holzmuller's  Theorie  der  Isogoualen  Verwaridtschaften. 

Ex.  (3).  The  relation  considered  here  is  a  form  of  the  relation 
aw2  +  2bw  +  c  +  z  (ajic2  +  2  b^c  +  c^  =  0, 

which  defines  the  general  (2,  1)  correspondence.  We  shall  show 
that  this  general  relation  can  be  brought,  by  (1,  1)  transformations 
of  both  iv  and  z,  to  the  form  w'2  =  z'. 

The  branch-points  zlf  z.2  are  given  by  the  equation 

(a  +  ajz)  (c  +  cjz)  =  (b  +  b^zf. 

Let  (z  —  z1)/(z  —  z.2)  =  z' ;  in  the  new  equation  between  w  and  z',  the 
equal  values  of  w  are  given  by  z'  =  0  and  z'  =  co  ;  and  the  equation 
is  of  the  form 


Fig.  55 
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If  then  we  write  (a'w  -f  6f)/(a/i(;  +  &/)  —  w',  the  proposed  reduction 
is  effected. 

Without  going  into  details,  we  can  infer  at  once  that  in  the 
general  (2,  1)  relation,  when  we  choose  as  branch-cut  a  circular  arc 
in  the  z-plane,  the  two  sheets  of  the  z-surface  map  respectively  into 
the  interior  and  exterior  of  a  circle  in  the  w-plane.  By  the  last 
example,  any  circle  in  the  w-plane  maps  into  the  inverse  of  a  conic 
in  the  z-plane  (compare  §  23)  ;  and  by  §  47,  any  circle  in  the  z-plane 
maps  into  a  special  bicircular  quartic  in  the  w-plarie,  namely  the 
inverse  of  a  Cassinian.  The  z-circle  is  a  double  circle,  lying  in  both 
sheets ;  when  it  includes  one  branch-point  it  is  a  unipartite  curve 
and  maps  into  a  unipartite  quartic ;  but  when  it  includes  neither  or 
both  of  the  branch-points,  it  is  bipartite,  and  maps  into  two  distinct 
ovals. 

Ex.  (4).         ivs-3w  =  2z. 

Here  BF/Siv  =  0  gives  3  w*  -  3  =  0,  i.e.  w  =  ±l. 

The  equal  values  of  to  arise  from  the  z-values  1,  —  1,  GO  ;  and  the 
values  of  w  which  correspond  to  these  special  z-points  are  —  1,  —  1, 

2  ;  1,1,  —  2 ;  oo,  oo,  oo.     We  have  to  determine  the  manner  in  which 
the  sheets  of  the  Eiemann  surface  hang  together. 

At  the  origin  tu  =  0,  V3,  —  V3.  Let  these  values  be  attached 
in  this  order  to  the  three  sheets.  Calling  the  branches  w^  ws,  w&  it 
is  clear,  from  the  Theory  of  Equations,  that  the  following  lemmas 
hold:  — 

(1)  IL\  +  w.2  +  ws  =  0. 

(2)  When  w  is  small,  an  approximate  value  is  w  =  —2z/3. 

(3)  All  the  roots  are  real,  when  z  is  real  and  |  z   <  1. 

Using  a  lo-plane,  let  z}  starting  from  0,  move  along  the  real  axis 
to  —  1 ;  by  lemma  3,  w-,,  starting  from  0  moves  along  the  real  axis, 
and,  by  lemma  2,  it  moves  to  the  right.  In  order  to  maintain  the 
centroid  at  0  (lemma  1),  ws,  which  starts  from  —  V3,  must  remain 
to  the  left  of  0.  Hence  wl  and  w2  unite  when  z  =  —  1.  In  the  same 
way  it  can  be  proved  that  wt  and  ws  unite  when  2  =  1.  Accordingly, 
in  the  Biemann  surface,  sheets  1  and  2  join  at  z  =  —  1,  sheets  1  and 

3  at  z  =  1.     At  z  =  oo  all  the  sheets  join. 

§  164.   Ex.  (5).    The  (3,  1)  correspondence. 

Let  zU+  V=  0,  where  U  and  Fare  cubics  in  w.  Any  two  cubics 
when  rendered  homogeneous  by  writing  w/t  for  w}  may  be  written 
in  the  forms  SQ/Sio,  BQ/Bt,  where  Q  is  a  homogeneous  quartic  in  iv 
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and  t  (Salmon,  Higher  Algebra,  Fourth  Edition,  §  217),  and  the 
relation  may  be  written 


the  7  effective  constants  of  the  original  relation  being  reduced  to  4 
by  means  of  the  3  disposable  constants  in  the  (1,  1)  transformation 
effected  on  w.  In  this  form  z  is  the  third  polar  of  w  with  regard  to 
a  fixed  quartic,  and  accordingly  the  correspondence  of  a  point  and 
its  third  polar  with  regard  to  a  quartic  is  the  general  (3,  1)  corre 
spondence.  Let  Q  be  brought  to  the  canonical  form  «?4  +  6  curt-  +  1* 
(§  44)  ;  then  the  correspondence  is  defined  by 

z(n?  +  3  CM,-)  +  3ac2  +  1  =  0. 

The  turn-points  in  the  tc-plane  are  given  by  the  Hessian  of  Q 
(§  36),  that  is  by 

H  =  c  (  ILA  +  1)  +  (1  -  3  c2)  ic-  =  0. 

The  roots  of  H  being  a,  —  a,  I/a,  —  I/a,  we  shall  take  the  case 
when  one  root  is  real  ;  it  follows  that  all  the  roots  are  real.  Let  a 
be  that  root  which  is  positive  and  <  1. 


We  have  when  z  =  0.    w  =  ±  V—  1/3  c,  oo, 

and  when  z  is  near  0,      18c2(?'.<T  V—  l/3c)  =  (1— 
or  ic  =  —  3  c/z. 

To  real  values  of  z  correspond  real  values  of  w,  and  also  the 
points  of  the  curve  whose  equation  is 


where  w  and  ^(;  are  conjugate, 

or  3  c(ic-ic-  +  1)4-  zf2  +  ^  4-  ^(1  -  9  c2)  =  0, 

or,  in  polar  co-ordinates, 

3c(P4  +  1)  +  2P2  cos  2(9  +  P2(l  -  9c2)  =  0. 
Eegarding  a  as  given,  c  is  determined  by 
3c2  —  1  =  c(«2  +  l/«2), 

and  the  two  values  of  c  have  opposite  signs.  Selecting  the  negative 
value  of  c,  let  tcj,  w^  w3  be  the  3  branches  of  w,  and  let  it\  be  that 
branch  which  is  positive  when  z  =  0,  w2  that  which  is  oo  when  2  =  0, 
and  w3  that  which  is  negative.  Also  let  these  values  be  assigned 
to  the  first,  second,  and  third  sheets  respectively  at  z  =  0. 
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When  z  (Fig.  56),  starting  from  the  origin,  moves  to  the  right 
along  the  real  axis,  the  approximate  values  show  that  w^  and  ws  move 
to  the  right,  inasmuch  as  1  —  9  c2  >  0  ;  while  w2  moves  to  the  left. 
Also  the  point  at  which  tvl  starts  lies  between  a  and  I/a.  There 
fore,  at  the  first  branch-point  (3,  sheets  1  and  2  join.  When  z  describes 

-1//3  -0        o        /?  i/ff 


Fig.  56 


a  half-turn  round  /?  and  proceeds  along  the  real  axis,  10,  and  w2  make 
quarter-turns  round  the  point  I/a,  and  then  describe  the  right-hand 
oval,  meeting  again  at  w  =  a.  Therefore  again,  at  the  second  branch 
point  1//3,  sheets  1  and  2  join.  When  z,  after  making  a  half-turn 
round  I//?,  proceeds  to  the  right,  w2  proceeds  to  the  left  to  meet  ws, 
while  w1  moves  to  the  right.  Therefore,  at  the  branch-point  —  I//?, 
sheets  2  and  3  join.  When  z,  after  a  half-turn  round  —  I//?,  moves 
to  —  ft,  iv.2  and  w3  describe  the  left-hand  oval,  and  meet  again  at 
w  =  —  I/a.  Therefore  sheets  2  and  3  join  at  —  p.  The  branch-cuts 
may  be  drawn  from  ft  to  1//2  in  sheets  1  and  2,  and  from  —  ft  to 
—  1//3  in  sheets  2  and  3.  When  they  are  drawn  along  the  real  axis, 
the  whole  of  the  first  sheet  corresponds  to  the  interior  of  the  right- 
hand  oval,  the  whole  of  the  third  sheet  to  the  interior  of  the  left- 
hand  oval,  £,nd  the  whole  of  the  second  sheet  to  the  remainder  of 
the  zc-plane. 

§165.   Ex.  (6).         a2(wV  +  l)  =  («;  +  «)a  .......     (1). 

The  branch-points  in  the  z-plane  are  given  by 


and  are  a,  —a,  I/a,  —I/a,  where 

a2  +  I/a2  =  a2. 

We  consider  the  case  in  which  one,  and  therefore  all  branch 
points,  are  on  the  real  axis,  and  take  a  <  1. 
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We  have,  if  it\  and  v:.2  be  the  branches, 


(a~Z~  —  1)  MTjZfo  =  a2  —  Z2. 

When  iq  =  ?c  2,  there  follows,  011  elimination  of  a2,  either 
H-  +  2  =  0,    or   W.-23  —  1  =  0. 

The  case  10  +  2  =  0  is  extraneous,  as  it  requires  a  =  0  ;  and  there 
fore,  the  symmetry  of  (1)  being  observed,  the  turn-points  in  either 
plane,  corresponding  to  the  branch-points  «,  —  a,  l/«,  —  1/«  in  the 
other  plane,  are  I/a3,  —  l/«3,  a3,  —  «3. 

When  z  =  0,     zc  =  ±  a,  and  near  2  =  0,  ic  =  ±  «  —  2. 
When  2  =  x  ,  w  =  ±  I/a. 

Since  a  is  real,  to  a  real  value  of  2  correspond  either  two  real  or 
two  conjugate  values  of  ic.  Therefore  to  the  real  z-axis  corresponds 
part  or  all  of  the  real  wwixis,  together  with  a  curve  whose  equation 
is  obtained  by  regarding  u\  and  w2  as  conjugate,  and  eliminating  z 
from  (2). 

The  equation  is 

4(a2  +  w,-M?2)  (cfwiicz  -}-  1)  =  (?'--!  + 


and  the  curve  is  a  central  bicircular  quartic. 

Starting  from  the  point  0  to  the  right,  let  z  describe  the  whole 
of  the  real  axis,  making  half-turns  round  all  critical  points  (Fig.  57). 

-l/r3    _q  -1/q-         -1    -a  -a3  0      ff3    a-     1          1/fc-     a         Vff3 


r.  57 


The  figure  shows  the  path  described  by  the  branch  whose  initial 
value  is  a.* 

Let  the  branch-cuts  in  the  z-plane  be  drawn  along  the  real  axis 
from  —  a  to  «,  and  from  —  I/a  via  oo  to  l/«.  A  careful  consideration 
of  the  figure  shows  that  to  these  parts  of  the  real  z-axis  correspond 

*  When  z  is  near  -I/.*3,  the  branch  of  to  in  question  is  not  near  —a;  hence  to  the  half-turn 
in  the  2-plane  round  —  1/j.3  corresponds  a  half-turn  in  the  ic-plane. 
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the  parts  from  —  1/«  via  co  to  l/«,  and  from  —  a  to  a,  of  the  real 
w-axis.  Let  then  the  two-sheeted  w-surface,  which  represents  the 
dependence  of  z  on  w,  have  the  same  branch-cuts  as  those  chosen  for 
the  2-surface  ;  whenever  (z,  w)  changes  sheets,  so  does  (iv,  z).  In 
this  case,  one  surface  serves  to  represent  both  the  dependence  of  w 
on  z,  and  that  of  z  on  iv\  and  this  surface  is  mapped  on  itself  by  the 
relation  (1)  without  alteration  of  the  branch-cuts. 

The  most  general  quadri-quadric  correspondence  between  w  and  z 
involves  8  effective  constants.  The  general  symmetric  correspond 
ence  involves  5  effective  constants,  and  can  therefore  be  obtained 
from  the  unsymmetric  relation  by  a  (1,1)  transformation  of  z  alone, 
inasmuch  as  the  (1,  1)  transformation  places  3  effective  constants  at 
our  disposal.  The  symmetric  relation  may  be  written 


azcV+2  bwz(w+z)  +  c(w2+z'1  +  4  icz)  +2  d(iv+z)  + 

where  the  first  five  terms  are  the  second  polar  of  w  with  regard  to 
the  quartic 

az4  +  4  &Z3  4-  6  cz~  +  4  dz  +  e  ; 

and  if  this  quartic  be  brought  to  its  canonical  form 


then  also,  by  the  same  transformation  applied  to  both  iv  and  z,  the 
(2,  2)  relation  becomes 

wW  +  c'(iv*  +  z2  +  4  tvz)  +  1  +  n\w  —  z)2  =  Q. 
The  branch-points  are  given  by 

(z2  +  c'  +  /*')  [(c'  +  ^'X  +  1]  =  (2  c'  -  ^')V; 
that  is,  by.         ir+/*'Q  =  0, 
where  II  is  the  Hessian  of  Q. 

[Halphen,  Fonctions  Elliptiques,  t.  ii.,  ch.  ix.  ;  Cayley,  Elliptic 
Functions,  ch.  xiv.] 

§  166.    Ex.  (7).    i^-5w  =  z. 

The  branch-points,  together  with  the  values  of  w  which  become 
equal  at  them,  are 

2  =  4,  10  =  —  1,  —1;  z  =  i4t,  £0  =  —  z,  —  i;  2  =  —4,  w  =  1,  1  ; 

2  =  —  1'4,  w  =  £,  i  ;  z  =  oo,  zu  =  co,  oo,  x,  oo,  oo. 

When  2  =  0,  the  values  of  w  are  0  and  the  four  fourth  roots  of  5, 
and  the  approximate  values  are 

«?=-2/5,   and  w-&'*  =  z/20. 
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5  sheeted  z- plane 
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First,  we  trace  the  w-curves  which  correspond  to  the  real  2-axis. 
These  are  the  real  axis  and  the  curve 


4  -f-  ww(w*+  wiu  +  w~)  =  5, 
where  w,  w  are  conjugate.     In  polar  co-ordinates  this  curve  assumes 

the  form 

p*=  5/(l  +  4  cos  <9  cos  30). 

The  curve  which  corresponds  to  the  imaginary  axis  is  obtained 
by  turning  the  curve  already  considered  through  a  right  angle. 
This  may  be  seen  directly,  since,  for  each  place  (2,  to)  there  is 
another  place  (iz,  iw).  In  Fig.  58  the  second  curve  is  dotted.  Let 
us  write  a  for  the  positive  fourth  root  of  5.  Assign  the  values  w  =0, 
a,  ia,  —a,  —  ia  to  the  first,  second,  .  .  .,  fifth  sheets.  When  z  moves 
from  0  to  the  right,  the  approximate  values  show  that  the  branch  tv1 
moves  to  the  left,  while  the  other  branches  move  to  the  right  ;  also, 
when  z  moves  from  0  into  any  quadrant,  the  branch  wl  moves,  in  its 
own  plane,  into  the  opposite  quadrant.  As  z  continues  to  move 
from  0  towards  4,  the  branch  wl  continues  to  move  to  the  left  along 
the  real  axis,  and  the  branch  w^  whose  initial  value  is  —a,  to  the 
right  along  the  same  axis  ;  and,  when  z  is  near  4,  the  two  branches 
in  question  come  near  to  each  other,  so  that  a  description  of  a 
circle  round  2  =  4  must  lead  from  the  first  into  the  fourth  sheet. 
We  therefore  make  a  branch-cut  from  4  to  +  °c  along  the  real  axis. 
If  z  move  from  0  to  the  left,  the  branches  Wi  and  w2  interchange 
round  z  =  —  4,  and  a  second  branch-cut  must  be  drawn  to  connect 
the  first  and  second  sheets.  Let  this  extend  to  —  ce.  Similarly, 
branch-cuts  from  4i  to  oci,  and  from  —  4i  to  —  cci',  connect  respec 
tively  the  sheets  1,  5  and  the  sheets  1,  3.  Since  the  complete 
w-plaiie  corresponds  to  all  five  sheets  of  the  Eiemann  surface  in 
the  3-plane,  there  will  correspond  to  the  twenty  separate  quadrants 
twenty  separate  regions  of  the  to-plane,  and  to  the  boundary  be 
tween  two  consecutive  quadrants,  the  corresponding  lines  in  the 
w-plane.  When  two  straight  lines  in  the  z-plane  meet  at  a  branch 
point  at  which  two  branches  permute,  so  as  to  enclose  an  angle  of 
180°,  the  paths  in  the  lo-plane  of  the  two  branches  in  question 
intersect  at  right  angles.  Hence,  when  z  describes  that  side  of  the 
positive  part  of  the  real  axis  which  lies  in  the  fourth  quadrant  and 
the  first  sheet,  the  corresponding  branch  wl  describes  that  part  of 
the  line  (0  to  —  1)  which  lies  in  the  second  quadrant;  and,  when  z 
describes  a  small  semicircle  round  4  in  the  negative  direction,  after 
wards  continuing  the  description  of  the  upper  side  of  the  positive 
real  axis,  iv1  describes  a  small  quadrant  round  —1  in  the  negative 
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direction,  afterwards  describing  the  lower  half  of  the  curve  through 
—  1.  Hence  the  straight  line  from  0  to  —  1,  and  the  lower  half  of 
the  curve  through  —  1,  form  part  of  the  boundary  of  that  portion  of 
the  zr-plane  which  corresponds  to  the  first  quadrant  of  the  first  sheet 
of  the  five-sheeted  Kieniann  surface  in  the  z-plane.  Similarly,  the 
remaining  boundaries  can  be  determined.  Let  a  point  starting  in 
the  quadrant  marked  8  in  the  first  sheet  of  the  z-plane  describe 
a  large  positive  circuit  five  times.  Since,  when  z  is  large,  the 
approximate  value  of  iv  is  z1/5,  w  describes  a  large  positive  circuit 
once  in  the  w-plane  ;  and  since,  whenever  z  moves  from  one  quadrant 
to  another,  w  must  cross  one  of  the  curves  of  the  figure,  the  parts  of 
the  ^c-surface  which  correspond  to  the  quadrants  of  the  z-surface  are 
readily  determined.  For  instance,  the  region  IS,  in  the  w-plane,  lies 
in  the  second  quadrant,  and  has  for  its  boundary  two  portions  of 
the  axes  and  two  portions  of  curves. 

It  is  necessary  to  test  the  system  of  branch-cuts  by  seeing  that 
they  produce  the  right  results  for  circuits  about  the  point  cc.  In 
the  present  instance,  we  have  seen  that  when  z  is  at  a  great  distance 
along  the  positive  direction  of  its  real  axis,  and  just  above  this  axis, 
Wjhas  assumed  the  position  ]  \J~z  |  exp  (GW/o),  and  it  can  be  simi 
larly  seen  that,  simultaneously,  tc2  is  |  -\/z~|  ,  w3  is  «?2  •  exp  (2iri/o),  w± 
is  w2  •  exp  (4r7r?'/5),  and  w5  is  ic2  •  exp  (Siri/o)  ;  that  is,  the  branches 
are  in  the  cyclic  order  (w1«78«74w1to5).  A  large  positive  circuit  in  the 
z-plane  should  therefore  permute  the  branches  in  this  order,  and  the 
figure  shows  that  this  is  what  takes  place. 

Ex.  (8)  .  tcs  -  3  icz  +  z3  =  0. 

Let  ?c  =  tz  ;  then  z  =  3  t/(l  +  t").  The  surface  for  t  is  also  the 
surface  for  iv,  for  to  each  pair  (t,  z)  corresponds  one  w,  and  when  two 
values  of  t  become  equal,  so  do  two  values  of  w.  When  z  =  a,  (where 
a  =  v'4),  t  =  a/2j  a/2,  —a;  whenz  =  va,  (where  v  =  exp(2?ri/3)), 
t  —  rfl/2,  va/2,  —  va  ;  when  z  =  v2a,  t  =  v2a/2,  v2a/2,  —  ira.  When 
z  =  0,  t  =  x,  oc,  0  ;  and  near  2  =  0,  t  =  z/3  or  ±  V3/z- 

Finally  at  z  =  oc,  t  =  —  1.  —  v.  —  v2.     The  real  axis  gives 

3*  3t 


i.e.  p*  =  %  sec  0. 

Let  c  be  a  point  on  the  positive  side  of  the  real  axis  near  z  =  0  ; 
assign  tt  =  c/3  to  sheet  1,  ts  =  V37c  to  sheet  2,  and  ts  =  —  V3/c  to 
sheet  3.  Xow  let  z  move  from  c  to  a  ;  at  a  sheets  1  and  2  must  hang 
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Fig.  59 
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together.  Let  z,  starting  from  c,  make  a  turn  of  2  7r/3  round  0 ;  then 
t.2,  t3  turn  through  —  w/3.  Xext,  let  z  move  to  va.  We  see  that  ^ 
£3  unite  at  va/2.  Therefore  at  va  sheets  1  and  3  hang  together. 
Similarly  at  v2a,  sheets  1  and  3  hang  together.  The  branch-cuts  may 
be  drawn  from  the  branch-points  to  oo,  as  in  Fig.  59.  It  is  necessary 
that  the  cut  0  •••  co  pass  between  va  and  v2a,  in  order  that  a  large  cir 
cuit  may  be  closed,  as  it  should  be  since  oc  is  not  a  branch-point. 
The  parts  of  the  f-plane  which  map  into  the  various  parts  of  the  sur 
face  are  determined  by  observing  that  to  a  small  circle  round  z  =  0, 
starting  from  c,  correspond  a  small  circle  round  t  =  0  starting  from 
t,  and  two  large  negative  semicircles. 

§  167.     Ex.  (9).        32  icz  =  (v:  4-  z)5. 
Let  tc  -|- z  =  t, 

then  F=32z(t-z}-t5, 

and  the  Riemann  surface,  which  represents  t  as  a  function  of  z,  will 
equally  serve  for  w.  The  equations  F=0,  SF/&  =  0,  give 

t  =  0,  act ;  z  =  0,  4  «a/5 ; 
where  a  =  -\/'27/32  =  l-~  •••,  and  a  is  any  cube  root  of  1. 

The  approximate  values  of  t  are 

(i.)    When  z  is  small,  t  =  zor  2(2z)1/4; 

(ii.)    When  z-4«a/o  is  small,  t—aa=  \  -3«a(z-4«a/o)/S£1/2. 

The  equations  F=  0,  8F/Bz  =  0,  give 

z  =  0,  «  ;  t  =  0,  2  a ; 
and  the  approximate  values  of  z  are 

(i.)    When  t  is  small,  z  =  t  or  £4/32 ; 

(ii.)    When  t  —  2ais  small,  z  -  a  =  \  -  3  a(t  -  2  «)/2!V2- 

When  z  =  oc,  £  is  also  oc,  and  when  t  =  x.  2  =  x  ;  the  approximate 
relation  is  32  z-  =  —  r. 

When  z  is  a  small  positive  quantity,  let  ^  =  z.  t«  =  2 -\/2z,  f3  =  it*. 
t±  =  —  t.2.  t5  =  —  #2 ;  and  let  these  values  be  assigned  to  the  first,  sec 
ond,  ..-,  fifth  z-sheets.  Then  at  the  origin  the  sheets  2,  3,  4.  5 
must  hang  together,  and  when  z  turns  round  the  origin  it  must 
change  from  sheet  to  sheet  in  the  order  2,  3,  4,  5,  2.  According!}' 
we  draw  a  branch-cut  through  the  sheets  from  0  to  oc  ;  let  this  cut 
lie  along  the  negative  half  of  the  real  axis. 
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As  z  moves  along  the  real  axis  to  the  right,  t1}  t2  move  along  the 
real  axis  to  the  right,  the  point  t2  leading.  When  z  is  near  1,  it  is 

t2  which  is  near  2 ;  and 
when  z  makes  a  posi 
tive  half-turn  round  1, 
t2  makes  a  positive  turn 
round  2.  Thus,  when  z 
proceeds  from  1  to  the 
right,  t2  moves  to  the 
left,  while  tly  having 
made  only  a  half-turn, 
continues  its  motion  to 
the  right.  When  z  is 
near  4  a/5,  ^  and  t2  are 
near  a ;  therefore  the 
sheets  1  and  2  must  be 
connected  at  4  a/5. 

Starting  afresh,  let 
z  make  a  turn  2?r/3 
round  0,  and  then  move 
directly  towards  the 
point  v ;  £1  makes  an 
equal  turn,  but  the 
other  roots  in  the 
£-plane  make  turns  7r/6, 
and  therefore  ts  moves 
after  ^  towards  the 
point  t  =  va.  As  be 
fore,  sheets  1  and  3 
join  at  z  =  v.  Simi 
larly,  sheets  1  and  5 
join  at  z  —  v2.  Let  the  branch-cuts  be  drawn  as  in  the  figure.  We 
have  to  see  that  these  satisfy  the  requirements  at  the  point  z=  oo. 

At  0,  let  the  dotted  path  in  the  figure  be  inclined  at  an  infinitely 
small  positive  angle  to  the  real  axis.  When  z  describes  this  dotted 
path  to  the  position  z',  the  five  roots  move  to  the  positions  ^', 
tj,  •  •  -,  t5'.  For  instance,  t2  turns  round  2,  returns  on  its  former 
path  towards  0,  turns  through  nearly  90°  when  near  a,  and  proceeds 
along  the  curve  to  £>'• 

It  follows  that  a  large  circuit  in  the  z-plane  ought  to  lead  from 
sheet  to  sheet  in  the  order  135241,  since  32z2=  -£5  at  GO.  This 
requirement  is  met  by  the  branch-cuts  as  drawn  in  the  figure.  It  is 
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to  be  noticed  that  the  cut  from  0  to  ^  does  not  pass  between  the 
points  4va/5  and  4v2a/5.  Other  possible  systems  of  branch-cuts 
for  the  same  initial  assignment  of  values  are  shown  in  figure  61. 

Hitherto  the  equation  F(uM,  zm)  =  0  has  been  considered  irredu 
cible,  and,  in  this  case,  it  is  possible  to  pass  from  any  one  place  of 
the  ^surface  (or  ^surface)  to  any  other  place  of  that  surface  by  a 
continuous  path  which  lies  wholly  in  that  surface  (§  15-4). 


Fig.  61 


If  F(ic»,  zm)  =  0  be  reducible,  it  can  be  replaced  by  two  or  more 
irreducible  equations ;  for  instance,  by  two  irreducible  equations  of 
degrees  *,  n  —  K  in  ?r.  In  this  case,  the  n  sheets  of  the  Riemann 
surface  T  will  separate  into  sets  of  *  and  n  -  K  sheets  which  are 
unconnected ;  in  other  words,  we  have  two  z-surfaces,  one  for  each 
of  the  irreducible  equations. 

The  important  property  of  to,  namely,  its  one-valuedriess  upon 
the  surface  T,  is  shared  with  it  by  all  rational  algebraic  functions 
w',  =  R(w,  z),  of  w  and  z.  For  example,  w1,  =  w*  +  z2,  is  one-valued  at 
a  place  (z,  ic)  of  T.  This  function  w'  will  be,  in  general,  n-valued  in 
z ;  but  it  may  be  only  wrvalued  where  nt  is  a  factor  of  n  (1  included). 
For  example,  let  iv6  =  z  •  the  function  w'  =  u*  +  z  is  a  six-valued 
function  of  z,  which  is  one-valued  upon  the  surface  T.  The  deduced 
relation  (iv1  —  z)6  =  z5  requires  the  same  surface  T.  But  to'  =  v*  +  z, 
which  is  also  one-valued  upon  T,  leads  to  a  relation  (iv*  —  z)s  =  z, 
which  requires  merely  a  three-sheeted  surface  T '.  In  this  case,  T 
arises  by  the  superposition  of  T'  on  T'. 

§  168.  TJie  transformation  of  an  n-ply  connected  Riemann  sur 
face  into  a  simply  connected  surface. 

The  following  definitions  and  propositions  are  illustrated  by 
figures  in  one  plane,  but  are  applicable  to  surfaces  in  space. 

We  consider  a  continuous  surface  bounded  by  one  or  more  closed 
rims,  the  totality  of  rims  constituting  the  boundary.  The  surface 
is  supposed  to  be  two-sided.  We  thus  exclude  the  unilateral  sur 
faces  such  as  that  of  Mobius,  which  is  constructed  as  follows  : 
Take  a  rectangular  strip  of  paper  abed,  and,  keeping  one  end  ab 
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fixed,  turn  the  other  round  the  axis  which  bisects  ab  and  cd,  through 
the  angle  IT.  Now  ab  and  dc  are  parallel ;  bring  them  into  coinci 
dence,  and  glue  them  together.  The  two-sided  rectangle  has  become 
a  one-sided  or  unilateral  surface,  ad  and  be  now  forming  the  rim.* 

Let  us  understand  by  a  cross-cut,  a  cut  which,  starting  from  a 
point  on  the  boundary,  and  ending  at  a  point  on  the  same,  runs 
entirely  within  the  region.  When  such  a  cut  is  made,  its  two  banks 
are  to  be  regarded  as  forming  part  of  the  boundary  of  the  new 
surface.  A  surface  is  called  simply  connected  when  every  cross-cut 
severs  the  surface.  The  surfaces  contained  within  a  rectangle,  a 
circle,  etc.,  are  simply  connected.  A  surface  is  called  doubly  con 
nected  when  a  cross-cut  can  be  made  which  will  change  it  into 
a  simply  connected  surface  ;  for  instance,  the  surface  contained 
between  two  concentric  circles  is  doubly  connected.  A  surface  is 
called  triply  connected  when  a  cross-cut  can  be  made  which  renders 
the  surface  doubly  connected,  and  so  on  for  surfaces  of  higher 
connexion.  The  surface  contained  between  two  non-intersecting 
circles  and  a  circle  which  encloses  them  is  triply  connected ;  when 
two  cuts  are  made  from  the  rims  of  the  inner  circles  to  the  outer 
rim,  the  surface  becomes  simply  connected.  Another  example  of  a 
triply  connected  surface  is  the  anchor-ring  after  a  puncture  has 
been  made  in  it  \  for,  after  a  cut  has  been  made  along,  a  circle  of 
latitude,  starting  and  ending  at  the  puncture,  the  ring  can  be 
deformed  into  the  surface  of  a  cylinder,  while  a  second  cut  from 
rim  to  rim  reduces  the  cylinder  to  a  rectangle. 

Different  forms  of  cross-cuts,  on  a  surface  with  three  separate 
rims,  are  shown  in  Fig.  62. 

(1)  begins  and  ends  at  the 
same  rim. 

(2)  begins  and  ends  at  the 
same  point  of  the  same  rim. 

(3)  begins  at  the  boundary 
and    ends    at    a.      As    the    cut 
proceeds,  its  two  edges  become 
boundary,   so  that  a  is  on  the 
boundary.     The  cut  terminates 
when  it  reaches  the  point  a  on 
the  boundary. 


4    6 


Fig.  62 


(4)    begins  and  ends  at  different  rims. 

The  cut  (4)  reduces  the  connexion  of  the  surface  without  dividing 

*  There  is  good  reason  to  regard  the  ordinary  plane  of  protective  geometry  as  unilateral. 
See  Klein,  Math.  Ann.,  t.  vii.,  p.  549,  where  it  is  shown  that  Riemaun's  theory  of  the  connexion 
of  surfaces  can  be  effectively  employed  iu  the  protective  field. 
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it  into  2  separate  parts ;  we  shall  speak  of  it  as  a  cross-cut  of  the 
second  kind.  The  cuts  (5)  and  (6),  if  made  after  the  cut  (4),  must 
be  treated  as  distinct  cross-cuts.  A  unilateral  surface  is  not  neces 
sarily  severed  by  a  cross-cut  of  the  first  kind. 

The  assumption  has  been  made  that  the  surfaces  under  consider 
ation  have  rims ;  but  there  are  surfaces,  such  as  the  sphere,  which 
are  completely  closed.  Cut  out  an  infinitely  small  region  of  circular 
contour ;  from  this  puncture  the  first  cross-cuts  must  start.  In  the 
case  of  a  sphere  one  such  cross-cut  will  sever  the  surface,  and  accord 
ingly  the  connexion  of  the  punctured  sphere  must  be  simple. 
Another  example  of  a  closed  surface  is  a  Eiemann  sphere  with  n 
sheets.  By  puncturing  the  surface  along  a  small  closed  curve  round 
any  point,  a  boundary  can  be  created.  If  the  point  be  a  branch-point 
at  which  r  roots  permute,  the  new  rim  goes  r  times  round  the  point. 
The  order  of  connexion  of  the  punctured  surface  will  be  determined 
later. 

Lemma.  A  simply  connected  surface  is  separated  by  any  *  cross 
cuts  into  K  -f  1  separate  simply  connected  surfaces.  This  lemma 
requires  no  proof. 

Tlieoi-em  L  If  a  surface,  or  a  system  of  surfaces,  be  divided  by 
K  cross-cuts  into  o-  simply  connected  pieces,  and  by  *f  cross-cuts  into 
o-'  simply  connected  pieces,  then  K  —  a  =  K'  —  a-'. 

Two  points  are  to  be  clearly  noticed  in  the  proof  of  this  theorem. 
The  first  is  the  obvious  fact  that  a  cut  possesses  two,  and  only  two, 
ends ;  the  second  is  that,  by  definition,  as  a  cut  proceeds  its  sides 
are  turned  into  boundary.  A  cross-cut  is  represented  geometrically 
by  a  single  line,  but  this  line  must  be  regarded  as  having  two  sides; 
hence,  if  a  cross-cut  be  intersected  by  a  line,  at  the  place  of  inter 
section,  there  are  two  points  of  intersection  a,  b  which  may  be 
geometrically  undistinguishable,  but  a  belongs  to  one  side,  b  to  the 
other,  of  the  cross-cut. 

First  draw  the  K  cross-cuts,  and  secondly  the  *'  lines  which  coin 
cide  with  the  second  system  of  *'  cuts.  Let  the  *'  lines  meet  the  K 
lines  in  X  points.  Each  of  these  A.  points  counts  as  two  boundary 
points ;  and  also  the  AC'  lines  meet  the  original  boundary  in  2  K'  points. 
Thus,  on  the  whole,  2  K'  -f  2  A.  boundary  points  have  been  furnished 
by  the  *'  lines.  Xow  making  the  second  system  of  cross-cuts  along 
the  K'  lines,  we  have  K'  -f  A.  new  cross-cuts.  These,  being  applied  to  o- 
separate  simply  connected  pieces,  give  a-  +  K'  -f-  \  separate  pieces. 
But  the  final  result  due  to  the  superposed  systems  of  cross-cuts  will 
clearly  be  independent  of  the  order  in  which  we  make  the  K  and  K' 
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cuts.  If  we  make  the  K'  cross-cuts  first  and  then  the  K  cross-cuts, 
the  number  of  separate  simply  connected  pieces  will  be  a'  -f-  K  4-  A. 
Hence  o-  -f  K'  -f  X  =  a-'  -f  K  +  A,  and  K  —  a  =  K'  —  o-'.  The  number  K  —  o- 
is  therefore  independent  of  the  number  of  cross-cuts. 

The  number  K  —  a-  -f-  2  may  be  called  the  index  of  the  surface  or 
system  of  surfaces.  * 

A  simple  surface  is  divided  by  one  cross-cut  into  two  pieces. 
Therefore  the  index  is  1  —  2  -f-  2  or  1 ;  a  doubly  connected  surface 
has  the  index  2,  and  generally  when  only  one  surface  is  considered, 
we  may  use  the  term  "order  of  connexion  "  in  place  of  "index." 

The  index  of  a  system  of  a-  simple  surfaces  is  2  —  a ;  for  here 

K  =  0. 

Theorem  2.  Let  there  be  //,  separate  surfaces,  whose  indices  are 
VD  v2,  "•,  Vft.  The  number  of  cross-cuts  necessary  to  render  the  rth 
surface  simply  connected  is  vr  —  1.  Hence  the  number  of  cross 
cuts  necessary  to  render  all  the  surfaces  simple  is  S  (yr  —  1),  or 

/*  r=l 

2vr  —  fji.     Hence  the  index  of  the  system  is  ^vr  —  2  p.  -f-  2. 

Theorem  3.  The  index  v  of  a  system  2  becomes  v  —  a,  when  a 
cross-cuts  have  been  made.  Let  a  single  cross-cut  change  2  into  2', 
and  let  K  more  cross-cuts  change  2'  into  a  simple  surfaces.  Then 
the  index  of  5'  is  v'  =  K  —  a-  +  2,  and  since  K  +  1  cross-cuts  have 
changed  3  into  the  a-  simple  surfaces,  v  =  (K  -J-  1)  —  a-  +  2.  There 
fore  v'  =  v  —  1,  a  result  which  shows  that  a  simple  cross-cut  reduces 

the  index  by  unity.  Each  further 
cross-cut  does  the  same;  hence  the 
theorem. 

For  example,  let  T  be  a  quadruply 
connected  surface  (Fig.  63).  The 
surface  can  be  made  simple  by  three 
cross-cuts,  and  the  index  of  a  simple 
surface  is  1 ;  hence,  by  the  converse 
of  Theorem  3,  the  original  index  was 
4.  The  cross-cut  P  gives  two  sur 
faces  of  indices  1  and  4  ;  by  Theorem 
2  the  index  of  the  system  is  5  —  4  +  2, 
'9'  or  3.  Again,  if  in  the  original  surface 

T  the  cut  R  be  made,  T  separates  into  two  surfaces  of  indices  2  and 
3 ;  and  again  the  index  of  the  system  is  3. 


*In  this  definition  we  follow  Neumann. 
Ixxvi.)  define  the  grund-zahl  as  /c  —  a  +  1. 


Klein  (Math.  Ann.,  t.  vii.)  and  Schlafli  (Crelle,  t. 
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§  169.  The  retrosection.  This  is  a  cut  which  starts  from  a  point 
within  a  surface  and  returns  to  that  point,  without  having  crossed 
itself  or  met  any  rim. 

TJieorem  4.  A  retrosection  does  not  alter  the  index  of  a  system 
of  surfaces.  Let  T  be  the  surface  in  which  the  retrosection  is  made, 
T'  the  surface  or  surfaces  arising  from  T  when  the  retrosection  is 
made ;  also  let  v,  v'  be  the  indices  of  T,  T'.  From  a  point  a  on  the 
retrosection  draw  a  cut  C  to  any  point  of  the  original  boundary. 
This  cut,  together  with  the  retrosection,  forms  a  cross-cut  of  the 
surface  T,  and  therefore  reduces  v  to  v  —  1 ;  but  C  is  a  cross-cut  of  T, 
and  therefore  reduces  v  to  v'  —  1.  Hence  v  —  1  =  v'  —  1.  and  v  =  v. 
This  proves  the  theorem.  A  cut  formed  by  a  retrosection  and 
a  cross-cut,  as  for  instance  (3)  in  Fig.  62,  is  a  cross-cut  of  the 
original  surface ;  cuts  of  this  kind  are  commonly  named  sigina- 
shaped  cross-cuts. 

Consider  a  limiting  case  of  the  retrosection,  namely,  when,  at  an 
ordinary  point  of  a  surface  T,  an  infinitely  small  region  is  separated. 
The  index  of  this  region  is  of  course  1 ;  the  rest  of  the  surface  is 
what  we  termed  the  punctured  surface. 

Let  v  be  the  index  of  T,  v±  that  of  the  punctured  surface.  We 
have  (by  writing  ^  =  2,  v.2  =  1  in  the  formula  of  Theorem  2)  the 
equation  v'  =  Vl  +  1  _  4  +  2,  where  v'  is  the  index  of  T' ;  and  by  the 
present  theorem  v  =  v.  Therefore  v  =  vl  —  1 ;  and  the  index  of  a 
punctured  surface  is  greater  by  unity  than  that  of  the  original 
surface. 

Theorem  5.  Every  cross-cut  either  increases  or  diminishes  the 
number  of  rims  by  unity. 

For  a  cross-cut  of  the  second  kind,  such  as  (4)  in  Fig.  62,  makes 
two  rims  become  one,  whereas  each  of  the  cross-cuts  (1),  (2),  (3), 
gives  rise  to  a  new  rim. 

Theorem  6.  The  number  of  rims  of  an  ?i-ply  connected  surface 
is  either  n,  or  n  —  2*,  where  *  is  a  positive  integer. 

For  let  ??i  be  the  number  of  rims.  Since  the  surface  is  «-ply 
connected,  it  can  be  made  simply  connected  by  n  —  1  cross-cuts. 
Let  eM  denote  the  ±  1  added  to  the  number  of  rims  by  the  cross-cut  ^. 

Therefore  m  +  "2  eM  =  1. 

Let  K  be  the  number  of  positive  c's ;  the  equation  just  written 
down  gives 

m  +  K  —  (n  —  1  —  K)  =  I,   01 
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Since  the  punctured  Riemann  sphere  has  one  rim,  its  order  of 
connexion  must  be  an  odd  number.  We  shall  now  determine  this 
number. 

§  170.  The  index  of  a  Riemann  surface.  Let  the  surface  consist 
of  n  sheets  which  hang  together  at  s  branch-places  ar  (r  =  1  to  s)  ; 
and  let  ?%,  m2,  >~,  mr,  •  ••,  ms  be  the  numbers  of  sheets  which  hang 
together  at  these  points.  Assume,  at  first,  that  no  two  branch-places 
lie  in  the  same  vertical.  The  Riemann  surfaces  under  consid 
eration,  namely  those  associated  with  algebraic  functions,  are  with 
out  rims.*  We  suppose  a  puncture  P  made  at  an  ordinary  point, 
the  puncture  extending  through  only  one  sheet.  Through  P  draw 
a  cylinder  cutting  the  remaining  (n  —  1)  sheets  along  (n  —  1)  retro- 
sections.  These  retrosections  do  not  alter  the  index  v.  Let  Q  be 
an  infinitely  small  closed  curve  at  some  ordinary  point  of  the  sur 
face,  and  let  the  n  sheets  be  cut  along  n  retrosections  by  a  cylin 
der  through  Q.  Project  P,  Q,  and  the  branch-places  on  a  plane 
parallel  to  each  of  the  sheets.  The  projection  will  consist  of  P,  Q, 
and  the  points  a1}  a2,  •••,  as.  Draw  lines  from  P  to  Q  in  such  a  way' 
that  the  plane  is  divided  into  s  compartments,  each  of  which  con 
tains  one  of  the  points  ar.  With  the  walls  of  these  compartments 
as  bases,  construct  cylinders,  cutting  through  the  n  sheets.  These 
cylinders  cut  the  surface  along  ns  cross-cuts.  The  surface  has  now 
been  divided  into  simply  connected  portions.  The  cylinder  P  de 
taches  n  —  \  portions  of  surface  ;  the  cylinder  Q,  n  portions;  but  the 
cylinder  (ar)  not  n  but  n  —  mr  +  1  portions,  since  mr  sheets  are  con 
nected  at  ar.  Hence 

v  =  ns  —  \n  +  (n  —  1)  +  2(w  —  m,  +  1)  }  -f  2 


r=l 


=  2rar  —  2n  —  s  +  3. 

r  =  l 

We  have  assumed  that  a^  a.2,  •••,  a.  have  different  projections.  If, 
however,  two  branch-places  lie  in  the  same  vertical,  the  difficulty 
can  be  evaded  by  distorting  the  Riemann  surface  slightly,  and  thus 
making  the  two  branch-places  have  distinct  projections.  Such  a 
distortion  will  not  alter  the  index  of  the  surface,  and  therefore  the 
formula  holds  in  this  case.  This  proof,  which  involves  merely  con 
siderations  of  Analysis  Situs,  is  given  by  Neumann,  Abel'sche  Inte- 
grale,  p.  168. 

*  In  connexion  with  fundamental  polygons  Klein  introduced  the  idea  of  rimmed  Riemann 
surfaces,  Math.  Ann.,  t.  xxi.;  in  this  memoir  the  student  will  find  important  extensions  of  the 
usual  modes  of  Riemann  representation. 
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In  §  128  it  was  shown  that  in  the  case  of  the  prepared  equation 
P  =  2p  +  2(n-l), 

where  ft  is  the  number  of  branch-points.     We  have  just  seen  that, 

whatever  be  the  nature  of  the  branchings  sullied  by  an  algebraic  equa- 

» 
tion,  the  number  of  simple  branch-points,  viz.  2(mr—  1),  is  equal  to 

r  =  l 

2(n  —  1)  -f-  (i/  —  1).     Hence,  in  the  case  of  the  prepared  equation, 

2p  +  2(n-l)  =  (v-l)+2(n-l), 
and  v  =  2p  +  1. 

Thus  the  number  of  cross-cuts  required  to  reduce  to  simple  con 
nexion  the  Riernann  surface  which  arises  from  a  prepared  equation 
is  precisely  2p,  where  p  is  the  deficiency  of  the  Cartesian  curve 
associated  with  the  equation.  Whatever  be  the  nature  of  the  basis- 
equation,  let  p  be  defined  as  half  the  number  of  cross-cuts  required 
to  reduce  the  corresponding  Eiemann  surface  to  simple  connexion. 

The  number  p  was  introduced  by  Biemann.  Its  importance  in  the  theory  of 
curves  was  pointed  out  by  Clebsch.  The  above  definition  applies  to  basis-curves 
with  higher  singularities.  Suppose  that  the  higher  singularities  of  a  curve  have 
been  resolved  into  nodes,  cusps,  double  tangents,  and  inflexions,  the  numbers  of 
nodes  and  cusps  being  determined  as  in  ch.  iv.,  and  the  numbers  of  double  tan 
gents  and  inflexions  by  considerations  of  duality.  A  problem  which  suggests 
itself  is  to  prove  Pliicker's  equations, 

a  =  £(£  -  1)  -  2  2z>  -  3  2v,      £  =  a(a  -  1)  -  2  2r  -  3  2i, 

p  =  i(a  -  l)(a  -  2)  -  2,  -Sir,     p  =  $(0  -  I)(j8  -  2)  -  2r  -  2<, 

given  that  a,  £,  are  the  order  and  class  of  a  curve  and  that  2r,  2*,  2r,  2t  are 
the  numbers  supplied  by  the  singularities  of  the  curve.  This  question  belongs 
to  Higher  Plane  Curves  rather  than  to  the  Theory  of  Functions,  but  it  is 
interesting  to  notice  that  H.  J.  S.  Smith,  in  his  demonstration  of  Plucker's 
formulae,  makes  use  of  the  Riemann  definition  of  p,  and  is  thus  able  to  avail 
himself  of  a  theorem  (to  be  proved  later  on)  that  p  is  invariant  with  regard  to 
birational  transformations,  and  of  Neumann's  perfectly  general  result  that  the 
number  of  branchings  is  equal  to  2p  +  2(»  -  1).  [Smith,  On  the  Higher  Singu 
larities  of  Plane  Curves,  Loiid.  Math.  Soc.,  t.  vi.,  p.  161.] 

Let  us  consider  Riemann's  form  of   the  equation  F(iv,  z)  =  0 ; 

namely,  fQwn  +flwn~l  -\ h/,  =  0,   where   the   coefficients    of  the 

various  powers  of  w  contain  z  to  the  exponent  in  ;  and  let  us  assume 
that  in  the  finite  part  of  the  plane  there  are  v  nodes  and  K  cusps, 
but  no  higher  singularities.  The  line  at  infinity  meets  the  Cartesian 
curve  F=Q  in  an  m-point  on  the  «>-axis,  and  in  an  ?i-point  on  the 
z-axis.  The  formula  in  Salmon's  Higher  Plane  Curves  (3rd  ed.,  §  82) 
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for  the  class  of  a  curve  applies,  since  the  nodes  and  cusps  are  dis 
tinct,  and  since  at  the  m-point  and  n-point  the  tangents  are  sepa 
rated.  Hence  the  class  of  the  curve 

=  (m  +  n)  (m  +  n  —  1)  —  n(n  —  1)  —  m(m  —  1)— 2v  —  3*. 

The  number  of  tangents  which  can  be  drawn  from  the  m-point  is 
equal  to  the  class  of  the  curve  —  2m.  Since  each  of  these  tangents 
gives  a  simple  branch-point,  and  since  each  of  the  K  cusps  likewise 
gives  a  simple  branch-point,  the  number  of  branchings  is 

{  (m  +  n)  (m  +  n  -  1)  -  n(n  -  1)  -  m(m  -  1)  -  2v  -  3K\  -  2m  +  K, 
i.e.  2m(n-l)-2v-2/c. 

But  2p  -f-  2(?i  —  1)  =  the  number  of  branchings, 

therefore         p  =  (m  —  1)  (n  —  1 )  —  v  —  K. 

[This  expression  for  p  was  given  by  Riemann  in  his  memoir 
Abel'sche  Functionen,  Ges.  Werke,  p.  106.] 

§  171.  The  canonical  dissection  of  a  Riemann  surface. 
In  §  130  we  proved  two  theorems  due  to  Lu'roth  and  Clebsch. 
By  means  of  these  theorems  we  found  that  the  n  sheets  of  a  \ 
Riemami  surface  can  be  connected  in  such  a  way  that  the  branch- 
cuts  between  successive  sheets  are  single  links,  except  between  the 
first  arid  second  sheets.  In  this  exceptional  case  the  number  of 
branch-cuts  is  p  -f  1,  when  p  is  the  deficiency  of  the  algebraic  curve 
F(w,  z)  =  0,  obtained  by  treating  w  and  z  as  Cartesian  coordinates  ; 
it  is  assumed  that  the  equation  is  prepared,  and  therefore  con 
tributes  merely  simple  branch-points.  There  are  thus  p  superfluous 
connexions  between  the  first  two  sheets.  We  have  now  to  see  that 

this  w-fold  sphere  can 
be  transformed,  with 
out  tearing,  into  the 
surface  of  a  body  with 
p  perforations. 

First  take  the  case 
of  a  twofold  sphere, 
whose  two  sheets  are 
connected  by  a  single 
bridge.  In  Fig.  64, 

Fig.  64  the  bridge  is  perpen 

dicular  to  the  plane 
of  the  paper,  and  a  is  its  middle  point.  Let  every  point  of  the 
inner  sheet  be  reflected  in  the  diametral  plane  which  contains  the 
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bridge.  Then  the  two  halves  of  the  inner  sphere  -are  interchanged, 
and  the  figure  changes  from  A  to  B.  This  can  be  effected  by  a 
process  of  continuous  deformation,  the  one  hemispherical  surface 
passing  through  the  other,  without  any  severing  of  the  Eiemann 
sphere,  and  the  order  of  connexion  is  unchanged.  To  an  observer 
at  e  the  appearance  is  that  of  a  sphere  with  a  hole  in  it.  The 
inner  sphere  can  now  be  pulled  through  the  hole,  and  stretched, 
without  tearing,  into  the  form  of  a  one^heeted  sphere,  or  of  a 
doubly-sheeted  flat  plate  without  a  hole. 

Next  take  the  case  of  a  two-sheeted  sphere  with  p  +  1  bridges ; 
the  surface  can  be  stretched,  without  tearing,  until  the  bridges  lie 
along  one  great  circle.  Apply  to  the  inner  sheet  the  same  process 
of  reflexion  as  before ;  then  the  two  spheres  are  connected  along 
p  +  1  holes.  One  of  the  holes  may  be  stretched,  as  before,  so  as 
to  form  the  outer  rim  of  a  two-sheeted  flat  plate ;  and  in  the  plate 
there  remain  p  holes.  The  surface  has  become  the  surface  .of  a 
solid  box  perforated  by  p  holes. 

In  the  general  case  the  inner  sphere,  and  the  one  next  to  it,  are 
connected  by  one  bridge.  The  two  can  be  replaced  by  a  single 
spherical  sheet.  This  sheet  is  connected  with  the  third  sheet  by  a 
single  bridge.  Eepeat  the  process  until  the  first  n  —  1  sheets  are 
replaced  by  a  single  sheet.  This  single  sheet  is  connected  with  the 
outside  sheet  by  p  + 1  bridges ;  and  the  two  can  be  replaced  by 
a  box  with  p  holes  through  it.  It  is  thus  proved  that  the  general 
Eiemann  surface  arising  from  an  algebraic  equation  of  deficiency  p 
can  be  deformed,  without  tearing,  into  the  surface  of  a  box  with  p 
holes. 

The  principle  of  this  method  is  clue  to  Liiroth  ;  the  form  of  proof  to  Clifford 
(Collected  Papers,  on  the  canonical  form  and  dissection  of  a  R'iemami's  sur 
face,  p.  241).  See  also  Hofmann's  tract,  Methodik  der  stetigen  Deformation 
von  zweiblattrigen  Rieinann'  schen  Flachen  (Halle,  1888).  The  flat  two-sided 
sheet  with  p  +  1  rims  is  used  by  Schottky  hi  his  important  memoir  on  conform 
representation,  Crelle,  t.  Ixxxiii. 

The  following  diagrams  will  illustrate  these  processes : 


Fig.  65 
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Figs,  (a),  (&),  (c)  show  stages  of  the  passage  from  the  double 
Kiemann  sphere,  with  one  branch-cut  (Fig.  a),  into  the  double  flat 
plate  (Fig.  c).  In  Fig.  b,  the  reflexion  has  changed  the  bridge  into 
a  hole  which  connects  surface  II.  with  surface  I.  In  Fig.  c,  the 
rim  E  of  the  hole  has  been  stretched  until  it  takes  the  position  in 
the  figure,  the  hole  has  disappeared,  and  the  interior  sphere  II.  has 
become  the  upper  flat  sheet,  the  exterior  sphere  I.  the  lower  flat 
sheet. 

The  process  of  conversion  of  a  thin  flat  surface  with  two  sheets, 
connected  by  p  holes,  into  a  double  Kiemann  sphere,  can  be  illus 
trated  in  a  similar  manner.  We  leave  the  drawing  of  the  figures  to 
the  reader.  Keeping  the  outer  rim  E  fixed,  we  can  make  the  two 
sheets  pass  from  the  flat  form  into  one  in  which  the  two  sheets 
form  two  infinitely  close  hemispheres  connected  along  E  and  along 
the  p  holes.  These  holes  may  be  regarded  as  places  at  which  the 
outer  hemisphere  passes  into  the  inner,  and  E  is  a  place  of  like 
nature.  By  a  contraction  of  E  into  a  small  circle,  these  two  hemi 
spheres  can  be  made  to  pass  into  two  infinitely  close  spheres  con 
nected  by  p  -f  1  holes,  namely,  the  original  holes  and  the  new  one 
supplied  by  E.  Arrange  these  p  -f- 1  holes  along  a  great  circle,  and 
employ  the  reflexion  process  as  described  above.  Each  hole  changes 
into  a  bridge,  and  the  final  form  is  a  two-sheeted  Eiemann  sphere 
with  p  +  1  bridges. 

§  172.    Klein's  normal  surface. 

The  box  with  p  holes  can  be  deformed,  without  tearing,  into  a 
sphere  with  p  handles,  a  convenient  normal  form  used  by  Klein. 


-b' 


When  p  =  0,  we  have  the  ordinary  sphere  ;  when  p  =  1,  the  anchor- 
ring  can  be  selected  as  the  normal  surface,  for  it  can  be  deformed 
into  a  sphere  with  one  handle. 

Fig.  67a  is  the  normal  surface  for  the  case  p  =  2 ;   the  curves 
A,  B  are  latitude  and  meridian  curves  respectively.      The  rim  of 
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Clifford's  box  has  become  the  curve  E  in  the  plane  of  the  paper, 
which  can  be  called  the  equator. 

Dissection  of  the  normal  surface.  —  It  is  to  be  understood  that 
throughout  what  follows  the  surfaces  employed  are  punctured  at  a 
point ;  otherwise  there  is  no  boundary,  and  the  definition  of  multi 
ple  connexion  has  no  meaning. 

A  surface  is  said  to  be  dissected  when  it  has  been  made  simply 
connected  by  a  system  of  cross-cuts.  Let  us  consider  the  mode  of 


B: 


Fig.  67 

dissection  of  the  anchor-ring  (Fig.  66).  Let  P  be  the  puncture. 
Make  the  cross-cut  Pa'  along  a  meridian  curve.  The  cut  surface 
can  now  be  deformed  into  a  cylinder  (as  in  §  168).  As  a  second 
cross-cut,  take  bb'b ;  the  cut  cylinder  can  now  be  deformed  into  a 
rectangular  sheet.  Thus  two  cross-cuts,  along  a  meridian  curve  and 
a  latitude  curve,  have  made  the  surface  simple. 
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In  exactly  the  same  way,  the  surface  of  a  sphere  with  p  handles 
can  be  rendered  simple  by  drawing  a  meridian  cut  through  each 
handle,  and  a  latitude  cut  round  each  handle.  We  have  p  pairs  of 
cuts  AK,  B^(K  =  1,  2,  •  •  •,  p).  To  dissect  the  surface,  take  a  point 
SK  on  either  A*  or  B<t  say  on  B^ ;  make  cuts  CK  to  the  p  points  SK 
from  the  puncture.  The  cuts  have  now  become  cross-cuts  ;  p  of 
these  are  sigma-shaped,  being  formed  by  the  combination  of  CK  and 
B< ;  and  there  are  also  p  cross-cuts  AK.  In  all  there  are  2p  cross 
cuts. 

Fig.  67  shows  the  process  in  the  case  p  =  2. 

After  two  meridian  cuts  B»  B.2,  the  section  along  the  equator  of 
the  sphere  with  two  handles  takes  the  form  represented  in  Fig. 
67  (b).  The  latitude-cuts,  and  the  joins  to  P,  pass  into  the  heavily 
marked  lines  of  the  figure.  The  surface  is  now  dissected;  for  Fig. 
67  (c)  can  be  derived  from  Fig.  67  (b)  by  pulling  out  the  tubes  in 
the  directions  of  the  arrows,  and  the  cylinder,  if  cut  along  the 
heavily  marked  line,  is  evidently  dissected. 

In  the  dissection  of  the  box  with  p  holes,  cuts  were  made  along 
curves  A,  B,  C,  the  curves  A,  B  being  respectively  latitude  and 
meridian  curves.  In  dealing  with  ?i-valued  algebraic  functions,  it 
is  often  necessary  to  retain  the  7i-sheeted  sphere,  and  to  dissect  it 
by  2p  cross-cuts.*  The  easiest  way  of  finding  out  how  this  can  be 
done  is  to  retrace  our  steps  and  change  the  multiply  connected 
surface  with  p  holes  into  the  Kiemann  sphere  with  n  sheets,  con 
nected  by  branch-cuts  as  in  §  171. 

Now  the  p  cuts  A  must  change  into  curves  round  branch-cuts. 
Also  the  branch-cuts  round  which  these  curves  pass  can  only  be 
those  connecting  the  first  and  second  sheets ;  for  a  cut  round  the 
single  branch-cut  which  connects  the  first  and  third  sheets  would 
sever  the  third,  since  the  third  is  linked  to  the  remaining  sheets 
merely  by  this  bridge.  Thus  the  cuts  A  must  pass  into  curves  such 
as  A  (Fig.  68).  The  curves  B  passed  originally  through  the  holes 
for  which  the  A's  were  latitude  curves.  Hence  the  ITs,  after  the 
change,  must  traverse  the  p  bridges  round  which  the  AJs  have  been 
drawn.  This  shows  how  it  comes  to  pass  that  the  (n  —  2)  bridges 
between  the  first  and  third,  fourth,  •••,  nth  sheets,  are  unrepresented 
in  the  diagrams  of  the  cross-cuts.  The  equator  E  becomes  a  branch- 
cut  over  which  all  the  jB's  pass. 

Clifford's  box  is  deformed  by  the  same  process  ;  the  p  holes  pass 
into  p  bridges,  the  rim  into  a  (p  +  l)th  bridge.  The  meridian 
curves  can  be  drawn  in  many  ways  from  hole  to  hole ;  the  most 

*  As  before,  the  equation  between  w  and  z  is  iu  the  prepared  form. 
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natural    construction    is    to 
draw  each  round   one   hole 
and  the  rim.     Returning  to 
the    Riemann    sphere,    this 
gives  cross-cuts  Blf  B.2,  ••-,  Bp, 
which  all  intersect  one  and 
the  same  bridge,  namely,  the 
(p-fl)th;   thus  the  cut  Br    t 
passes    over    the    rth    and   / 
Q9-fl)th  bridges  VJ 


In  a  5-ply  connected  Rie- 
man  surface,  four  cross-cuts 
reduce  the  surface  to  simple 
connexion.  In  Fig.  68  the 
cross-cuts  are  Ci  -f  B^  A^  C2  -f-  B2,  A$ 
sigma-shaped. 

By  following  the  arrows  in  Fig.  68,  it  is  easy  to  see  that  the 
complete  boundary  of  the  dissected  Riemann  surface  can  be  described 
by  the  continuous  motion  of  a  point,  the  two  banks  of  a  cross-cut 
being  described  in  opposite  directions. 


Fig.  68 
+  Bl  and  C2  +  B.2  being 


§  173.  Systems  of  curves  which  delimit  regions.  The  closed  curve  Al  of 
Fig.  68  does  not  by  itself  delimit  a  region  of  the  surface  ;  in  other  words,  it  is 
possible  to  pass  along  a  continuous  curve  from  a  point  on  one  bank  of  A1  to  the 
point  immediately  opposite,  without  cutting  the  rim  or  passing  out  of  the  sur 
face.  BI  is  such  a  curve.  Again,  A^  Sl  in  Fig.  68  do  not  conjointly  delimit  a 
region  of  the  surface.  The  dissection  of  the  Riemann  surface  thus  raises  the 
question  as  to  the  maximum  number  of  closed  curves,  which  neither  singly  nor 
in  sets  delimit  a  portion  of  surface.  Also  it  is  evident  that  the  cross-cuts  are 
capable  of  deformation.  To  what  extent  can  such  deformation  be  effected  ? 

In  Riemann's  memoir  on  the  Abelian  functions  these  questions  are  discussed 
and  various  theorems  are  arrived  at,  which  are  of  importance  in  the  subject 

known  as  Analysis  Situs. 
These  theorems  were  used 
by  Riemann  as  a  basis  upon 
which  to  build  up  the  theory 
of  the  dissection  of  a  multi 
ply  connected  surface.  In 
this  chapter  we  have  accom 
plished  the  dissection  by  the 
use  of  theorems  due  to 
Liiroth  and  Clebsch  ;  but  as 
Riemann's  theorems  are  interesting  in  themselves  and  throw  valuable  light  upon 
the  effects  of  cross-cuts,  we  shall  give  a  brief  account  of  his  method. 
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I.  Instead  of  a  multiply  connected  Riemann  srrface  with  only  one  rim,  we 
can  employ  the  multiply  connected  single  sheet  of  §  168  with  several  rims.    The 
curve  1  of  Fig.  69  does  not  by  itself  delimit  a  region ;  when  taken  in  conjunc 
tion  with  4  it  delimits  a  region.     It  is  true  that  it  is  impossible  to  get  from  one 
side  of  1  to  the  other,  without  crossing  the  boundary  ;  but  nevertheless  1  does 
not  delimit  a  region.     To  meet  the  case  of  a  surface  with  more  than  one  rim,  we 
say  that  a  curve  does  not  delimit  a  region,  when  it  is  possible  to  reach  the 
boundary  from  each  of  two  opposite  points  of  the  curve. 

II.  Let  w  =  V(2  —  a)(z  —  &);  the  corresponding  Riemann  surface  is  two- 
sheeted,  with  a  bridge  from  a  to  b.     Let  A  be  an  oval  curve  round  the  bridge 
a&,  and  let  c,  d  be  opposite  points  on  the  outer  and  inner  banks.     If  the  punc 
ture  be  made  at  a  place  e,  outside  A,  it  is  impossible  to  connect  e  with  d,  except 
by  a  line  which  crosses  A.    The  curve  A  delimits  a  region. 

III.  If  the  puncture  extend   through  both   sheets,  A  does  not  delimit  a 

region ;  if,  however,  a  second  curve 
A'  be  drawn  vertically  below  A,  it 
will  no  longer  be  possible  to  draw  a 
curve  from  d  to  the  puncture  without 
crossing  A  or  A'  ;  therefore  A,  A' 
conjointly  delimit  a  region. 

IV.  The  systems  (1,4);  (1,2,3)  ; 
(2,  3,  4)  delimit  regions  (Fig.  69). 

V.  Let  K,  K  (Fig.  70)  form  the 
boundary  of  a  surface.    The  curves  1, 
2  delimit  a  region,  and   so   do  the 
curves  3,  4.     The  four  curves  divide 
the  surface  into  two  sets  of  points  :  — 

(1)  points  in  the  shaded  portions, 
which  have  the  property  that  lines 
which  join  them  to  the  boundary  must 
meet  the  four  curves  in  an  odd  num 
ber  of  points ; 

(2)  points  in  the  unshaded  portions  which  have  the  property  that  lines  which 
join  them  to  the  boundary  must  meet  the  curves  an  even  number  of  times,  or  not 
at  all.  Points  of  the  former  kind  are  known  as  interior  points ;  points  of  the 
latter  kind  as  exterior  points.  The  curves  1,  2,  3,  4  taken  together  separate  the 
interior  points  from  the  exterior.  The  collective  space  filled  by  interior  points 
is  said  to  be  '  completely  bounded '  or  '  delimited '  by  the  four  curves,  and  the 
curves  are  said  to  be  delimiting  curves.  With  this  convention  as  to  interior  and 
exterior  points,  the  theorems,  which  we  are  about  to  prove,  hold  good  even  when 
the  curves  intersect.  However,  the  reader  will  find  it  easier  to  follow  the  argu 
ment  by  drawing  a  figure  in  which  the  curves  do  not  intersect. 

Theorem.  In  any  surface  T,  let  A,  B,  C  be  systems  of  circuits.  If  A  and  B 
be  delimiting  curves  and  if  A  and  C  be  delimiting  curves,  then  B  and  C  are 
delimiting  curves.  Formal  proof  is  superfluous;  the  following  considerations 
will  suffice.  Since  A  can  be  deformed  into  B  without  pa^sin^  over  the  boundary, 
it  must,  in  the  process  of  deformation,  trace  out  a  continuous  surface,  which  lies 
wholly  within  T.  This  region  of  T  is  delimited  by  A  and  B.  In  the  same  way  A 
and  C  delimit  a  region  of  T.  But  the  two  regions,  so  obtained,  adjoin  each  other 
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along  the  lines  A.     Therefore,  if  these  lines  be  suppressed,  there  is  a  region 
delimited  by  B  and  C. 

Theorem.  Let  Alt  A,,  •  ••,  An  be  a  system  of  n  circuits  on  a  surface,  of 
which  neither  the  whole  nor  a  part  delimits  a  region,  but  of  which  some  or  all, 
taken  in  conjunction  with  any  other  circuit,  do  delimit  a  region.  Let  J?,,  I?2, 
•  •-,  Bn  be  another  system  of  n  circuits,  possessing  the  first  property  of  the  A's  ; 
namely,  that  neither  the  whole  nor  a  part  delimits  a  region.  Then  this  system, 
taken  in  conjunction  with  any  other  circuit,  delimits  a  region.  That  is,  the  J5's 
possess  the  second  property  of  the  A's. 

Let  us  here  understand  that  '  all  of  n  things '  is  included  under  « some  of  n 
things,'  but  that  'none  of  n  things'  is  excluded.  By  the  hypothesis,  jB,,  with 
some  of  the  A's,  delimits  a  region.  Let  Al  be  one  of  these  A's.  Take-  any  cir 
cuit  C  which  is  not  a  boundary.  C  also,  with  some  of  the  A's,  delimits  a  region. 
There  are  two  cases  :  — 

CASE  1.     AI  is  included  amongst  these  A's. 
CASE  2.     Al  is  not  included. 

In  Case  1,  Alt  with  some  of  C,   A2J  A3,  •••,  An,  delimits  a  region  ; 
AV  with  some  of  B^  A2,  A3,  •••,  An,  delimits  a  region ; 
hence  a  system  taken  from    C,  Bv  A,,  Ay  •  ••,  An  delimits  a  region. 

We  say  that  C  must  belong  to  this  system  ;  for  if  not,  some  of  B^,  A»  •••, 
An  delimit  a  region. 

But  BU  Al  by  themselves,  or  with  other  A's,  delimit  a  region.  Hence,  by 
the  previous  theorem,  some  of  Av  A,,  •••,  An  delimit  a  region,  which  contradicts 
the  hypothesis. 

In  Case  2,  C,  with  some  of  A.2,  A3,  —,  An,  delimits  a  region.  Hence,  a  for 
tiori,  C,  with  some  of  Blt  A^  Az,  ...,  An,  delimits  a  region.  Thus,  in  either  case, 
the  system  B^  Av  •-,  An,  which  has  the  first  property  of  the  A's  (that  is,  that 
neither  the  whole  nor  a  part  of  it  delimits  a  region),  has  also  the  second  property 
of  the  A's.  Continuing  the  reasoning,  all  the  A's  can  be  replaced  by  B's  ;  which 
proves  the  theorem. 

Theorem.  Let  A»  A^,  •••,  An  be  as  in  the  last  theorem  ;  and  let  (7,,  C2, 
•••,  Cn  be  another  system  of  circuits,  such  that  Ar  and  Cr  (r  =  1,  2,  •••,  n)  delimit 
a  region ;  then  the  A's  may  be  replaced  by  the  C"s. 

To  prove  this,  we  must  show  that  no  system  of  C's  can  delimit  a  region. 
If  possible,  let  some  of  the  C's,  say  C,,  C2,  ••-,  CK,  delimit  a  region,  and  let  this 
system  be  called  a  delimiting  system.  Since  A^  Cl  form  a  delimiting  system, 
it  follows  that  (A^C^—  C*)  is  a  delimiting  system.  And  since  A2,  C.2  form 
a  delimiting  system,  it  follows  that  (^^C,— C«)  is  a  delimiting  system. 
Replacing  in  this  way  each  C  by  A,  we  see  that  the  original  supposition 
demands  that  A»  A,,  •••,  A*  shall  delimit  a  region  ;  but  they  do  not.  Hence 
no  system  of  the  C"s  delimits  a  region,  and  therefore,  by  the  last  theorem,  the 
C's  may  replace  the  A's.* 

*  These  theorems  on  delimiting  curves  were  stated  by  Riemann;  the  proofs  in  the  text  were 
given  by  Konigsbereer.  Elliptische  Functionen,  pp.  47  et  seq.  We  may  also  refer  the  reader  to 
a  memoir  by  Simart,  Commentaire  sur  deux  memoires  de  Riemann;  and  to  Lamb's  Hydrody 
namics,  Xote  B. 
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Riemann's  theorems  on  delimiting  curves  are  immediately  applicable  to  a 
Blemann  surface.  If,  after  a  certain  number  of  cross-cuts  have  been  made, 
without  severing  the  surface,  we  can  draw  a  circuit  on  the  surface  such  that  it 
is  possible  to  get  from  the  interior  to  the  exterior  region  without  cutting  the 
boundary,  the  surface  is  not  yet  simple,  and  more  cross-cuts  will  be  needed ; 
but  if  no  such  circuit  can  be  made,  the  surface  has  been  dissected  by  the  cross 
cuts.  Riemann  denned  the  order  of  connexion  of  a  surface  by  this  maximum 
number  of  cross-cuts,  increased  by  1.  We  have  seen  that  on  a  Riemann  surface 
of  deficiency  j>,  2p  cross-cuts  can  be  drawn,  that  these  2p  curves  neither  singly 
nor  collectively  delimit  a  region,  and  that  some  of  them  delimit  a  region  when 
taken  with  any  other  closed  curve.  Hence,  by  Riemann' s  definition,  the  order 
of  connexion  of  a  Riemann  surface  of  deficiency  p  is  2p  +  1 ;  a  result  which 
agrees  with  that  of  §  170.  For  the  2p  curves  which  serve  the  part  of  cross-cuts 
can  be  substituted  any  other  2p  curves,  of  which  neither  the  whole  nor  a 
part  delimits  a  region.  Thus  the  meridian  and  latitude  curves  of  the  normal 
surface  can  be  deformed  into  new  meridian  and  latitude  curves,  when  the 
new  meridian  and  latitude  curves  £*',  A*'  are  such  that  AK,  AK'  and  J5K,  BK', 
(K  =  1,  2,  ---tp)  form  2p  delimiting  systems. 

When  a  cross-cut  has  been  made  in  an  (n  +  l)-ply  connected  surface  T, 
the  new  surface  T'  is,  as  we  know,  only  w-ply  connected.  It  is  interesting  to 
show,  graphically,  that  only  n  —  1  curves  of  the  type  A  can  be  drawn  on  T'. 


Fig.  71 


The  figure  is  that  of  a  triply  connected  and  two-sheeted  surface,  but  the 
argument  applies  generally.  A  and  B  are  circuits  on  the  triply  connected 
surface.  Neither  separately  nor  together  do  they  delimit  a  region  ;  for  the  line 
K  connects  the  points  k,  k',  on  opposite  sides  of  B,  with  the  puncture  P.  Treat 
K  as  a  cross-cut,  and,  when  it  is  made,  let  the  new  surface  be  T'.  A  is  a  closed 
circuit  on  T',  which  does  not  delimit  a  region.  We  wish  to  prove  that  every 
other  circuit  A',  which  does  not  of  itself  delimit  a  region,  does  so  when  taken 
in  conjunction  with  A.  Now  A'  is  a  circuit  on  the  uncut  surface  T.  Therefore 
A',  A,  B  delimit  a  region  T\  on  T.  We  prove,  in  the  first  place,  that  B  must  be 
omitted  from  the  boundary  of  Tr  For  if  B  were  part  qf  that  boundary,  it 
would  be  impossible  to  get  from  one  side  of  B  to  the  other  ;  but  the  figure  shows 
that  K  does  pass  on  T  from  k  to  k'.  Hence  A,  A'  must  delimit  a  region  on  T  ; 
that  is,  there  is  a  region  T\  on  T,  from  no  point  of  which  can  a  curve  be  drawn 
to  P,  without  meeting  A'  or  A.  But  further,  A'  and  A  also  delimit  a  region 
TI  on  the  surface  T'  ;  that  is,  it  is  impossible  to  pass  from  a  point  of  the  region 
T!  to  either  P  or  the  cross-cut  K.  For  K  does  not  meet  either  A'  or  A  \  and 
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therefore  if  a  curve,  starting  from  a  point  of  T15  could  once  get  to  any  point  of 
A,  it  could  be  continued  along  K  to  P  •  but  we  have  already  seen  that  P 
cannot  be  reached. 

§  174.     Algebraic  functions  on  a  Riemann  surface. 

It  was  proved  in  Chapter  V.,  §  154,  that  when  w  is,  throughout 
the  z-plane,  an  n-valued  function  of  z  with  a  finite  number  of  poles 
and  algebraic  critical  points,  and  free  from  essential  singularities, 
this  function  is  connected  with  z  by  an  equation 

ic»  +  ^(zX1-1  +  r.2(z)wn~2  H h  rn(z)  =  0, 

where  i\(z),  r,(z),  ...,  rn(z)  are  rational  fractions.  Let  the  denomi 
nators  be  removed  and  let  the  resulting  equation  be  F(wn,  zm)  =  0. 
The  corresponding  Riemann  surface  T  is  ?i-sheeted.  If  the  resulting 
surface  be  connected,  it  will  be  possible  to  pass,  by  properly  chosen 
paths,  from  any  value  of  u\  to  each  of  the  n  —  l  associated  values 
iv2,  ws,  ...,  n\.  That  the  equation  F=0  is,  under  these  circum 
stances,  irreducible  can  be  shown  by  the  following  considerations. 
Assume  that  F(w,  z)  =  F^w,  z) .  Fa(ic,  z),  where  Fj(zc,  z)  is  irreducible. 
At  an  ordinary  point  z  =  a  in  the  Argand  diagram  there  must  be  some 
branch,  say  w^  which  makes  Fl  vanish  at  a  and  throughout  a  region 
which  contains  a.  In  the  neighbourhood  of  z  =  a  the  function 
Fi(wlt  z)  can  be  represented  as  an  integral  series  P(z  —  a ),  and  this 
integral  series  vanishes  identically  throughout  its  circle  of  conver 
gence  in  virtue  of  the  theorem  of  §  87.  The  method  of  continua 
tion  shows  that  the  analytic  function  derived  from  this  element  is 
everywhere  zero ;  but  by  suitable  closed  paths  of  z  in  the  z-plane,  iv± 
can  be  changed  into  w2,  w3,  •••,  wn.  Hence  F^ic^  z)  can  be  made  to 
pass  into  Fi(ic2,  z),  F^ic^  z)?  ...,  F^.  z).  This  proves  that  when 
Ffic,  z)  vanishes  at  z  =  a  for  u*  =  IL\,  it  also  vanishes  for  u\2,  tv3,  ••-,  wn  • 
in  other  words,  an  equation  F^ic,  a)  =  0,  of  lower  degree  than  n  in 
w,  is  satisfied  by  n  values.  This  being  impossible,  the  original  equa 
tion  F=  0  must  be  irreducible. 

It  is  evident  that  any  rational  function  of  w  and  z,  say  R(w,  z), 
is  one-valued  upon  the  Riemann  surface  T  for  F(wn,  zm)  =  0 ;  we  shall 
prove  the  converse  theorem  that  every  function  one-valued  upon  T 
and  continuous  except  at  certain  poles  and  branch-places,  at  which 
the  order  of  infinity  is  a  finite  integer,  is  of  the  form  R(w,  z). 

Let  the  n  values  of  ic  which  correspond  to  a  given  z  be  ic^  zc2,  ••-, 
wn-j  and  let  the  corresponding  values  of  R  be  R^  R2,  ...,  Rn.  ~The 
symmetric  combinations 


,  -.,  71), 
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are  one-valued  functions  of  z,  for  they  take  the  same  values  at  the 
n  places  attached  to  z.  Now  a  one-valued  function  of  z  which  has 
only  polar  discontinuities  is  a  rational  function  of  z.  Choosing  A1? 
^2>  •••>  ^n-i  so 


i^n~l  +  VV~2  4-  A2io/-3  +  -  +An-i  =  0     (/,  =  2,  3,  ».,  n), 
we  get 
Rwf-1  +  A^x"-2  +  A^"-8  +  •••  -f  An_j)  =  8H 


The  form  of  the  equations  in  w^  shows  that  these  quantities  are  the 
roots  of  an  equation 


wn~l  -f  \iwn-2  H  ----  +  An_!  =  0  ; 
but  they  are  known  to  be  the  roots  of 

F(wn,  zm)/(iv  -11^  =  0; 

that  is,  of  yx  +f,wn-1  -f  ...  +/»)/(««  -  «?i)  =  0, 

or  of 

f^n~l  +   OX  +/l)^"2  +   -    -f  (/O^l""1  +/lWl"~2  +   -  +/n-l)  =  0  J 

hence, 

Ai  =  G/X  +  /i)  //o  5  •  •  •  ;  Xn_!  =  (^i71-1  +  /X"-2  -f  -  -  -  +  / 
Therefore 


Now  wx  is  any  value  of  iv  attached  to  the  given  z,  and  7^  is  the  corre 
sponding  value  of  R.  We  may  therefore  omit  the  suffixes  and  write 
the  relation  between  R  and  w  in  the  form 


which  proves  the  theorem.  [This  proof  is  g:.ven  by  Briot,  Theorie 
des  fonctions  abeliennes,  Appendix  B  ;  for  another  proof  see  Prym, 
Beweis  eines  Eiemann'schen  Satzes,  Crelle,  t.  Ixxxiii.,  p.  251. 
Also  see  Klein's  Schrift,  p.  57,  and  Klein-Fricke,  Modulfunctionen, 
t.  i.,  p.  499.] 

When  W  is  a  rational  function  R  (tv,  z)  of  w,  z,  there  corresponds 
to  a  given  place  (z,  w)  on  the  surface  T,  a  single  pair  (z,  W).  It  is 
not  always  true,  conversely,  that  to  a  given  pair  (z,  W)  corresponds 
the  single  place  (z,  w).  Suppose  TFto  be  a  function  for  which  the 
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converse  statement  holds ;  then  the  surface  T  will  serve  for  the 
pairs  (z,  W)  as  well  as  for  the  pairs  (z,  to).  At  an  ordinary  point 
z,  the  n  associated  pairs  (z,  ic)  are  distinct.  Therefore  the  n  pairs 
(z,  W)  must  be  distinct.  That  is,  W  is  an  w-valued  algebraic  func 
tion  of  z.  Starting  with  a  surface  constructed  to  represent  a  single 
algebraic  function  w  we  have  shown  that  from  the  single  w-valued 
algebraic  function  w  of  z  there  can  be  derived  a  whole  system  of  such 
functions  (called  by  Riemann  like-branched  functions).  On  the  sur 
face  T  each  of  these  functions  W  is  one-valued,  and  the  surface  T 
can  be  constructed  by  the  equation  in  W,  z,  in  place  of  F=  0.  The 
function  w  is  distinguished  among  these  functions  merely  by  the  fact 
that  we  began  with  it ;  it  is  itself  a  rational  function  of  z  and  It, 
inasmuch  as  it  is  one-valued  on  the  surface  T.  [For  an  algebraic 
proof  of  this  by  means  of  the  process  of  finding  the  Highest  Common 
Divisor,  see  Dedekind  and  Weber,  Crelle,  t.  xcii..  §  13.]  The  degrees 
in  w  of  the  equations  are  all  equal  to  n,  but  the  degrees  in  z  will 
naturally  be  different.  When  an  equation  is  of  degree  m  in  z,  the 
function  will  be  said  to  be  m-placed  on  the  surface ;  it  takes  any 
assigned  value  at  m  places,  distinct  or  coincident  (see  §  108).  W^hen 
tv  —  b  =  PK(z  —  a),  K  of  the  places  at  which  w  =  b  coincide  at  z  =  a ; 
but  when  w  —  b  =  PK(z  —  a)Vr,  the  branch-place  (a,  b)  is  still  a  place 
at  which  K  values  of  w  are  equal  to  b.  In  fact,  at  a  branch-place  at 
which  r  sheets  hang  together  (z  —  a) l/r  is  to  be  regarded  as  a  quantity 
of  the  same  order  as  z  —  a  at  an  ordinary  place ;  or,  to  use  a  conven 
ient  mode  of  expression,  (z  —  a)l/r  =  O1  at  z  =  a.  Similarly  if,  at  an. 
infinity,  \/w  =  PK(z  —  a)1/r,  the  place  (a,  oo)  counts  as  K  simple  poles, 
and  (z  —  a)1/r=x1  at  a. 

Integration. 

§  175. .  We  have  seen  that  n  sheets  can  be  connected  in  such  a  way 
that  an  ?i-valued  function  of  z  is  represented  uniquely  at  each  point 
of  the  ?i-sheeted  surface,  and  that  the  branch-cuts  can  be  determined 
as  soon  as  we  know  the  expansions  at  the  branch-points.  We  have 
further  explained  how  a  Eieniann  surface  can  be  reduced  to  simple 
connexion  by  the  drawing  of  cross-cuts.  The  boundary  of  the 
dissected  surface  consists  of  the  banks  of  the  2p  cross-cuts,  where 
each  cross-cut  has  two  banks ;  also  this  boundary  can  be  described 
by  the  continuous  motion  of  a  point.  It  remains  for  us  to  examine 
the  effect  of  paths  of  integration  upon  the  dissected  and  undissected 
surfaces. 

Suppose  that  w  is  an  algebraic  function  of  z  which  satisfies 
the  equation  F(icn,zm)  =  Q.  Then  ic  is  an  » -valued  function  of  z, 
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say  w  =  w(z).     The  integral   I(z]  —  I    w(z)dz   may  perfectly  well 

J\ 
be  infinitely  many-valued  for  each  point  of  the  Eiemann  surface 

on  which  w  is  one-valued;  in  fact  I(z)  is,  in  general,  a  function 
with  properties  distinct  from  those  of  iu(z).  A.  familiar  example 

Cz 
is     I    dz/zt  or  log  z,  which  belongs  to  a  class  of  functions  different 

from  that  of  1/2.  Whereas  1/2  requires  only  a  simple  sheet,  the 
number  of  sheets  required  for  log  z  would  be  infinite.  It  is  ex 
tremely  convenient  to  be  able  to  represent  the  integral  of  an 
algebraic  function  uniquely  upon  the  surface  T,  which  is  associated 
with  that  function.  Bleinann  solved  this  problem  by  the  ingenious 
device  of  the  cross-cut.  The  function  of  the  2p  cross-cuts  is  to 
reduce  the  multiply  connected  surface  to  simple  connexion ;  thereby 
permitting  the  application  to  Eiemann  surfaces,  of  Cauchy's  theorems 
on  the  integration  of  functions  holomorphic  and  meromorphic  in 
simply  connected  plane  regions.  It  will  be  seen  presently  that  a 
path  of  integration  which  lies  entirely  within  the  dissected  surface 
is  subject  to  the  same  rules  as  a  path  in  Cauchy's  theory ;  but  that 
the  traversing  of  a  cross-cut  generally  introduces  an  abrupt  change 
into  the  value  of  the  integral.  While  the  branch-cuts  are  bridges 
between  sheets  otherwise  unconnected,  the  cross-cuts  are  barriers 
which  dissociate  adjacent  places  in  the  same  sheet. 

In  conformity  with  the  definition  of  §  131,  a  function  is  said  to 
be  holomorphic  on  a  simply  connected  region  of  T  which  includes  no 
branch-place,  when  it  is  one-valued,  finite,  and  continuous  within  that 
region.  We  have  now  to  extend  Cauchy's  theorem  (§  133)  to  a 
region  of  the  Riemaim  surface.  The  method  used  by  Biemann 
depends  011  the  transformation  of  a  double  integral  into  a  simple 
integral. 

§  176.  Cauchy's  theorem  for  a  Eiemann  surface.  If  C  be  the 
boundary  of  a  delimited  region  T  on  the  Eiemann  surface,  and  if 
4>(z}  be  one-valued  and  continuous  in  F,  we  have  when  each  rim  is 
described  positively, 

C<t>(z)dz  =  U. 
Jo 

Let  $(z)  =  u  +  iv.     Then 

\  <f>(z)dz  =  I  (udx  —  vdy)  -f  i  (  (vdx  +  udy). 

Suppose  that  the  surface  F  is  cut  by  two  sets  of  vertical  planes 
parallel  to  the  axes  of  x  and  y.  A  strip  made  by  two  consecutive 
parallel  planes  may  run  entirely  in  one  sheet,  or  it  may  meet  a 
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branch-cut  and  pass  for  a  part  of  its  course  into  another  sheet; 
there  may  be  several  strips  between  the  same  vertical  planes  (in 
which  case  the  strips  may  be  said  to  be  in  the  same  vertical) ;  and 
further,  the  boundary  may  consist  of  various  rims.  But  however 


f 


Fig.  72 

many  times  strips  in  the  same  vertical  may  meet  rims,  and  however 
many  times  they  may  change  sheets,  it  will  always  be  true  that 


where  U  is  a  real  function  of  x,  y,  which,  with  its  first  differential 
quotients,  is  continuous  throughout  T,  and  2t  =  the  number  of  points 
in  which  the  strip  meets  the  boundary. 
Hence, 


that  is,  the  parts  of  the  integrals    C  C—  dxdy  and  —  Cudx,  which 

the  strip  contributes,  are  equal.     Hence  for  the  whole  region  these 
integrals  are  equal.     Similarly, 


Hence,  by  writing  U=  u,  v  successively,  we  get 

J  <£  (z)dz  =C(udx  -  vdy)  +  i  (  (vdx  +  udy) 
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But  ?-      =  0,   and       +      = 

Bx      8  B       Bx 


Hence,        l<j>{z)dz  = 


&TT  BTT 

In  this  proof  the  restriction  that  —  ,  —  -  are  to  be  continuous 

Bx  'By 

throughout  r,  may  be  to  some  extent  removed.     For  example,  if 

5v   TT         £  TT 

—  ,   —  be  discontinuous  at  a  finite  number  of  places  of  T,  while   TJ 

°x    °y  fs*77 

is  one-valued  and  continuous  at  these  points,  the  integral    I  T7"* 

/»&£  TT 

is  still  =  U2  —  L\  +  U±  -  U3  +  •••.     To  fix  ideas,  let       —  dx  become 

J«  Bx 

infinite  for  one  value  x  =  c  between  x  =  a  and  a;  =  6. 
Then 


f 

J  a 


=  lim       -  '       cfo  +  lim 


OX  e=0  »/a          OX 


e=fl,  r,^0 

But  CTis  one-valued  and  continuous,  therefore 
lim  £7(c  —  e,  ?/)  =  lim  *7(c  +  17,  y), 

and  the  integral  =  U(b,  y)  —  U(a,  y),  a  quantity  independent  of  c. 
[See  Konigsberger's  Elliptische  Functionen,  p.  69.]- 

§  177.  A  function  <£(z),  which  is  one-valued  and  continuous  at 
all  places  of  a  Eiemann  surface,  is  a  constant.  For  let  the  function 
take  the  values  <j>lf  ^>2,  •••,  <f>n  at  the  n  places  which  lie  in  a  vertical 
line  ;  then  each  of  the  symmetric  combinations 


where  K=  1,  2,  ••-,  n,  is  a  one-valued  and  continuous  function  of  z, 
for  all  values  of  z,  and  is  therefore  a  constant  (§  140).  Hence  the 
equation  whose  roots  are  <j>lf  <£2?  •••>  <£„  has  constant  coefficients. 
Hence  the  roots  are  themselves  constant  for  all  values  of  z,  and 
since  they  are  continuous,  they  are  equal  to  the  same  constant. 

It  follows  that  an  algebraic  function  of  the  surface  is  defined, 
except  as  to  a  constant  factor,  when  its  zeros  and  poles  are  assigned. 
For  if  two  such  functions  have  the  same  zeros  and  poles,  with  the 
same  orders  of  multiplicity,  their  ratio  is  everywhere  one-valued  and 
continuous.  Compare  §  145. 


EIEMANN    SURFACES.  240 

§  178.     The  theorems  which  relate  to  the  value  of  an  integral 

I    f(z)dz,  where  /(z)  is  a  many-valued  function,  are  greatly  sirapli- 
»/*o 
tied  by  the  use  of  the  Riemann  surface  for  /(z),  but  the  methods 

employed  by  Kiernann  are,  in  essence,  identical  with  those  of  Cauchy. 
The  fundamental  theorem  in  integration  is  that  the  value  of  the 

integral    Cf(z)dz,  taken  positively  over  the  rims  C  of  a  delimited 

region  T,  is  zero  when  f(z)  is  continuous  in  that  region. 

To  fix  ideas  let  us  consider  the  integral  of  a  function  JR(ic,  z) 
which  is  rational  in  w  and  z,  where  w  is  an  algebraic  function  defined 
by  jF(i(;H,  2m)=0.  This  integral  is  called  an  Abelian  integral.  The 
advantage  which  results  from  this  limitation  of  the  field  of  discussion 
mainly  arises  from  the  fact  that  we  know  the  nature  of  the  branch 
ings  and  discontinuities  in  the  case  of  the  algebraic  function  and 
the  order  of  connexion  of  the  corresponding  Eiemann  surface. 

When  R(w,  z)  is  continuous  throughout  a  region  T  of  finite  extent 
upon  the  surface  T,  delimited  by  a  system  of  rims  (7,  the  value  of 
j  Rdz,  taken  positively  (with  regard  to  T)  over  all  the  rims  (7,  is 
zero.  Suppose  that  the  region  T  is  delimited  by  an  exterior  rim  C 
and  by  interior  rims  d,  Co,  •••,  CM  we  have  the  extension  of  the 
theorem  of  §  135,  the  difference  being  that  a  rim  may  pass  several 
times  round  an  interior  point  before  returning  to  its  initial  point. 
Suppose  that  the  region  in  question  contains  an  infinity  c ;  this  infin 
ity  must  be  cut  out  by  a  small  closed  curve  described  r  times  round 
c,  say  an  r-fold  circle,  where  r  is  the  number  of  turns  that  must  be 
made  before  the  curve  can  be  closed.  This  curve  (c)  must  be  added 
to  the  other  rims,  and  the  theorem  runs 


Clldz  =  S   C  Rdz+C  Rdz, 

Jc  K-U/Ck  J(c) 


where  the  curves  C,  CK,  (c)  are  described  positively  writh  regard  to 
the  region  delimited  by  them. 

When  r  is  a  simply  connected  region  on  T,  such  that  R  has  no 

infinities  within  T,  the  value  of  \  Rdz  taken  over  any  closed  line 
in  T  must  necessarily  vanish.  As  an  immediate  consequence,  it 
follows  that  when  /,  //  are  two  paths  which  lie  in  T  and  go  from 
a  place  s0  to  a  place  s,  the  value  of  the  integral  is  the  same  which 
ever  path  be  chosen.  This  theorem  may  be  stated  somewhat  differ 
ently.  When,  on  the  Riemann  surface  T,  a  path  /which  connects 
a  place  s0  with  another  place  s  is  deformed  continuously  into  a 
second  path  //  between  the  same  two  places,  the  value  of  the 
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integral  is  unaffected  so  long  as  the  path  does  not  cross  a  place  at 
which  R  is  infinite.  To  complete  the  theory,  we  require  some  way 
of  dealing  with  the  discontinuities  of  R.  Let  the  infinities  within 
a  simply  connected  region  of  finite  extent  delimited  by  the  paths 
I,  II  be  GU  c2,  •••?c/lx;  these  places  must  be  cut  out  from  the  surface 
T.  The  simply  connected  region  has  now  be 
come  a  multiply  connected  one  within  which 
R  is  everywhere  continuous.  Accordingly, 


(*Rdz  =  C  Rdz  +  S   f    Rdz, 

J I  Jll  K=lJ(cK) 


where  the  integration  is  effected  in  the  sense 
indicated  in  Fig.  73. 

On  the  simply  connected  surface  Tf,  which 
results  from  T  by  the  drawing  of  2jp  cross- 

cuts,  the  integral  \  Rdz  may  be  finite.  This 
will  be  the  case  when  the  infinities  of  R  are  not  infinities  of  the 
integral.  In  the  most  general  case,  however,  the  infinities  of  R 
affect  the  value  of  the  integral,  as  has  been  already  explained  in 
speaking  of  Cauchy's  theory  of  Eesidues.  The  surface  T'  must  be 
changed  again  into  a  multiply  connected  surface  by  cutting  out 
those  infinities  which  affect  the  value  of  the  integral,  and  this  new 
multiply  connected  surface  must  be  reduced  to  simple  connexion 
by  fresh  cross-cuts.  On  the  surface  T"  the  value  of  the  integral 

I    Rdz  is  completely  independent  of  the  connecting  path. 
•A 

§  179.  When  w  is  replaced  by  its  values  in  terms  of  z,  let  the 
expression  R  (w,  z)  become  the  n-valued  function  </>  (z)  .  The  theorems 
which  follow  apply  also  to  functions  of  a  more  extended  character 
than  R(iv,  z)  ;  but  we  shall  not  have  occasion  to  use  these  in  this 
treatise,  and  consequently  omit  them  from  consideration. 

When  r  is  a  region  of  T  which  lies  entirely  in  one  sheet,  and 
encloses  no  branch-place,  the  same  deductions  can  be  made  from 
Cauchy's  theorem  as  in  Chapter  V.  Since  that  branch  of  the  many- 
valued  function  <f>(z)  which  is  represented  on  T  is,  throughout  T,  a 
holomorphic  function  of  z,  Cauchy's  methods  are  immediately  appli 
cable.  For  example,  if  the  infinities 


be  excluded  by  small  closed  curves  C',  C",  •••,  C(&,  then 

1     C4>(z)dz_    1    I    C    4>(*)dz 

~ 
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where  <J>(t)  is  the  value  of  <£  at  a  place  (t,  ic)  of  r.     When  <f>(z)  has 
no  infinities  in  r,  this  equation  becomes 


and  the  same  consequences  follow  from  this  formula  as  in  Chapter 
V.  The  most  important  of  these  is  that  at  any  place  (zj,  tq)  of 
the  region  T,  <£(z)  can  be  represented  by  an  integral  series  P(z  —  z,), 
with  a  circle  of  convergence  not  infinitely  small.  Hence  it  follows 
that  <f>'(z),  <f>"(z),  etc.,  are  holomorphic  throughout  the  same  domain. 
Hitherto  the  supposition  has  been  that  T  contains  no  branch 
point,  and  one  of  the  results  arrived  at  has  been  that  in  the  neigh 
bourhood  of  each  place  (z1?  «;,),  <j>(z)  can  be  represented  by  an  inte 
gral  series  in  z  —  zx.  We  now  make  the  supposition  that  (z1?  it-j)  is 
a  place  at  which  r  sheets  hang  together,  and  seek  to  find  the  expan 
sions  in  the  neighbourhood  of  this  branch-place.  Let  a  circle  C 
pass  r  times  round  (zj,  u\),  so  as  to  limit  a  region  r  within  which 
there  is  no  branch-place  of  <£(z)  other  than  (z1?  wx),  and  no  infinity. 
The  transformation 

transforms  T  into  a  circular  region  I\  in  the  £-plane,  and  the  r-fold 
circle  C  into  an  ordinary  circle  Cv  Since  the  function  <j>(z)  recov 
ers  its  initial  value  after  a  description  of  C,  the  function  <f>(z1  +  £r), 
or  !/r(£),  must  recover  its  value  after  a  description  of  Ci.  That  is, 
^(£)  is  holomorphic  in  I\.  Applying  Cauchy's  theorems  to  the 
function  iK£),  we  have  for  the  region  T-,. 


'  —Q  (J,  _  1     9    q 

,    —  ^/t  —  ij  Wj  O, 

and 


where  ^'  is  a  point  inside  IV     Hence 

(z)  (z  -  iO-M*«Afe  =  o         (^  =  1,  2,  3,  ...), 

and         <^>(2')  =  —   f_^L_  .  ^ 

2  rwiJc  (z  -  z,y-1/r     (z  -  ^)1/r  -  (z1  -  z^ 

where  (z',  «o')  is  any  place  in  r.  By  the  use  of  the  binomial  theo 
rem,  the  quantity  under  the  integral  sign  becomes  an  integral  series 
in  (zf  —  z^",  and  therefore 
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Here  the  r  values  of  <£  attached  to  the  r  places  of  r,  which  lie 
on  a  vertical  line,  are  associated  with  a  cyclic  system  of  r  expan 
sions.  The  differential  quotients  of  <f»(z')  can  be  found  from  the 
series.  For  example,  omitting  accents, 


This  result  shows  that  <£'(Zi)  is  infinite  when  A  <  T,  although  the 
corresponding  value  of  <J>(zi)  is  finite.  The  only  places  at  which 
<fr'(z)  can  become  infinite  are  either  branch-places  or  infinities  of  $(2). 
Next  let  (z1}  w^)  be  an  infinity  as  well  as  a  branch-place,  but 
otherwise  let  the  suppositions  with  regard  to  F  and  C  be  the  same 
as  before.  By  an  application  of  Laurent's  theorem  to  the  function 
«//(£),  we  have 


where  q  is  finite,  since  it  is  assumed  that  £  =  0  is  not  an  essential 
singularity.     Hence 


The  expansions  at  z  =  oo  are  found  by  putting  z  =  1/2',  i.e.  by 
replacing  z  —  oo  by  1/z'.  If  r  sheets  hang  together  at  oo,  r  sheets  of 
the  Blemann  surface  for  $1(2'),  =  <f>(z),  must  hang  together  at 
z'  =  0.  Suppose  that  z  =  oo  is  not  a  singular  point,  so  that  <£i(V) 
has  no  singular  points  within  a  finite  neighbourhood  of  the  origin. 

Then  <z' 


where  z'  is  any  point  of  this  neighbourhood.     Thus 
+(«)**  P(fr"). 

When  2=00  is  an  infinity,  but  not  an  essential  singularity,  of 
4>(z),  the  expansion  runs 


The  reader  will  observe  that  the  results  obtained  in  Chapter  IV. 
can  be  derived  from  Cauchy's  theorems.  They  state  that  if  w  be  an 
algebraic  function  of  2,  the  expansions  for  R(w,  2)  at  various  points 
are  of  the  forms 

P(2-a);    (2-a)-*P0(2-a);  P(l/z)  ;  #PQ(l/z); 
P(2-a)1/-   (2-a)-^P0(2-a)1/-  P(z-1*);  #"P0(z-**); 
where  q,  r  are  positive  integers,  and  r  >  1. 

§  180.  Integrals  of  algebraic  functions.  So  long  as  the  path  of 
integration  is  not  permitted  to  pass  over  a  cross-cut  of  the  surface 
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T"  (§  178)  the  integral  is  one-valued.  The  cross-cuts  serve  as  barriers 
which  separate  the  branches  of  the  many-valued  integral.  But  now 
it  is  possible  to  remove  this  restriction  that  the  barriers  are  not  to 
be  passed  over.  The  cross-cuts  required  to  make  T  simply  con 
nected  were  2p  in  number,  and  further  cross-cuts  connected  the 

curves  round  the  infinities  of  j  Rdz  with  the  boundary  of  T'.  Xo 
curve  is  to  be  drawn  round  any  infinity  of  R  which  yields  no  loga 
rithmic  term  to  J  Rdz.  For  instance,  if  (z,,  IL\)  be  a  place  at  which 

X=(z-Zi)-«rP0(*-zJ",  (q>r), 
the  integral   J  Rdz  is  logarithmically  infinite  when,  and  only  when, 

PQ(z  —  21)1/r  contains  a  term  (z  —  z1)~1+2/r.     When  this  term  occurs, 

1     f* 
the  value  of :  I  Rdz,  taken  r  times  round  z^  is  called  the  residue 

— '  7Ti«./ 

at  the  point  (§  1-46).  Thus  the  residue  is  r  x  the  coefficient  of  the 
term. 

Let  T"  be  the  simply  connected  surface  derived  from  the  canoni- 
cally  dissected  surface  T',  by  the  drawing  of   cross-cuts  from  the 

curves  C(K),  round  logarithmic  infinities,  to  the  boundary  of  T'.     Let 

/**» w 
I(z)  =  I       Rdz,  where  the  path  between  (z0,  WQ),   (z,  w)   can  be 

J  *V  tffl 

drawn  freely  on  T\  J(z)  =  the  same  integral  when  the  path  is 
restricted  to  T".  Then  J(z)  is  a  one-valued  and  continuous  function 
on  the  surface  T".  Any  difference  which  may  exist  between  /(z) 
and  J(z)  must  arise  from  passages  over  cross-cuts.  In  order  to  dis 
tinguish  the  two  directions  across  a  cross-cut,  an  arrow-head  is 
attached  to  the  cut.  The 
cut  may  be  regarded  as  a 
stream  with  right  (or  nega 
tive)  and  left  (or  positive) 
banks  (Xeumann,  Abel'sche 
Integrale,  ch.  vii.).  Two 
places  a.  infinitely  near  but 
on  opposite  banks,  can  be 
distinguished  as  a+  and  a_. 
Now  in  passing  from  a 
to  a'  (Fig.  74)  the  values 
of  dz  and  of  R,  at  opposite 
places  of  the  cut,  are  equal. 

Hence,    \    ~  Rdz,  along  the  right  bank,  =  f° "  Rdz,  along  the  left 

+J  a_  •/<!+ 

bank  ;  or  J(a  _')  -  J(a_)  =  J(nJ)  -  «7(a+). 
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Hence  J(a+')  -  J(aJ)  =  J(a+)  -  J(a_)  ; 

that  is,  the  difference  between  the  values  of  J  at  opposite  banks  of 
the  cross-cut  is  constant.  This  constant  is  called  a  modulus  of 
periodicity,  or  period,  of  the  integral.  To  each  cross-cut  there 
belongs  a  period.  The  full  importance  of  this  idea  will  be  seen 
later  (ch.  x.). 

To  connect  I(z)  with  J(z),  suppose  that  the  path  is  sQabs  (Fig.  74), 
which  crosses  the  cut  AK  from  right  to  left,  and  the  cut  J3K  from  left 
to  right.  Then 


C  Rdz  =  C     Rdz  +  C      Rdz+  C 

c/«0a—  0+64.6—  «  «ys0a_  c/a_j_6^_  «y&_ 


Rdz, 


the  infinitely  small  paths  a_a+  and  b+b_  being  neglected;  they  con 
tribute  nothing  to  the  integral,  as  R  is  supposed  finite  in  their 
neighbourhood.  Each  of  the  three  pieces  s0a_,  a+b+,  b_s  lies  on  T". 
Therefore 

f     Rdz  =  J(a_)  ; 

JS(?- 

C     Rdz  =  f    Rdz  -  C    Rdz, 

±/ a  -i-^-i-  c/so^4-  *-^  *(/*~h 

where  the  paths  lie  on  T", 


f   Rdz=J(s)-J(b_). 

Jb_8 

Hence  I(s)  =  J(s)  +  J(b+)  -  J(b_)  -  J(a+)  +  J(a_), 

or,  if  w,  wf  be  the  periods  at  the  cross-cuts  A,  B, 
I(s)=J(s)-(o  +  o>f. 

So  in  general,  when  the  path  on  T  crosses  over  the  xth  cross-cut 
XK  times  positively,  i.e.  from  left  to  right,  and  \K'  times  negatively, 
i.e.  from  right  to  left,  and  when  the  period  attached  to  this  cross-cut 
is  o>K,  the  value  of  I(s)  is 


where  the  summation  extends  over  all  cross-cuts  traversed  by  the 
path  of  integration. 

It  has  been  stated  that  the  period  along  a  cross-cut  is  constant; 
but  this  has  only  been  proved  so  long  as  the  cut  meets  no  other  cut. 
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Applying  the  theorem  to  the  cut  AK  (Fig.  74)  which  meets  the  cut 
BK  and  no  other  cut,  we  see  that 


therefore  J(c2)  -  J(c,)  =  J(c3)  -  J(c4)  ; 

that  is,  the  periods  of  BK,  on  both  sides  of  the  junction  c,  are  equal. 
But  also 

J(c.2)-J(cl)=J(d.^-J(d1)J 

and  J(c3)  -  J(cJ  =  J(cL)  -  J(d,)  . 

Therefore      J(d2)  —  J(ds)  =  0  ; 

that  is,  the  period  across  a  cut  CK  is  zero. 

A  path  of  integration  round  AK  (along  either  bank),  in  the 
direction  of  the  arrow,  leads  from  the  negative  to  the  positive  bank 
of  BK.  This  shows  that  the  period  round  AK  is  equal  to  the  period 
across  BK.  But  a  path  round  BK,  in  the  direction  of  the  arrow,  leads 
from  the  positive  to  the  negative  bank  of  AK,  and  the  period  round 
B<  =  —  to*,  where  CD*  is  the  period  across  AK. 

The  reader  will  readily  prove  that  if  several  cross-cuts  start  from 
a  place  s  of  the  surface,  the  sum  of  the  periods  across  them  is  zero. 
Observing  that  a  change  in  the  direction  of  a  cross-cut  changes  the 
sign  of  the  corresponding  period,  we  have  the  rule  :  — 

The  sum  of  the  periods  of  the  streams  which  flow  to  a  place  = 
the  sum  of  the  periods  of  the  streams  which  flow  from  the  place. 

"When  the  path  of  integration  is  drawn  on  Klein's  normal  sur 
face,  the  theorems  already  enunciated  for  the  plane  Eiemann  surface 

take  a  form  which  is  readily  comprehended.     Assuming  that  1  Rdz 

has  no  logarithmic  infinities,  two  contours  round  the  same  handle, 
or  through  the  same  handle,  can  be  deformed  continuously  into  each 
other,  and  the  integrals  round  the  contours  are  equal.  On  the  other 
hand,  a  meridian  and  a  latitude  curve  are  not  reconcilable,  nor  is 
a  curve  of  either  kind  reconcilable  with  a  curve  of  the  same  kind, 
but  belonging  to  a  different  handle  ;  and,  in  these  cases,  the  integrals 
round  the  two  curves  may  be  different.  Any  curve  which  can  be 
contracted  continuously  until  it  vanishes  gives  a  zero  integral. 
Thus  the  p  integrals  along  p  selected  closed  curves  through  the 
p  handles,  and  the  p  integrals  along  p  selected  closed  curves  round 
the  p  handles  afford  2p  periods.  The  most  general  path  between 
two  places  can  be  deformed  continuously  into  a  closed  path  which 
passes  \K  times  in  one  direction  round  the  /cth  handle,  and  \K' 
times  in  one  direction  through  it,  where  K  =  1,  2,  •  •  •,  p,  followed 
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by  some  special  path,  between  the  two  places.      Hence  the  most 

general  integral  is  equal  to  the  integral  along  the  special  path, 

p 
together  with  ^(\KwK  +  A.KW)?  where  «>K,  <DK'  are  the  integrals  round 

K=l 

the  /<th  latitude  and  meridian  curves,  taken  in  the  assigned  directions. 
The  modifications  necessary  in  the  case  that  j  Rdz  contains  one  or 
more  logarithmic  infinities  are  suggested  by  the  theorems  of  the 
preceding  articles.  For  example,  if  A,  A'  be  two  reconcilable  cir 
cuits  which  contain  between  them  ^  places  c1?  c2,  •  •  .,  c^,  at  which 
the  integral  is  logarithmically  infinite,  the  integrals  of  R  along  A, 
A'  are  no  longer  equal,  but 


Cfidz  -  £  Rdz  =  S    f  Rdz, 

JA.  JA'  K=IC/(C/C) 


where  the  integration  is  performed  in  the  same  sense  for  all  the 
curves  A,  A',  (CK). 

The  reader  is  referred  for  further  information  to  Klein's  Schrift, 
Ueber  Biemann's  Theorie  der  Algebraischen  Functionen  und  ihrer 
Integrale.  Leipzig,  1882. 

§  181.  We  shall  now  give  some  examples  of  the  theory  just 
explained. 

(1)  dw  =  dz/z  =  dp/p  +  idO. 

The  critical  points  are  z  =  0,  z  =  oo ;  and  the  residues  of  these 
points  are  1,  —  1.  Hence  both  points  must  be  cut  out.  The  sur 
face  is  now  doubly  connected.  To  reduce  it  to  simple  connexion, 
we  make  a  cut  from  0  to  oo  .  Now  w  is  a  holornorphic  function  of  z. 

Let  w  —  0  when  z  =  1.     Then 

w  =  u  +  iv  =  log  p  +  iO, 
log  denoting  the  real  logarithm,  and 
u  =  log  p,  v  =  0. 

Hence  half-lines  from  the  origin  in  the  z-plane  map  into  lines 
parallel  to  the  real  axis  in  the  w-plane;  and  a  circle  round  the  origin 
in  the  z-plane  maps  into  a  part  of  a  line  parallel  to  the  imaginary 
axis  in  the  w-plane.  For  if  z  start  always  from  the  positive  or  left- 
hand  bank  of  the  cut,  ending  at  the  negative  bank,  the  value  of 
v  increases,  for  any  circle,  by  2?r.  Hence  if  we  draw  the  ly-path 
C+  which  corresponds  to  the  positive  bank  of  the  cut,  the  path  Cf_ 
which  corresponds  to  the  other  bank  is  obtained  by  displacing  C+ 
through  2  iri ;  and  therefore  the  2-plane  passes  into  an  infinite  strip 
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of  the  w-plane,  of  breadth  2  TT.  To  make  the  strip  straight,  we  make 
the  z-cut  pass  along  the  real  axis,  and  as  in  §  106,  we  shall  take  it 
along  the  negative  half  of  this  axis,  Fig.  75  (a).  To  map  the  entire 
w-plane,  we  require  infinitely  many  sheets  in  the  z-plane,  which 


n. 


n. 


V                   y1                z-  plane 
W    ;           i.     (a) 

m 

m. 

n. 

0 

IV. 

i. 

-m 


w  -  plane 


n?.  75 

hang  together  at  0  and  oo,  and  are  joined  by  a  bridge  which  lies 
along  the  cross-cut.  Fig.  75  (c)  shows  a  section  of  the  bridge  as  it 
appears  when  one  looks  from  0  to  —  oc . 

(2)  dw  =  dz/(z-a)(z-b). 

Here  the  critical  points  are  a,  6.     The  transformation 

t  =  (z-a)/(z-b) 
will  send  them  to  0  and  oc,  and  we  have 

dt  =  (a-b)dz/(z-b)2, 
dt/t  =  (a  -b)dw. 

Hence  the  wvplane  is  mapped  on  the  f-plane  as  in  the  preceding 
example,  while  the  £-plane  maps  on  the  z-plane  by  a  quasi-inversion. 
Therefore  if  we  take  as  a  cross-cut  any  arc  of  a  circle  from  a  to  6, 
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the  z-plane  maps  on  a  straight  strip  of  the  w-plane,  whose  breadth 
is  2  TT/  |  a  —  b  .  All  other  such  arcs  give  w-lines  parallel  to  the 
edges  of  the  strip.  Lines  perpendicular  to  the  edges  of  the  strip 
correspond  to  circles  whose  limiting  points  are  a,  b. 


_        z, — w 


z,w 


(3)  dI= 

The  critical  points  are  2  =  1,  —  1,  GO.  The  points  1,  —  1  have 
a  zero  residue  ;  at  co  the  residue  is  ±  i.  Let  w2  =  1  —  22,  and  let 
the  z  -surf  ace  on  which  tv  is  one-valued  be  constructed.  Let  the 
branch-cut  lie  along  the  real  axis  from  —  1  to  1.  When  2  =  i,  let 
the  value  w=-^2  be  assigned  to  the  upper  sheet.  The  places  GO 

being  cut  out  of  both  sheets,  the 
cross-cut  may  be  drawn  along  the 
imaginary  axis,  coinciding  with 
the  positive  part  of  this  axis  in  the 
upper  sheet  and  with  the  negative 
part  in  the  lower  sheet  (Fig.  76). 
We  must  now  assign  a  value  to  I  at 
a  given  place  .  Let  I  =  0  at  the  place 
«_,  which  is  infinitely  near  (0,  1)  on 
the  right  of  the  cut.  The  value  of 
/  is  now  everywhere  determinate  ; 
at  the  place  s+  on  the  left  of  the 
cross-cut,  the  value  is  2vr,  as  appears 
either  from  the  residue  at  oo  or  by  integrating  round  the  branch 
points  as  in  §  138. 

If  /be  the  value  at  any  place  (z,  w),  the  value  I'  at  (2,  —  10)  is 
TT  —  J.  For 


— 1 


Fig.  76 


/*#>  w 

=          dz/w, 

J  s_ 


r  = 


dz/w, 


/•I,  0  /»0,  -1  /•*,  - 

=  I      dx/+ Vl  -  x2  +  (        dx/-  Vl  -  x2  +  I 

*/*_  t/l,  0  */0,  -1 


dz/w, 


=  7T-7. 


In  such  cases  as  we  have  been  considering,  the  2-paths  which 
correspond  to  lines  parallel  to  the  axes  in  the  /-plane  may  be  deter 
mined  directly  from  the  differential  equation.  For  instance,  in  the 
case 
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let  /  move  parallel  to  the  real  axis.     Then,  equating  amplitudes,  we 
have 


where  fa,  <£2,  T  are  the  amplitudes  of  the  strokes  z  —  1,  z  -f  1,  and  of 
the  tangent  of  z's  path.  Hence  the  tangent  bisects  the  angle  —  1,  z, 
1  ;  and  the  path  is  a  hyperbola.  For  developments  of  this  idea,  see 
Franklin,  American  Journal,  t.  xi. 

§  182.     (4)    Let      ir  =  (z-  aT)  (z  —  a2)  -  •  •  (z  -  a2p+2)  . 

The  z-plane  is  in  this  case  covered  by  two  sheets  ;  and  the  points 
aK  are  branch-points.     The  bridges  may  be  drawn  from  ax  to  a^  from 


Fig.  77 

as  to  a4,  etc.  The  cuts  AK  may  pass  round  a2<_i  and  a2lf,  where 
K=l,  2,  ••-,£>,  and  the  cuts  BK  may  all  pass  over  the  remaining 
bridge  from  a^+l  to  a^+2.  See  Fig.  77,  which  is  drawn  for  the  case 
p  =  3.  When  the  cuts  CK  are  drawn,  the  surface  becomes  simple.* 

*  In  Fig.  77  the  cuta  CK  are  drawn  to  the  cuts  AK.    This  is  convenient  in  a  complicated 
figure. 
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Consider  the  integral  1=  Cz^dz/w.     It  is  finite  when  z  =  oo   if 
A  <p,  by  §  136,  and  at  every  branch-point  the  residue  is  0  if  A.  >0. 

There  are  therefore  p  such  integrals  which  are  finite  at  all  places 
of  the  surface,  for  we  may  take  A  =  0,  1,  •••,  p  —  1. 

By  Riemann's  extension  of  Cauchy's  theorem  a  cut  AK  or  BK  may 
be  contracted  till  all  its  points  lie  arbitrarily  near  the  lines  which 
join  the  included  branch-points.     The  places  of  the  cut  pair  off  (see 
Fig.  78)  into  places  a,  a'  at  which  the 
values    of   w    are    arbitrarily   nearly        ~  *' 


opposite  ;   therefore,   in  the   descrip-       -^  cc 

tion   of  the   cut,  z^dz/w   runs   twice  p>    ^s 

through  the  series  of  values  which  it 

takes  in  passing  from  one  branch-point  to  the  other.     It  follows 

that  the  integral  taken  from  one  branch-point  to  the  other  is  half 

the  period  due  to  the  description  of  the  cut  which  encloses  those 

branch-points. 

Let  the  periods  across  AK  be  a>K  (K  =  1,  2,  •••,  p),  and  those  across 
BK  be  o>K'.  Then  Fig.  77  shows  that  the  periods  round  AK  are  to/, 
while  those  round  BK  are  —  o>K. 

It  follows  at  once  from  what  has  been  said  that 


j    ldl  =  1 0)1  j      j    *dl=  i 

\Jaz  Ja^ 


etc. 


But  also  we  are  able  to  express  the  value  of  the  integral  taken  from 
any  branch-point  to  any  other  by  means  of  the  periods.  For 
instance,  the  path  which  leads  from  a2  to  a3  in  the  lower  plane 
(Fig.  77)  is  stopped,  in  returning  to  a2,  at  the  place  s_  ;  it  can  be 
continued,  as  shown  in  the  figure,  to  c2,  along  the  whole  of  J32,  and 
from  c2  to  s+  ;  from  s+  direct  to  s+',  then  to  c1?  round  B^  from  GI  to 
s._',  and  finally  back  to  a2.  By  Cauchy's  fundamental  theorem  the 
integral  along  the  whole  path  is  zero  ;  and  this  path  is  made  up  of 
the  integral  from  a2  to  a3  reckoned  twice  and  of  the  integrals  round 
B2  and  BL  ;  the  integrals  along  A2  and  A1  cancel,  each  being  taken 
twice,  in  opposite  directions  and  in  the  same  sheet. 

Therefore  2  C**dl  +  W2  -  Wl  =  0, 

»/«2 

Caz 
and  I     dl=          —  o). 


§  183.   Birational  transformations. 

The  subject  of  birational  transformations  of  curves  dates  back  to 
Eiemann's  memoir  on  the  Abelian  functions  (Werke,  1st  ed.,  p.  111). 


RIEMASN    SCTBFACES.  261 

It  was  first  presented  in  its  geometric  form  by  Clebsch  in  a  memoir 
on  the  applications  of  Abelian  functions  to  Geometry  (Crelle,  t.  IxiiL). 
Let  the  curve  F±(  W,  Z)  =  0  arise  from  the  curve  F(w,  z)  =  0,  by 
the  elimination  of  w  and  z,  where  W  and  Z  are  rational  algebraic 
functions  of  «:,  z.  "When,  conversely,  F(w,  z)  arises  from  JF\(  TF,  Z) 
by  the  elimination  of  w,  2,  where  itf  and  2  are  rational  algebraic 
functions  of  W,  Z,  the  curves  correspond  one-to-one,  and  the  trans 
formation  is  said  to  be  birational.  By  means  of  the  birational 
transformations 

W=R(w,z),  tc  =  r(TF,  Z), 


the  points  of  the  surface  associated  with  F=0  correspond  one-to- 
one  with  the  points  of  the  surface  associated  with  Fx  =  0.  Therefore 
the  maximum  number  of  retrosections  must  be  the  same  for  the 
first  surface  as  for  the  second  ;  this  shows  that  p  is  the  same  for 
both  surfaces.  That  is,  p  is  an  invariant  with  regard  to  birational 
transformations.  It  is  not  true,  conversely,  that  two  Kiemann  sur 
faces,  with  the  same  order  of  connexion,  can  always  be  connected 
by  a  birational  transformation,  except  in  the  special  case  p  =  0. 

The  number  p  is  an  invariant  of  the  surface  T  not  merely  with 
regard  to  birational  transformations,  but  also  with  regard  to  con 
tinuous  deformations.  For  a  description  of  the  possibilities  as 
regards  continuous  deformation  we  refer  the  reader  to  two  memoirs 
by  Klein,  Math  Ann.,  tt.  vii.  and  ix.  ;  and  to  Klein's  Schrift,  p.  25. 
That  two  surfaces  must  have  the  same  p,  if  they  are  to  correspond 
point  to  point,  can  be  proved  as  above.  Jordan  has  proved  the  less 
evident  theorem  that  the  sufficient  condition  in  order  that  two 
surfaces  may  be  deformable  continuously,  the  one  into  the  other, 
is  the  equality  of  their  p's  (C.  Jordan,  Sur  la  de'formation  des 
surfaces,  Liouville,  ser.  2,  t.  xi.,  1866;  Dyck,  Beitriige  zur  Analysis 
Situs,  Math.  Ann.,  tt.  xxxii.,  xxxiii.). 

Thus  the  number  p  is  the  only  invariant  of  a  surface  in  the 
Geometry  of  Situation,  a  theorem  of  importance  in  the  ulterior 
Eiemann  theory. 

Suppose  that  W  and  Z  are  /x-placed  and  v-placed  algebraic 
functions  of  T.  By  reason  of  Z=S(w,  z)  the  surface  T  can  be 
represented  conformly  on  an  ?irsheeted  surface  Tj  spread  over  the 
Z-plane,  so  that  the  points  of  T  and  TX  correspond  one-to-one.  Since 
the  function  W  is  one-valued  on  T  and  oc  *  at  p  places,  the  function 
must  be  one-valued  also  on  T^  and  continuous  at  all  places  other 
than  the  /A  places  which  correspond  to  the  ^  infinities  on  T.  At 
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these  /A  places  it  is  oo1.  Hence  to  a  given  W  correspond  /x  values  of 
Z.  Similar  reasoning  shows  that  to  a  given  Z  correspond  v  values 
of  W.  Accordingly  the  new  equation  which  connects  W,  Z  must 
be  ^(TF*,  ZM)  =  0.* 

When  this  equation  is  irreducible,  all  functions  which  are  one- 
valued  on  T!  and  continuous,  except  at  isolated  places  at  which  the 
singularities  are  non-essential,  can  be  represented  as  rational  integral 
algebraic  functions  of  zl  and  w1}  and  the  transformation  is  birational. 

§  184.  Any  rational  fraction  G^w,  z)/G2(w,  z)  can  be  expressed 
in  the  form 

r0(z)  +  rL(z)w  +  r2(«X  +  —  +  rn_i(z)w*-\ 

where  the  expressions  r(z)  are  rational  fractions  in  z.     For 

G,(wK,  z) 
G2(wK,  z) 

=  #2(^1,  z)  •••  Gz(wK_lt  z)G2(wK+l,  z)  ...  G2(wn,  z)  f  ^  , 
UG2(wr,  z) 

r=l 

The  denominator  contains  symmetric  combinations  of  the  w's, 
and  therefore  reduces  to  a  function  of  z  only.  The  numerator  con 
tains  symmetric  combinations  of  w1?  •••,  WK_^  wK+1,  «••,  ivn,  and  can 
be  expressed  in  terms  of  WK  only.  Hence,  using  F(wKn,  z)  =  0, 


The  n  equations  formed  by  giving  K  the  values  1,  2,  •••,  n  can  be 
replaced  by  the  single  equation 


The  following  pages  will  contain  a  brief  account  of  Kronecker's 
methods,  as  developed  in  his  memoir  Ueber  die  Discriminante  alge- 
braischer  Functionen  einer  Variabeln,  Crelle,  t.  xci.,  p.  301.  (See 
also  the  memoir  by  Dedekind  and  Weber,  Theorie  d.  algeb.  Funct. 
einer  Veranderlichen,  Crelle,  t.  xcii.,  p.  181;  and  Klein-Fricke, 
Modulfunctionen,  t.  ii.,  p.  486.) 


*  Owing  to  the  exceptional  case  mentioned  in  §167,  it  may  happen  that  F^(W,  Z}  is 
reducible.  Riemann  has  proved  that  in  this  case  jF\  is  of  the  form  [$(  Wv^,  Z  ^i)]*  ,  where  $  is 
irreducible  (Werke,  p.  112).  The  surface  T1  for  Fl  =  Q  is  then  spread  K  times  over  a  surface  of 
njx.  sheets. 
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When  tlie  irreducible  equation  F=  0  is  in  its  most  general  form 
it  may  be  written 

g,(z)wn  -\-g,(z)  ic^-h  ...  +  £n(z)  =  0, 

where  the  quantities  g  are  integral  polynomials  in  z.  In  what 
follows  g  and  r  are  used  for  integral  polynomials  and  rational 
fractions  in  z,  in  much  the  same  way  as  P(z)  for  an  integral  series 
in  Chapter  III.  The  functions  of  the  system  R(w,  z)  are  called 
algebraic  functions  of  the  surface  T.  That  the  system  is  a  closed 
one  is  shown  by  the  fact  that  the  functions  which  result  from  the 
operations  of  addition,  subtraction,  multiplication,  and  division, 
when  applied  to  members  of  the  system,  are  themselves  members 
of  the  system.  Call  this  closed  system  (R).  We  have  the  theorem 
that  every  function  of  the  system  (R)  is  expressible  uniquely  in 
the  form. 

r0(z)  +  r,(z}w  +  r2(z)w2  +  •••  +  rn_}  (z)  ivn~\ 

and  that  conversely  every  function,  of  the  kind  just  written  down, 
belongs  to  (R).  Here  the  members  of  (R)  are  expressed  linearly 
in  terms  of  a  system  1,  w,  iv2,  ••«,  wn~\  and  the  coefficients  in  the 
linear  expression  are  rational  fractions  in  z.  The  n  functions, 
1,  w,  iv2,  «",  wn~l  are  said  to  form  a  basis  of  (R).  Kronecker  has 
pointed  out  that  the  limitation  that  all  functions  are  to  be  expressed 
in  terms  of  this  basis  solely  is  partly  needless,  partly  injurious. 
We  can  choose  any  other  set  ^  ry2,  «««,  r)n,  which  satisfies  the  equations 

rjK  =  r^  +  rfho  +  •••  4-  r^WteT-1  (*  =  1,  2,  ...,  n), 

where  the  r's  are  rational  fractions  in  z,  with  a  determinant  which 
does  not  vanish  identically;  and  every  function  R(w,  z)  is  then 
expressible  in  the  form 

R(lV,   Z)  =  p^  +  por/o  +    •••   +  PnT]n> 

where  the  p's  are  rational  fractions  in  z.  The  necessary  and  suffi 
cient  condition  in  order  that  77^  rj2,  -  -  -,  rjn  may  form  a  basis,  is  that 
no  combination 


is  to  vanish  identically.     [See  Dedekind  and  Weber,  loc.  cit.,  p.  186.] 

§  185.    Integral  algebraic  functions  of  the  surface  T. 

When  <70(z)  =  1  in  the  irreducible  equation  F=0,  the  function 
iv  is  said  to  be  an  integral  algebraic  function  of  the  surface.  The 
function  w  cannot  be  infinite  for  any  finite  value  of  z;  and  con- 
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versely  every  algebraic  function  of  the  surface,  which  is  finite  for 
all  finite  values  of  z,  is  an  integral  algebraic  function  of  T.  It  can 
be  proved  that  the  sum,  difference,  and  product  of  two  integral 
algebraic  functions  of  T  are  themselves  integral  algebraic  functions 
of  T.  Calling  the  system  of  the  integral  algebraic  functions  of  T, 
for  shortness,  the  system  (G),  we  have  the  theorem  that  an  integral 
algebraic  function  of  any  member  of  (G)  is  itself  a  member  of  (G). 
Thus  the  system  (G)  is  closed. 

Suppose  that  £1?  £2>  •••>  £»  form  a  basis,  the  members  of  this  basis 
being  selected  from  the  system  (  G)  .     All  functions  of  the  system 

^lOKi  +  ^OXH  -----  h  £«(«)£* 

where  the  #'s  are  any  integral  polynomials  in  z,  belong  to  (G).  But 
it  is  not  true  conversely  that  every  member  of  (G)  can  be  written 
in  this  form.  Let  us  assume  that  there  is  a  member  of  (G)  which 
can  be  written 


(z-c) 

where  the  ^'s  are  not  all  divisible  algebraically  by  z  —  c.  Suppose 
that  the  remainders  of  g^  ...,  gn,  after  the  division,  are  a1?  a2,  ...,  an; 
then 


is  an  integral  algebraic  function  of  the  surface.  We  know  that  at 
least  one  of  the  a's  is  different  from  zero.  Assume  a±  =£  0.  The 
n  functions  £,  £2,  ...,£„  of  the  system  G,  form  a  basis  of  (E).  Denot 
ing  the  values  of  £,  £K,  (*  =  1,  2,  •  •  •  n,)  at  n  associated  places  of  T  by  £(1), 
£(2), . . .,  £(w),  and  £Kl,  £K2, . . .,  £Kn,  we  have,  by  the  theory  of  determinants, 


•)  £nl 

')  4n2 


fa,...,ta 


tin? 


say 


Here  both  determinants  are  integral  rational  functions  of  z; 
hence  the  determinant  on  the  left-hand  side  is  of  lower  order  than 
the  determinant  on  the  right.  By  proceeding  in  this  way,  we  can 
remove  the  factors  (z  —  c)2  from  A(^,  4?  •-•>  £n)  UP  to  a  certain  point. 
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Then  no  further  factors  can  be  removed.  Suppose  that  £/,  £2f>  •••>  £«' 
are  the  £'s  when  this  stage  has  been  reached.  Omitting  accents, 
these  new  quantities 

£D  £&  •••?  £n 

form,  in  Klein's  nomenclature,  a  minimal  basis.  [See  Dedekind 
and  Weber,  loc.  cit.,  p.  194  ;  Klein,  loc.  cit.,  p.  493.]  Since  there  are 
no  longer  any  available  denominators  z  —  c,  every  algebraic  function 
of  the  surface  T  can  now  be  expressed  in  the  form 


where  the  #'s  are  integral  polynomials  in  z  ;  and,  conversely,  every 
function  of  this  form  is  a  member  of  (G).  The  analogy  to  the 
theorem  for  functions.  of  the  system  (R)  is  evident. 

Let  us  now  construct  a  minimal  basis  ab  initio.  We  know  (§  184) 
that  every  function  R(iv,  z),  which  is  at  the  same  time  an  integral 
algebraic  function  of  the  surface,  is  expressible  in  the  form 

?o(z)  +  r^w  4-  ...  +  ^(aOzo-1, 
in  which  all  the  denominators  are  factors  of  D(z),  where 


F'(wK)  standing  for  8F/8wK.  In  other  words,  the  denominators  are 
factors  of  the  discriminant  of  F.  Select  from  the  integral  algebraic 
functions  of  the  set 


that  which  has  the  highest  denominator  in  the  coefficient  of  WK. 
Let 

sQ  4-  s^v  4-  s^ir  H  ----  +  SKWK 

be  a  function  which  satisfies  this  requirement.  Suppose  this 
denominator  to  be  dK+l,  with  a  corresponding  numerator  nK+1.  As 
the  expression  SK  is  in  its  lowest  terms,  it  must  be  possible  to  find 
integral  polynomials  pK+1,  <rK+l}  such  that 

pK+inK+1  -f-  <TK+1dK+l  =  1. 
The  integral  algebraic  function  of  T, 

P<+i  I  SQ  +  SIM?  H  -----  h  SKIC*  I  +  o-K+1w*, 
begins  with  a  term  —  to*.     Call  this  function  0K+l. 
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Let  R(w,  z)  be  an  integral  algebraic  function  of  the  surface. 
When  it  is  expressed  in  the  above  form,  let  its  order  in  w  be  K. 
The  denominator  of  the  coefficient  of  w*  is  a  factor  of  dK+1.  For, 
otherwise, 

M(w,z)  +  0K+1 

is  an  integral  algebraic  function  of  the  surface,  such  that  the 
denominator  of  its  highest  term  WK  is  of  higher  order  than  that  of 
dK+l.  This  is  contrary  to  supposition.  Wre  shall  prove  that  the 
0's  form  a  minimal  basis. 

§  186.  The  expression  for  R(w,  z)  in  terms  of  the  0's.  The  func 
tion  R(w,  z)  is  expressible  in  the  form 

J^g^"--'-1.^-2.  •••,!. 

Hence  R(w,  z)  —  gK+l(z)  -  0K+l  —  an  integral  algebraic  function  of  the 
surface,  of  order  not  higher  than  K  —  1  in  w.  This  expression  in  turn 
can  be  changed,  by  subtraction  of  gK(z)0K,  into  an  integral  algebraic 
function  of  the  surface,  of  order  K  —  2  in  w,  and  so  on.  Thus, 

R  ( w,  z}  =  gK+l  (z)  0K+1  +  gK  (z)  0K  +  •  - .  +  g, (z}  0X. 

Let  the  values  of  0K  at  n  associated  places  (z,  u\),  •••,  (z,  wn)  be 
OKU  Ow  '">  0Kn,  and  form  the  determinant  of  the  basis,  viz., 


The  square  of  this  determinant  is  a  symmetric  function  of  wlt  w2, 
•  ••,  wn,  since  the  determinant  itself  is  an  alternating  function.  Call 
the  square  of  this  determinant  A  (z)  ;  we  suppose  that  the  0's  have 
been  multiplied  previously  by  such  constants  as  will  make  the 
coefficient  of  the  highest  power  of  z  in  A  (2)  equal  to  unity.  The 
discriminant  D(z)  of  the  equation 

F(wn,  zm)  =  0, 

in  which  the  coefficient  of  wn  is  1  and  the  coefficients  of  the  remain 
ing  powers  of  w  are  integral  polynomials,  is  the  square  of  the 
determinant 


RIEMAXX    SURFACES. 
1 


267 


Since 

it  follows  that 


This  shows  that  A  =£  0.  Since  it  has  been  proved  that  the  deter 
minant  of  the  0's  does  not  vanish,  and  that  all  integral  algebraic 
functions  of  the  surface  are  expressible  in  the  form  i#A,  it  follows 
that  the  0's  constitute  a  minimal  basis. 

Let  R^  R.2,  ...,  Rn  be  n  members  of  the  system  (G),  and  let  the 
expressions  for  the  R's  in  terms  of  the  0's  be 


(«  =  !,  2,  .«  n), 

where  the/'s  are  integral  rational  functions  of  z.     Then,  denoting 
by  RKD  RK2,  «««,  RKn,  the  values  of  RK  at  n  associated  places,  we  have 


tfii 
R.21 


2_ 


"fin     2 
"f,n 

"An 

;.A(2). 

This  is  a  re-statement  of  the  theorem  of  §  185 ;  it  shows  that  the 
square  of  the  determinant  of  the  R's  is  at  lowest  cA(z),  where  c 
is  a  constant.  In  this  case  of  the  minimum  determinant  the  expres 
sions  R  form  a  minimal  basis,  and  may  replace  6^  02,  ...,  On. 

Let  TFbe  a  rational  function  of  iv,  z,  which  belongs  to  (G) ;  and 
let  Ri  =  l,  R.,=  TF,  R3=  TF2,  •>«,  Rn  =  Wn~l;  the  equation  connect 
ing  the  determinants  becomes 


where  Dl  is  the  determinant  of  the  system  1,  TF,  TF2,  •••,  TF"-1. 
Hence  Z)^  as  well  as  D,  is  divisible  by  A  (z).  The  expression  A  (2) 
is  a  divisor  of  the  discriminants  of  all  the  irreducible  equations 
of  order  n  which  define  functions  TF  of  the  system  (G).  The 
expression  A  (2)  is  called,  by  Kronecker,  the  essential  divisor  of  the 
discriminant.  The  remarkable  property  of  the  essential  divisor  is 
that  it  is  unaffected  by  a  birational  transformation  which  transforms 
F(v:»,  z)  =  0  into  F^  TF",  2)  =  0,  where  the  coefficients  of  wn,  TF'1  are 
1.  The  remaining  part  of  the  discriminant  is  a  complete  square ;  it 
is  called  the  unessential  divisor.  A  factor  of  A  (z)  is  an  essential 
factor ;  a  factor  of  the  square  root  of  the  unessential  divisor  is  an 
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unessential  factor.     The  essential  divisor  is  equal,  save  as  to  a  con 
stant,  to  the  square  of  the  determinant  of  any  minimal  basis. 

Corollary.     The  square  of  the  determinant  of  the  coefficients  a  in 

1  =  anflj  +  a2A  H h  awA, 

w  =  a120i  +  a  A  H h  a«20»> 


wn~l  =  a]n^  +  a2l  A  +  -  -  •  +  ann0n, 

is  equal  to  the  unessential  divisor. 

Conversely,  the  square  of  the  determinant  of  the  coefficients  when 
Oi,  02,  •••)0n  are  expressed  in  terms  of  1,  w,  w2,  •••,  wn~l,  is  the  recip 
rocal  of  the  unessential  divisor.  But  we  know  that  every  integral 
algebraic  function  of  the  surface  is  equal  to 


hence,  there  is  no  integral  algebraic  function  of  the  surface 
r0(z)  -\-rl(z)w  -\-  •••  +  rn_i(z)wn~1,  which  contains  in  its  denominator 
factors  distinct  from  the  unessential  factors  of  the  discriminant. 

§  187.  Kronecker  has  proved  that  the  essential  divisor  of  the 
discriminant  of  .7^=0  is  the  highest  common  divisor  of  the  dis 
criminants  of  the  integral  algebraic  functions  of  T.  Let 


where  the  A's  are  arbitrary  coefficients.  The  function  v  satisfies  an 
irreducible  equation  of  order  n  ;  and  in  this  equation  the  coefficients 
are  integral  polynomials  in  z,  except  the  coefficient  of  vn,  which  is 
unity.  The  discriminant  Dv  must  be  divisible  by  A  (z),  and  the 
remaining  part  must  be  a  perfect  square.  Suppose  that 

Dv=  A(z)  jS(z)j2  •  {G(z,  A!,  A2,  ..-,  Aw)|2; 


where  G  is  an  integral  polynomial  in  z  and  the  A's,  which  contains 
no  factor  independent  of  the  A's.  We  have  to  prove  that  S(z) 
reduces  to  a  constant.  Assume,  if  possible,  that  8(2)  contains  a 
factor  z  —  c,  where  c  is  a  constant  independent  of  z  and  the  A's.  In 
the  system  (G)  there  must  be  a  rational  function  R  (v,  z)  which  is 
of  the  form 


Z  —  C 
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Suppose  that  the  lowest  order  in  v  for  such  functions  is  s,  and 


that   one   of  these   functions   of  order    s  is    3.     Then  ga(z)  is 

z  —  c 
not  divisible  by  z  —  c.     Let  t  be  an  undetermined  quantity.     Since 

tv  —  ^-  '-  is  an  integral  algebraic  function  of  T,  it  may  be  written 


where  the  /n's  are  integral  rational  functions  of  z,  X^  X2,  •••,  A^,  and 
symmetry  shows  that  its  discriminant  must  be 


But  the  discriminant  of  tv  —  —  -  is  equal  to  the  product 

z  —  c 


where  a,  (3  take  all  pairs  of  values,  from  1,  2,  •  ••,  w,  such  that  a  >/?. 
This  product  is  equal  to 

A-  njt-  /<*•>-*(*')  I! 

(        (*-c)(vft-i,vOJ 
Equating  the  two  values  for  the  discriminant,  we  have 

±  G(z,  to  »  2,  ...,  ^)  =  G(z,  x»  x,  ...,  x.)  .  n   t  -    W 


The  arbitrary  quantities  X  can  be  chosen  so  that  the  two  func 
tions  G  are  finite  and  do  not  vanish  when  z  =  c.  Hence  the  above 
equation  cannot  be  true  if  the  second  factor  be  infinite  for  z  =  c. 
The  initial  supposition  requires,  then,  that 

-U(t       t(vJ-*(vfi)    I 
I    ~(z-c)(va-v,)( 

be  finite  for  z  =  c,  and  therefore  also  for  all  values  of  z.  Hence 
&(t)  =0  is  an  equation  in  t  with  coefficients  which  are  integral 
polynomials  in  z  ;  it  defines  integral  algebraic  functions  of  the  sur 
face.  It  follows  that 


Z  — 


must  be  an  integral  algebraic  function  of  the  surface.  The  follow 
ing  considerations  prove  that  this  is  impossible.  The  function  just 
written  down  is  equal  to 
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and  the  term  which  involves  the  highest  power  of  vl  in  this  expres 
sion  is 

^— -(n-8)g.vrl. 

This  is  contrary  to  the  supposition  that  s  is  the  lowest  order  in  v 
for  the  system  of  expressions 


z  —  c 


hence  8(z)  must  reduce  to  a  constant. 

To  return  to  the  discriminant  Dv.  Choose  the  arbitrary  quantities 
A.  so  that  G(Z)  A1?  A2,  •••,  An)  shall  not  contain  any  essential  factor. 
As  this  is  always  possible,  it  follows  that  the  essential  divisor  A  (2) 
is  the  highest  common  divisor  of  the  discriminants  of  all  the  integral 
algebraic  functions  of  the  surface,  which  satisfy  irreducible  equa 
tions  of  the  nth  order.  The  square  root  of  the  unessential  divisor 
\G(z,  A1?  A2,  ••-,  An)J2  may  have,  for  special  values  of  the  A's, 
repeated  factors  ;  or  again  the  unessential  factors  may  be  partly  the 
same  as  essential  factors.  Kronecker  has  proved  the  highly  impor 
tant  theorem  that  it  is  possible  to  choose  the  A's  so  that  G  has  no 
factor  in  common  with  A  (z)  or  with  8G/Bz. 

When  the  quantities  A  are  left  arbitrary,  G  has  no  divisor  in 
common  with  SG/Sz.  Assume,  if  possible,  that  this  is  not  the  case. 
Let  H(z,  AI,  A2,  •••,  An)  be  one  of  the  common  irreducible  di  visors  j 
and  let  G  —  HK.  Then  the  equations 


show  that  K  must  be  divisible  by  H.  When  G  is  divided  by  H2  the 
quotient  is  an  integral  rational  function  of  z  and  the  A's.  Let  the 
quotient  be  Q.  Since  G  =  H2Q,  it  follows  that  any  divisor  of  G,  G' 
is  also  a  divisor  of  SGr/SA*  (K  =  1,  2,  •  ••,  n).  But  the  product-expres 
sion  of  the  discriminant  shows  that 


=  ±  n  \  A^  -  0#)  +  A2(02a  -  6>2/3)  +  -  +AB(0Ba  - 

where  a,  (3  are  taken  from  1,  2,  •••,  n,  and  a  >  /?;  hence  one  of  these 
linear  factors  must  be  equal  to  another  of  these  factors,  multiplied 
by  some  constant.  Suppose  that  the  factor  which  contains  suffixes 
<x,  (3  is  equal  to  the  factor  with  suffixes  y,  8,  multiplied  by  a  constant 
A  ;  and  use  the  equations 


Ol  =  1,  02  =  a  -f-  a^vo,  Os  =  b  -f  b^w  +  b2w*,  04  =  c  +  CjW  -f- 
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Then  Ad^io*  —  zc3)  =  ^  (n:y  —  zc6), 

Ab.2(iva2  —  wf)  +  Ab^iOa  —  zt'3)  =b.2(uy  —  iv&2)  +  ^z     —  wfi, 


=  C3(lVy3  -  IV&3)  +  C.2(lVy2  —  IC62)  +  C^Uy  —  Z0S), 

Since  a1?  52,  c3,  •••,  are  different  from  zero,  it  follows  that 
it'a  +  icp  =  v:y  -f  i(?5, 


Eliminatin    ^^5,  we  have  the  relation 


—  wy)  =  0. 

This  equation  is  not  satisfied  in  general.  Hence  the  initial 
assumption  that  G  and  $G/8z  have  a  common  divisor  is  disproved. 
Here  it  is  assumed  that  the  A.'s  are  arbitrary.  Suppose  that  the  A's 
are  integral  polynomials  in  z  with  arbitrary  orders  and  coefficients. 
The  expression  which  results  from  the  elimination  of  z  from  G,  G1 
does  not  vanish  identically  ;  therefore  special  values  can  be  found 
for  the  orders  and  coefficients,  such  that  G  and  G'  have  still  no 
common  factor.  Also  values  of  the  A'S  can  be  found  which  ensure 
that  G  shall  not  contain  any  of  the  essential  factors.  Suppose  that 
these  values  are  A./,  V?  •••>  V.  Hence  we  have  found  a  function, 


which  belongs  to  the  system  (G),  and  which  has  a  discriminant 
whose  unessential  factors  are  unrepeated,  and  distinct  from  the 
essential  factors. 

§  188.  Kronecker  has  shown  that  this  separation  of  the  dis 
criminant  into  two  divisors  can  be  applied  when  the  algebraic 
function  w  is  not  integral. 

Let  F(v*,  z")  =f,ivn  +flic«~l  +/sw-2  +  •••+/„  =  0,  where  /0,  /lf 
f*  •••>/»  are  at  most  of  degree  m  in  z.  When  two  finite  values  of 
w  become  equal,  F'(tv)  =  0.  Hence  if  w^  iv2,  -  -  .,  wn  be  the  n  branches, 
all  the  branch-points  must  be  included  in  the  equation 


)...F'(iffH)  =  0, 

say  f0n~2E(z)  =  0.  The  function  E(z)  is  one-valued  because  the 
roots  «!,  z2,  ...,«„  enter  symmetrically.  When  z  is  finite,  E(z)  can 
only  be  made  infinite  by  choosing  iu=x.  When  «?  =  ac,/0  =  0; 
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but  f0w  is  finite,  for  the  coefficient  of  wn~l,  namely,  f0w  +/1?  is  zero. 
Since  f0w  is  finite,  the  factor  f0n~2  makes  E(z)  finite,  for  when  one 
of  the  ty's  is  infinite,  that  one  of  the  factors  F*(w)  which  becomes 
infinite  ^f0wn-\  Let  f0n~2E(z)  =  Q(z).  The  function  Q(z)  is  one- 
valued  and  finite  for  all  finite  values  of  z.  Its  degree  is  at  most 

m  (n  —  2)  +  ran  or  2  ra  (n  —  1)  . 

Without  loss  of  generality  it  may  be  assumed  that  /n,  /0  have  no 
factor  in  common  ;  for  the  discriminant  is  unaffected  when  w  -j-  b  is 
written  for  w.  Write  w'=f0w.  Then 

jF\(W,  z)  =  w'n  +  giW'n-1  +  ...+gn  =  Q 

defines  an  integral  algebraic  function  of  the  surface  T  associated  with 
F!  =  0.  Since  BF^/Bw  =  f0n-28F/Sw,  the  discriminant  D(z)  of  Fl  =  0 
satisfies  the  equation 

£(3)=/0(»-ix»-2>.  Q(Z). 

Kronecker  has  proved  that  f0(*-V(*-s)  enters  into  the  unessential 
divisor  of  D(z),  so  that 


hence 

The  expression  A  (2)  is  called  the  essential  divisor  of  Q,  and 
{$(%)  I2  the  unessential  divisor. 

§  189.     The  geometric  aspect  of  the  discriminant.     Let  (£17  £2,  £3)  , 
(^D  *72?  ^3)?  be  the  centres  of  two  pencils  of  rays 


where  (^)  =  0,  (££)  =  0,  (^)  =  0,  are  the  equations  of  the  lines 
connecting  |,  y  with  each  other  and  with  a  third  point  £  whose 
co-ordinates  are  (&,  £2,  £8).  If  w  and  2  be  connected  by  an  equation 
F(w,  z)  =  0,  the  intersection  of  corresponding  rays  of  the  two  pen 
cils  traces  out  a  plane  curve.  Starting  with  any  plane  curve  C  of 
order  a  and  class  /?,  it  is  possible  to  associate  with  it  an  equation 
F(w,  2)  =  0.  The  form  of  F  will  depend  upon  the  choice  of  the 
points  £,  17.  Assume  that  £,  y  have  no  specialty  of  position  with 
regard  to  C\  this  means  that  ft  rj  are  not  to  lie  on  O,  or  on  any  of 
the  singular  lines  associated  with  C,  understanding  by  singular  lines 
(1)  the  join  of  two  singular  points,  (2)  singular  tangents,  (3)  tan 
gents  at  singular  points,  (4)  tangents  passing  through  a  singular 
point.  Further,  the  line  (£17)  is  not  to  touch  C,  and  is  not  to  pass 
through  a  singular  point  (see  Smith,  loc.  cit.,  §  170),  Projecting 
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the  line  (£7)  to  infinity,  we  can  now  treat  ic,  z  as  Cartesian  co-ordi 
nates.  The  order  a  of  F  =  0  is  also  the  degree  in  w,  z  separately,  the 
line  at  infinity  meets  the  curve  in  a  distinct  points,  and  therefore 
the  multiple  points  of  the  curve  lie  in  the  finite  part  of  the  plane. 
It  should  be  especially  noticed  that  when  a  line  z  =  a  touches  the 
curve,  its  contact  is  simple,  and  that  it  passes  through  no  multiple 
point ;  also  that  no  two  multiple  points  lie  on  a  line  z  =  a.  When 
the  equation  &(w,  z)  =  0  has  been  put  into  this  special  form,  it  is 
easy  to  assign  a  meaning  to  the  factors  of  the  discriminant;  and 
when  the  geometric  significance  of  these  factors  has  been  found,  the 
extensions  to  more  complicated  cases  (which  arise  when  the  restric 
tions  are  removed  as  to  tangents  z  =  a  having  simple  contact,  tangents 
at  the  multiple  points  being  oblique  to  the  axes,  etc.,)  are  readily 
effected.  The  discriminant  Q(z)  of  F(ic,  z}  with  regard  to  w  is  found 
by  the  elimination  of  tc  from  F=  0  and  SF/Sw  =  0 ;  that  is,  the  roots 
°f  Q(z)=  0  correspond  to  the  points  of  intersection  of  F=  0  with 
the  first  polar  of  the  point  at  infinity  on  the  ic-axis.  Remembering 
that  Q(z)  contains  U(wr  —  ?c.)2,  it  is  easy  to  see  what  factors  are 
contributed  by  those  branch-points  which  are  distinct  from  the 
multiple  points  (i.e.  the  points  of  contact  of  the  tangents  from  £  to 
O),  and  by  the  multiple  points  of  the  curve. 

(i.)  If  z  =  a  be  an  ordinary  tangent  at  (z  =  a,  ic  =  b),  there  are 
two  series 

ICK  -  b  =  P,(z  -  «)  v«,  ITA  -  b  =  Q,(z  -  a)1/2, 

and  (WK  —  iL\)2xz  —  a. 

(ii.)  If  (a,  b)  be  a  node, 


and  (WK  —  u\)-  cc  (z  —  a)2, 

(iii.)  If  (a,  b)  be  a  cusp, 

«:«  -*.*—  P3(2  -  «)1/2?  WA  -  6  =  Q3(z  -  a)1/2, 
and  (H'«-«cA)2x(z-a)8. 

(iv.)  If  (a,  6)  be  a  multiple  point  which  can  be  resolved,  by  the 
methods  of  Chapter  IV.,  into  v  nodes  and  AC  cusps,  then  the  corre 
sponding  factor  of  the  product  H(icr  —  zr.)2oc  (z  —  a)2v+SK*  (see 
Chapter  IV.,  §  121). 

*  The  equation  F=  0  has  been  go  arranged  that  no  line  z  =  a  cuts  the  curve  at  more  than 
two  consecutive  points;  in  a  more  general  case,  it  might  happen  that  a  tangent  z=a  cuts  in 
r  consecutive  points,  the  remaining  a-r  points  of  intersection  being  in  the  finite  part  of  the 
plane  and  distinct.  In  this  case,  those  terms  of  the  product  U(wr  —  ics)-  which  correspond  to 
the  point  of  contact  contribute  to  Q  a  factor  (z  —  ay~l. 
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Thus  Q(z)  can  be  resolved  into  two  parts.  The  first  part  con 
sists  of  linear  factors  (z  —  ^)  (z  —  z2)  •  •  •  (z  —  z^)  which  arise  from 
the  ordinary  vertical  tangents ;  the  second  part  consists  of  multiple 
factors  (z  —  z1')2vi+SKi(z  —  z2')2v*+Slt*:.(z  —  zy'yvy+SKv,  where  y  is  the 
number  of  multiple  points.  Regarding  the  v  nodes  and  K  cusps  at 
a  multiple  point  z=  z'  as  equivalent  to  v  +  K  nodes  and  K  branch 
points,  a  factor  (z  —  z')2v+3lf  may  be  subdivided  into  two  parts 
(z  —  2')2"+v*  and  (z  —  z')K,  where  the  former  arises  from  the  v  + /< 
nodes,  and  the  latter  from  the  K  branch-points.  Thus  the  dis 
criminant  Q(z)  can  be  resolved  into  a  part  which  arises  from  the 

O  -4-  2  K,)   branch-points,  and  into  another  part  which  arises  from 

the  2  (va  +  KS)  nodes.     It  should  be  observed  that  the  latter  part  is 

a  perfect  square ;  also  that  the  two  parts  have  factors  in  common, 
owing  to  the  presence  of  cusps.  The  former  part  determines  the 
branching  of  the  corresponding  Blemann  surface. 

In  the  light  of  these  results,  let  us  examine  the  essential  and 
unessential  divisors  as  they  appear  in  Kronecker's  theory.  Starting 
with  an  equation  F(w,  z)  =  0,  we  can,  by  the  use  of  birational  trans 
formations,  arrive  at  an  equation  Fi(W,  z)  =  0,  the  square  root  of 
whose  unessential  divisor  consists  of  factors  ichich  are  distinct  from 
one  another  and  from  the  essential  factors.  The  deduction  is  that 
the  final  equation  has  no  singularities  higher  than  nodes. 

In  the  final  equation  FI  =  0,  the  essential  divisor  is  precisely 
the  same  as  the  essential  divisor  for  F=Q-,  therefore  Kronecker's 
transformations  do  not  affect  the  branching  of  the  surface  T. 

§  190.  A  special  kind  of  Riemann  surface.  When  iv  and  z  are 
real  and  connected  by  an  equation  F=  0  with  real  coefficients,  this 
equation  can  be  represented  by  a  Cartesian  curve,  whereas  the  same 
equation  requires  for  its  graphic  representation  a  Blemann  surface 
in  the  case  that  w  and  z  are  complex.  Klein  has  indicated  a  method 
whereby  the  Biemann  surface  can  be  directly  associated  with  the 
curve.  Let  us  consider,  for  example,  the  equation 

fo2/a2  +  tf/b-  =  1, 

where  a,  b  are  real  numbers  ;  the  curve  is  evidently  an  ellipse.  This 
ellipse  is  enveloped  by  real  and  imaginary  tangents.  From  every 
external  point  two  real  tangents  can  be  drawn,  and  through  every 
internal  point  pass  two  imaginary  tangents.  If  each  real  tangent  be 
replaced  by  its  point  of  contact  with  the  ellipse,  and  if  each  imagi 
nary  tangent  be  replaced  by  the  real  point  through  which  it  passes, 
the  resulting  complex  of  points  will  cover  doubly  the  region  bounded 
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by  the  ellipse.  These  points  lie  on  a  new  kind  of  Riemann  surface 
whose  form  is  a  flattened  ellipsoid  which  passes  through  the  elliptic 
contour  M^/a2  +  z-/b-  =  1.  As  a  second  example  consider  a  curve  of 
the  third  class  which  consists  of  two  real  branches,  viz.  a  tricuspidal 
branch  lying  within  an  oval.  At  points  without  the  oval  or  within 
the  tricusp  the  three  tangents  are  real,  and  therefore  the  correspond 
ing  points  of  the  surface  lie  on  the  two  branches  of  the  curve.  Each 
point  which  lies  between  the  tricusp  and  the  oval  has  two  imaginary 
tangents  passing  through  it.  Hence  the  new  form  of  Riernann  sur 
face  must  be  two  sheeted,  one  extending  from  the  one  branch  to  the 
other,  the  two  sheets  being  connected  by  the  two  branches.  By  a 
continuous  deformation  it  can  be  changed  into  the  ordinary  ring- 
surface  of  deficiency  1.  Incidentally  this  proves  that  the  deficiency 
of  the  curve  in  question  is  1,  an  illustration  of  the  way  in  which 
Klein's  surfaces  can  be  used  to  prove  theorems  in  higher  plane 
curves.  The  general  reasoning  by  which  Klein  was  led  to  the  con 
struction  of  such  surfaces  is,  briefly,  the  following:  the  equation 
F(w,  z)=  0  with  coefficients  which  may  be  complex  can  be  transformed 
into  a  homogeneous  equation  f(xl}  x*,  x3)=0  in  three  variables.  If 
(#!,  #<>,  #3)  be  tangential  co-ordinates,  every  straight  line  in  the  plane 
is  represented  by  a  set  of  3  co-ordinates.  To  obtain  a  geometric 
representation  of  the  equation  /=0  such  that  to  each  system  of 
values  (XH  x2,  x3)  corresponds  a  single  point,  the  line  (x1}  x%  x3)  must 
be  replaced  by  some  point.  For  those  systems  which  are  real  and 
satisfy  /=  0  the  point  chosen  is  the  point  of  contact  of  the  line  with 
the  curve,  whereas  for  those  systems  which  are  imaginary  the  point 
chosen  is  the  real  point  through  which  the  corresponding  imaginary 
tangent  passes.  In  general  a  real  point  which  belongs  to  pne  imagi 
nary  tangent  will  belong  to  several  others.  Hence  the  multiple 
covering  of  the  plane.  Each  portion  of  the  plane  is  supposed  to  be 
covered  with  as  many  sheets  as  there  are  imaginary  tangents  from 
any  point  of  it  to  the  curve.  This  construction  ensures,  in  general, 
a  one-to-one  point  representation  of  the  systems  (a^,  o-2>  xs)  which 
satisfy  f(x^  x.2,  xs)  =  0.  Usually  the  coefficients  of  /=  0  are  real, 
and  then  conjugate  iniaginaries  occur  in  pairs.  The  covering  of  the 
plane  is  then  effected,  in  all  its  portions,  by  an  even  number  of 
sheets,  but  the  number  of  sheets  may  vary  from  part  to  part  of  the 
plane.  That  the  point  of  contact  of  a  real  tangent  with  the  curve 
should  be  chosen  as  the  representative  point  for  the  (a?1?  x2,  x3}  of  the 
line  is  natural,  inasmuch  as  the  real  intersection  of  an  imaginary  tan 
gent  with  its  conjugate  tangent  becomes,  when  the  two  lines  coincide 
with  a  real  line,  the  common  point  of  contact. 
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Certain  special  cases  need  to  be  considered  in  order  to  make  the 
theory  complete.  A  real  double  tangent  with  real  points  of  contact 
has  two  points  attached  to  it  j  an  isolated  double  tangent  and  a  real 
inflexional  tangent  are  represented  by  the  totality  of  points  which  lie 
upon  them,  etc.  When  this  surface  of  Klein's  is  compared  with  the 
ordinary  Eiemann  surface  which  arises  from  the  fundamental  equa 
tion,  it  will  be  noticed  that  the  one-to-one  correspondence  fails  for 
those  values  (x1}  x2,  xs)  which  correspond  to  the  real  inflexional 
tangents  and  to  the  isolated  real  double  tangents.  For  instance,  in 
the  ordinary  Biemann  surface  an  isolated  real  double  tangent  is 
represented  by  two  points,  whereas  in  Klein's  surface  it  is  repre 
sented  by  a  complete  line.  The  two  surfaces  are  not  deducible,  the 
one  from  the  other,  by  an  orthomorphic  transformation,  for  they  are 
not  similar  in  respect  to  their  smallest  parts.  For  further  details 
with  respect  to  this  interesting  theory  the  student  is  referred  to 
memoirs  by  Klein  in  the  Mathematische  Annalen,  tt.  vii.,  x.,  by 
Harnack  in  the  same  journal,  t.  ix.,  and  by  Haskell,  Amer.  Jour., 
t.  xiii. 

References.  Riemann's  Werke  (particularly  the  Inaugural  Dissertation  and 
the  memoir  on  Abelian  Functions) ;  Clebsch,  Geometric,  t.  i.,  Sechste  Abthei- 
lung;  Durege,  Theorie  der-  Funktionen ;  Harnack's  Calculus;  Klein,  Ueber 
Riemann's  Theorie  der  Algebraischen  Functionen  und  ihrer  Integrale  ;  Klein- 
Fricke,  Theorie  der  Elliptischen  Modulfunctionen,  t.  i. ;  Konigsberger,  Ellip- 
tische  Functionen ;  Neumann,  Abel'sche  Integrale,  2d  ed.  ;  Prym,  Neue 
Theorie  der  Ultraelliptischen  Functionen ;  Thomae,  Abriss  einer  Theorie  der 
Complexen  Functionen,  2d  ed. ;  Casorati,  Teorica  delle  Funzioni  di  Variabili 
Complesse ;  Klein,  Ikosaeder. 

In  this  chapter  we  have  considered  the  Riemann  surface  as  springing  from  a 
basis-equation  F(wn,  zm}  =  0.  But  in  the  ulterior  Riemann  theory  as  contem 
plated  by  Riemann  himself,  and  developed  by  Klein,  Poincar6,  and  many  others, 
a  surface  is  taken  as  the  starting-point,  and  functions  are  denned  by  the  sur 
face.  The  student  who  wishes  to  become  acquainted  with  these  results  should 
consult  the  Mathematische  Annalen,  where  he  will  find  many  important 
memoirs  by  Klein,  Hurwitz,  Dyck,  etc.  ;  in  particular  we  may  refer  him  to 
Klein's  memoir,  Neue  Beitrage  zur  Riemann'schen  Theorie,  Math.  Ann.,  t.  xxi. 


CHAPTER  VII. 

ELLIPTIC  FUXCTIOXS. 

§  191.  A  one-valued  function  f(u)  of  the  complex  variable  u  has 
a  primitive  period  o>,  when,  for  all  finite  values  of  u  and  for  all  inte 
gral  values  of  n, 


the  equation  ceasing  to  hold  for  fractional  values  of  n.  The  quanti 
ties  co,  2  co,  3  w,  •••,  are  all  of  them  periods  of  /(?<)>  but  it  is  usual  to 
single  out  the  primitive  period  co  as  the  period  par  excellence. 

As  an  example  of  a  singly  periodic  function,  consider  exp  2-jriu/o). 
Mark  off  in  the  z-plane  the  series  of  points  UQ,  u0  ±  to,  uQ±2  co,  •••, 
and  through  them  draw  any  set  of  parallel  lines.  The  plane  is  in 
this  way  divided  into  bands  of  equal  breadths;  in  each  band  the 
function  takes  all  its  values. 

FourieSs  Theorem.  Let  f(u)  be  a  function  with  the  period  co, 
and  let  it  have  no  singular  points  within  a  strip  of  the  plane  bounded 
by  straight  rims  which  are  parallel  to  the  stroke  co.  The  transforma 
tion  z  —  exp  2Triu/(o  changes  the  strip  into  a  ring  of  the  w-plane, 
bounded  by  circles  whose  centres  are  2  =  0  (see  §  181).  To  each 
point  of  the  ring  correspond  infinitely  many  points  u,  but,  since 
these  are  congruent  to  the  modulus  co,  to  each  point  of  the  ring 
there  corresponds  only  one  value  of  f(u).  Further  /(«),  regarded 
as  a  function  of  z,  has  no  singular  points  in  the  ring.  Hence  by 
Laurent's  Theorem  (§  141), 


where 


=  ±  C  - 

2-n-lJ 


the  integral  being  taken  along  a  circle  concentric  with  the  ring  and 
within  it  j 
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or  a,rt  =      I         f(u)  du  exp  ( —  2  m-n-iu/^) , 

(t)CX     WQ 

where  w0  is  any  point  of  the  strip. 

Therefore,  replacing  u  by  a  in  the  integral,  we  have 

1    »      /*MO+W 
f(u)  =  —    3      I         f(a)da  exp  [2m7ri(w  —  a)/co]. 

[Jordan,  Cours  d' Analyse,  t.  ii.,  p.  312.] 

§  192.  Double  Periodicity.  Let/(i«)  be  a  one-valued  doubly  peri 
odic  function  with  primitive  periods  tox,  w2.  This  implies  that :  — 

(i.)  f(u  -f-  wiiwi  -f-  m2w2)  =  f(u),  whatever  integral  values  be  as 
signed  to  m^  m2 ; 

(ii.)  The  above  equation  must  not  hold  for  any  fractional  values 
of  m1?  m2 ; 

(iii.)  If  f(u  -f-  w3)  =f(u),  w3  forms  one  of  the  system  m^  -f  m2w2, 
where  mx,  m2  are  integral. 

The  periods  include  all  members  of  the  system  m^  +  m2<o2 ;  but 
it  is  usual  to  understand  by  the  phrase  i  a  pair  of  periods,'  not  any 
two  periods,  but  a  primitive  pair. 

§  193.  Before  the  discussion  of  the  general  theory  of  double 
periodicity,  we  give  two  algebraic  lemmas  upon  the  possible  values  of 
m1to1  -f-  m2w2  and  m^^  -f-  w2<o2  -1-  wsw3,  where  to1?  w2,  w3  are  complex  num 
bers,  and  the  m's  are  integers. 

Lemma  I.  The  expression  m^  -f-  m2w2  can  be  made  arbitrarily 
small  when  o^/w!  is  real  and  incommensurable ;  and  can  be  made 
=  <°i/yj  when  to2/toi  is  real  and  commensurable,  q  being  some  posi 
tive  integer  >  1. 

(i.)  Let  X,  =  w2/to],  be  real  and  incommensurable.  Convert  it  into 
a  continued  fraction,  and  let  n-^/n^  n-J/nJ  be  consecutive  convergents. 
Then  X  lies  between  n1/n2  and  V/V>  an(i  therefore  differs  from  either 
by  less  than  l/n2n2.  Hence 


where  0  is  a  proper  fraction,  and 


—  ??2to2 


n'  ' 


thus  |  ?i1o>1  —  ?i,w2  J  can  be  made  as  small  as  we  please. 
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(ii.)    Let  o)o/a)i  be  commensurable   and  =p/q,  where  p,  q  are 
integers.     Because  0)0/0^  =  p/q,  the  expression 

?>i1w1  +  w2o>2  =  WiO??!  +  m.2p/q)  =  wiO»i<?  +  m*p)/q. 
But  p,  9  are  relatively  prime,  hence  it  is  possible  to  choose  m^  w2  so 
as  to  make  mfl  +  w2j/)  =  1. 


Lemma  II.     If  o>15  o>2,  o>3  be  any  triangle  of  points,  it  is  always 
possible  to  find  integers  w1}  w2,  ?%,  such  that 


Let  0~o^  meet  o^  at  i^.  It  is  evident  from  the  preceding  lemma 
that  a  point  M/  can  be  found  which  divides  o)2o)3  in  the  ratio  of  two 
integers  ms,  m%  and  which  is  such  that  !  uj  —  Ui  <  ej.  Draw  0  w  par 
allel  to  a*jo>J,  meeting  o^w/  at  -M,  Let  <uj  =X(o>1  —  i^)  ;  then  also 


Again,  a  point  u'  can  be  found  which  divides  otfi/  commensurably, 
say  in  the  ratio  (m,  -f  ms)  /mlt  and  is  such  that  \u'  —  u\<€2. 


Since  Ui  =  (m.2to2  + 

and  w'  =  \m&>i+  (m.^m^u^l/^  +  m2  +  ra3), 

therefore  u'  —  (wi<ui  +  w2w2  +  wi3o)3)  /(wj.  +  w2  +  wi3)  ; 

and  since  |  u'  —  u  \  <  e2 

and  I  u  \  <  A.CU 

therefore  |  u'  \  <  Aej  +  c2. 

Hence  m^  +  w2o)2  +  m3o)3  1  <  |  m!  4-  w*2  +  ms  !  (*ci  +  «2 


which  proves  the  lemma,  since  m1?  ??i2,  m3,  X  are  finite.  It  is  assumed 
that  the  zero-point  is  not  on  the  join  of  u>2  and  o)3  ;  if  it  were,  the 
preceding  lemma  would  apply. 

The  first  lemma  shows  that  if  /(it)  be  a  one-valued  doubly  periodic 
function,  with  the  periods  w1?  <o2,  the  ratio  ^/^  must  be  complex. 
A  real  commensurable  ratio  would  involve  the  existence  of  a  period 
wj/g,  contrary  to  supposition.  And  a  real  incommensurable  ratio 
would  involve  the  existence  of  arbitrarily  small  numbers  amongst 
the  numbers  m^  +  wi2<D2,  an(i  therefore  also  the  existence  of  a  one- 
valued  function  /(M),  which  can  be  made  to  assume  the  same  value, 
as  often  as  we  please,  along  a  line  of  finite  length.  Such  a  function 
must  reduce  to  a  constant.  Hence  the  ratio  o)2/o)!  is  complex. 
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Theorem.  There  cannot  be  a  triply  periodic  one-valued  function 
of  a  single  variable. 

For,  if  (Ou  co2,  w3  be  the  three  periods,  which  are  unconnected  by 
a  homogeneous  linear  relation,  the  corresponding  points  form  a  tri 
angle.  By  the  second  lemma  it  is  possible  to  choose  m1?  m.2,  w8,  so 
as  to  make  m^  -f  m.2w.2  +  m3o>3  arbitrarily  small.  Thus  within  any 
region  of  the  plane,  however  small,  the  function  assumes  the  value 
f(u)  an  infinite  number  of  times.  Such  a  function  reduces  to  a  con 
stant.  The  same  conclusion  holds  for  a  function  with  a  finite  num 
ber  of  values  for  each  value  of  the  variable.  For  the  behaviour  of  a 
function  with  an  infinite  number  of  values,  see  a  paper  by  Casorati 
(Acta  Math.,  t.  viii.).  Throughout  this  chapter  we  shall  consider 
solely  one-valued  doubly  periodic  functions  which  have  no  essential 
singularities  in  the  finite  part  of  the  plane.  It  will  (lemma  I.)  always 
be  supposed  that  <a2/o*i  is  complex.  It  is  an  evident  consequence  of 
the  theorem,  that  there  can  be  no  one-valued  function  with  more  than 
two  periods. 

The  inversion  problem  in  Abelian  integrals  leads  to  Abelian  functions  of  p 
variables,  which  are  one-valued  in  those  variables  and  2p-tuply  periodic.  By  a 
2p-tuply  periodic  function  f(u^  «2,  •  ••,  up~)  is  to  be  understood  one  which  is 
unaltered  by  the  addition  to  uv  uv  ...,  up  of  the  simultaneous  periods  wKl,  wK2, 
•  ••,  WKP(K  =  1,  2,  •  •>,  2p).  It  can  be  proved  that  such  a  function,  if  one-valued, 
cannot  have  more  than  2p  sets  of  simultaneous  periods  (TJiemann,  Werke, 
p.  276).  To  return  to  functions  of  a  single  variable,  some  misconceptions  on 
the  subject  of  multiple  periodicity  are  widely  spread.  Giulio  Vivanti  has  pointed 
out  that  Prym,  Clebsch  and  Gordan  (Theorie  der  Abelschen  Functionen)  and 
Tychomandritsky  (Treatise  on  the  Inversion  of  the  Hyperelliptic  Integrals)  have 
assumed  that  the  points  in  a  region  at  which  a  /c-tuply  periodic  function  f(u~)  takes 
a  given  value  fill  that  region.  Let  u  be  one  of  these  points ;  the  other  points  are 
given  by  u  +  m^  -f  •••  -f  m*uK.  Now  it  can  be  proved  that  these  values  of  u 
can  be  arranged  in  a  determinate  order  uv  u.2,  w3,  •••,  so  that  each  value  of  u 
occurs  once,  and  only  once,  with  a  determinate  suffix.  Hence  although  the  num 
ber  of  points  te1?  u.21  us,  •••  within  the  region  is  infinitely  great,  the  known  theorem 
that  the  points  of  the  region  cannot  be  numbered  in  the  way  just  described,  shows 
that  the  region  contains  points  which  do  not  belong  to  the  system  «„  w2,  w3,  .... 
See  Luroth  and  Schepp's  translation  of  Dini's  work :  Grundlagen  f  iir  eine  Theorie 
der  Functionen  einer  veranderlichen  reellen  Grosse,  p.  99.  Gopel  (Crelle,  t. 
xxxv.)  appears  to  have  been  the  first  to  point  out  that  Jacobi's  theorem  on  the 
non-existence  of  triply  periodic  one-valued  functions  of  a  single  variable,  does 
not  cover  the  case  of  infinitely  many- valued  functions.  To  judge  by  his  reply  to 
Gopel,  Jacobi  would  seem  to  have  denied  the  possibility  of  the  occurrence  of 
such  functions.  Vivanti's  paper  is  in  the  Rendiconti  del  Circolo  Matematico 
di  Palermo,  Sulle  f  unzioni  ad  infiniti  valori ;  there  is  an  accompanying  note  by 
Poincare". 
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§  194.  Primitive  pairs  of  periods.  If  (^  o>,)  be  a  primitive  pair, 
DJ  +  m.2o)2  is  a  period,  provided  ra1?  ra2  be  positive  or  negative  inte 
gers.  Also  all  the  periods  of  the  function  are  included  in  the  system 
mlw1  -f  w2w2 ;  in  other  words,  a  primitive  pair  of  periods  is  one  from 
which  all  other  periods  can  be  built  up  by  addition  or  subtraction. 

Taking  any  initial 
point  w0,  mark  off  in  the 
w-plane  the  points  u0  -j- 


-f-  wi2<o2,  where 
m2  are  integers. 

We  shall  speak  of 
the  system  of  points  as  a 
network.  All  the  points 
for  which  m1  is  constant 
lie  on  a  line ;  and  all 
these  lines  are  parallel. 
Similarly,  m2  =  a  con 
stant,  gives  another  sys 
tem  of  parallel  lines. 
The  two  systems  of  par 
allel  lines  divide  the 


Fig.  79 


plane  into  an  infinite  number  of  equal  parallelograms.  Any  such 
parallelogram  is  called  a  parallelogram  of  periods.  A  point  u'  = 
u0  +  ??ilWl  -f  wi2a>2  is  said  to  be  congruent  to  -MO,  and  the  equation  is 
written 

u'  =  u0  (mod.  <i>1?  o)2), 

or  shortly  u<  =  Wo. 

It  is  evident  that  the  number  of  primitive  pairs  of -periods  is 
infinite.  For  instance,  Wl  and  o>2  being  one  primitive  pair,  Wl  and 
(«>!  +  o)2  form  another  primitive  pair.  But  it  must  not  be  inferred 
that  every  pair  of  primitive  periods  is  a  primitive  pair.  For 
instance,  from  Wl  +  o>2  and  ^  —  co2  we  cannot,  by  addition  and  sub 
traction,  recover  the  original  pair  (Wl,  w2).  Taking,  generally, 


G>!    =  TTliOJ!  -f-  ??120)2 


I- 


where  the  coefficients  are  integers,  the  pair  (a./,  a>./)  will  be  primi 
tive,  if 

(ii.)  ^      ^2  - 

W2  =:    V]toi    -j-    VoCOf 

where  the  coefficients  are  integers. 
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Now,  solving  the  first  system  of  equations  for  ^  and  w2,  and 
comparing  the  results  with  the  second  system,  we  see  that 


m. 


=  ±1. 


This  condition  is  sufficient,  as  well  as  necessary;  for  if  we  can 
recover  the  original  pair  (w^  o>2),  we  can  form  all  possible  periods 
by  integral  combinations. 

The  ratio  G>2/a>i  is  of  the  form  a  +  //?,  where  (3  is  not  zero.  The 
ratio  wj/wa  is  («  —  i(3)/(a2  +  ft2).  The  coefficients  of  i  in  the  two 
ratios  have  opposite  signs ;  we  shall  suppose  always  that  coj  and  o)2 
are  so  chosen  that  in  (o2/wi  the  coefficient  of  i  is  positive.  This  is 
required  for  the  convergence  of  the  series  that  arise  in  the  theory 
of  the  theta-f unctions. 

Consider  the  original  parallelogram  (wj,  w2)  orthogonally  projected  into  a 
square.  Taking,  in  the  new  plane,  w0  as  origin,  the  direction  of  ^  as  that  of 
the  real  axis,  and  the  absolute  value  of  o^  as  the  unit  of  length,  the  numbers 
mlt  m.2  and  nlt  n2  are  the  rectangular  co-ordinites  of  the  projections  of  u0  +  w/ 
and  u0  +  «./.  Equation  (iii.)  states  that  the  area  of  the  projection  of  the  new 
parallelogram  (o>/,  w2')  is  equal  to  that  of  the  square.  Hence  all  the  primitive 
parallelograms  of  periods  are  of  equal  area. 

The  simplest  change  from  one  primitive  pair  to  another  is  that  in  which  a 
period  is  common  to  both  pairs.  The  formulae  (i.)  are  then  of  the  type 


By  a  series  of  such  changes  any  new  parallelogram  may  be  obtained.    For 
starting  with  the  equations  (i.), 


"i   -miwi+    -*.,    .„„ 

7it.2nl  —  x  *] 


let  m1/nl  be  converted  into  a  continued  fraction.  Eirst  let  the  convergent 
immediately  preceding  m^fn^  be  m2/n2.  In  this  case  (iii.)  is  satisfied.  Let  the 
convergents,  in  reverse  order,  be 

mjn»  »»2/n2,  m3/ns,  •••,  mr+i/nr+i, 
and  the  corresponding  quotients  qv  g2,  g3,  •••,  gy+ij  so  that 

- 


Then  a>/  =  nijWj  +  m2w2      =  W2(g1w1  +  w2)  + 

w2'  =  w1co1  +  n2w2      =  ^(g^!  +  wa)+ 

For  the  first  transformation  let  us  take 
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so  that  wJ 


We  have  now  smaller  numbers  to  deal  with.     Proceeding  in  the  same  way, 
we  get,  if  w4  =  g.2w3  +  o>!, 


and  so  on.     Now,  in  the  last  convergent,  either  the  numerator  or  the  denom 
inator  is  1. 

If  nr+i  =  1,  wir-fi  =  qr-ri  ',  the  final  equations  in  (v.)  are  mr  =  qrmr+\  +1, 
nr  =  gn  and  the  final  change  of  periods  is 


Similarly,  if  mr+i  =  1 ;  but  if  7ft1>  Wj,  this  case  cannot  occur. 

A  simple  example  will  make  the  process  clearer.  We  wish  to  change  the 
periods  from  wx,  w2>  to  67  o^  +  30  w2,  29  w:  +  13  w2,  by  changing  only  one  period 
at  a  time. 

Now  67/29  =  2  +  _i_  J-_|.     Here  g1=2,  <?2  =  4,  gs  =  3,  ?4  =  2,  u,3  =  2Wl  +  o,2, 

w4  =  4  w3  +  w1?  w5  =  3  w4  +  w3,  w6  =  2  w5  +  w4,  and  the  pair  (o>5,  w4)  is  primitive. 

Secondly,  if  m2/«2  be  not  the  convergent  preceding  n^/n^  let  p/v  be  that 
convergent.  Then  the  equations 


require  that 

either  ?>i2  =  /j.  +  771^,    n2  =  v  +  n^, 

Or  7»2  =  771^  —  /i,     712  =  Jijt  —  f, 

t  being  an  integer  (see  Todhunter's  Algebra,  p.  389).     We  have,  then, 


Thus  the  single  change  from  «1?  wz,  to  a?!  +  to2,  ±  w2,  reduces  this  case  to  the 
preceding  one.  It  may  be  remarked  that  in  a  change  of  the  kind  exemplified 
by  (iv.),  the  new  parallelogram  and  the  old  have  a  side  in  common,  and  lie 
between  the  same  parallels,  so  that  they  are  equal  in  area.  Hence  we  see  again 
that  all  fundamental  parallelograms  are  equal  in  area. 

Corresponding  to  the  parallelogram  of  periods,  there  is  for  the  2_p-tuply 
periodic  functions  of  p  variables  a  parallelepiped  of  periods  in  2  ^-dimensional 
space. 

X  §  195.  A  one-valued  doubly  periodic  function,  whose  only  essen 
tial  singular  point  is  at  x ,  is  called  an  elliptic  function.  In  the 
present  paragraph  we  shall  build  up  a  fundamental  elliptic  function. 
A  primitive  pair  of  periods  will  be  denoted  by  2^  2<o2,  although  in 
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the  general  treatment  of  periodicity  we  shall  continue  to  denote  a 
period  by  to. 

Consider  the  series 


(A), 


where     w  =  2  mlMl  +  2  m2w2,  ?^  =£  w,  and  m1?  m2  =  0,  ±1,  ±  2,  •  •  •, 
the   accent   signifying,    as    in   Chapter   V.,    that    the    combination 
m,i  =  m2  =  0  is  excluded.     Here  the  remark  may  be  made  that  an 
accent  attached  to  2  or  II  always  signifies  the  exclusion  of  an  infinite 
term  or  factor. 

We  shall  denote  the  series  obtained  from  (A)  by  omitting  all 
terms  in  which  ^o  <\u\  by  (f>(u),  and  the  series  of  excluded  terms 
by  ^(u).  It  is  first  to  be  proved  that  the  series  <$>(u)  is  absolutely 

convergent.     The  general  term  is  -  u^   -~-^- — ^.     Comparing  this 

tv3  (I  —  u/w)2 

with  2 u/w3,  we  see  that  <f>(u)  is  absolutely  convergent  if  ^2 u/w3  be 
absolutely  convergent,  where  5X  denotes  summation  for  all  values 
of  iv  such  that  w  \  >  |  u  |.  It  was  proved  in  §  77  that  the  series 
^,'2  u/w3,  of  which  2^2  u/w3  forms  a  part,  is  absolutely  convergent. 
Hence  <j>(u)  is  absolutely  convergent.  The  terms  in  ^(u)  are  finite 
in  number,  and  yield  an  ordinary  rational  function  of  u.  Hence 
(A)  is  absolutely  convergent. 

Expanding  each  term  of  4>(u),  we  see  that 

~S  7~9  9  ==  <*        '  I         I      *  *  *  J 

(u  —  w)2     w2      w3       w* 
and  that  the  series  for  <£  (u) , 

u  ,  3u2 


H 
is  still  absolutely  convergent.    For  if  accents  denote  absolute  values, 


+  ^7T  + 
w'* 


=  a  convergent  series. 

Bearranging  the  series  for  <t>(u)  according  to  ascending  powers 
of  w,  it  is  evident  that 

-f  ..., 
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where  cn  =  JjS  This  equation  holds  for  all  values  of  I  %  I  less 

n+2 


w 


than  the  minimum  \w\  in  2b  say  <  p.  Hence  $(u)  -f  \f/(u)  =  an 
integral  series  +  a  rational  fraction,  when  |  u  \  <  p.  That  is,  the 
series  (A)  represents  an  analytic  function  of  u,  and  the  convergence 
is  uniform,  since  <f>(u)  +  \f/(u)  does  not  depend  on  p.  Hence  the 
differential  quotient  of  the  series  (A) 


. 
(«  —  w 

Because  ^(w)  contains  only  a  finite  number  of  terms, 


(«)  =  2 


where  the  summation  extends  over  all  the  values  of  w,  which  enter 
into  {/u.     Hence 


where  w  takes  all  possible  values,  except  ic  =  0.     We  have  proved 
that  the  series  (A)  gives  on  differentiation  2'—   ~  ^      • 
therefore  the  series 


u- 


(1) 


gives  to'(M)  =  — 22 (2). 

(u  —  w)3 

From  the  composition  of  p(w)  it  is  evident  that  the  function  has 
infinities  at  all  points  of  the  network 

2?n1o>1  +  2m,a>,    (m*  m,,  =  0,  ±1,  ±2,  ...), 

and  that  each  infinity  is  of  order  two.  There  are  no  other  infinities  ; 
further  the  function  is  even,  because  the  change  of  u  into  —  u  does 
not  affect  the  value  of  the  right-hand  side.  Similarly  $'(u)  is  an 
odd  function  of  u. 

We  have  in  the  function  p(w),  obtained  as  above,  an  example  of 

Mittag-Leffler's  theorem  (§  150).      The  series  2' is  condi- 

(w  — to)1 

tionally  convergent,  inasmuch  as  2'—  is  conditionally  convergent. 

nr 

But  the  series  2'  -I -—  —0 1  is  unconditionally  convergent. 

((U  — to)1      1C2  j 


286  ELLIPTIC    FUNCTIONS. 

The  integral  series  for  S'-j  ---  \  ,  namely 

(  (u  —  I0)1     ur  ) 


contains  only  even  powers  of  w,  because  2'—       =  0,  the  terms  can 


celling  each  other  in  pairs.  To  prove  the  double  periodicity  of 
$(u),  we  observe  that  the  right-hand  side  of  (2)  is  manifestly 
unaltered  by  the  substitution  of  u  +  2  W],  or  of  u  +  2  o>2  for  u,  since 
these  substitutions  merely  interchange  the  terms  of  an  absolutely 
convergent  series.  Hence 


Integration  gives 

p(w  +  2u1)= 
Write  w  =  —  MI.  ;  therefore 


and  (7  =  0.     Hence 

and  similarly  '  [ (3). 


Thus  !p  (u)  is  a  doubly  periodic  function,  with  periods  2  w1?  2  w2. 
The  relations 


give  ^'(coj  =  0,  ^'(W2)  =  O,^'^  +  o>2)  =  0  .     •     .     .     (4). 

The  doubly  periodic  function  $(u)  is  the  simplest  doubly  periodic 
function.  Its  introduction  was  due  to  Weierstrass.  While  Jacobi's 
functions  sn(u)}  cn(u),  dn(u]  are  recognized  as  valuable  for  nu 
merical  work,  it  is  now  generally  conceded  that  Weierstrass's  func 
tions  ^(u)  and  a-(u) — the  latter  function  will  be  denned  later  — 
form  the  proper  basis  for  the  theory  of  elliptic  functions. 

It  will  be  noticed  that  in  one  sense  four  infinities  0,  2(0^  2w2, 
2wi  +  2a>2,  occur  in  the  parallelogram  (2wl5  2o>2),  one  at  each  corner, 
but  three  of  these  must  be  regarded  as  belonging  to  adjacent 
parallelograms. 
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§  196.  The  best  insight  into  the  nature  of  the  properties  of 
doubly  periodic  functions,  with  periods  o^,  <o.>,  is  probably  obtained 
by  the  use  of  Liouville's  methods.  Liouville's  theorems  are  referred 
to  by  their  author  in  the  Comptes  Rendus,  t.  xix.,  and  were  com 
municated  to  Borchardt  and  Joachimsthal  in  1847  (see  Crelle,  t. 
IxxxviiL).  Cauchy  anticipated  Liouville  in  part.  Our  account  of 
this  theory  is  based  on  Briot  and  Bouquet. 

We  denote  by  A  the  region  bounded  by  a  parallelogram  of 
periods,  whose  angular  points  are  u0,  u0  -f-  o^,  ?<0  -f  Wl  -f  o>2,  «0  -f  <o  , 
and  denote  by  /(?«)  a  function  with  the  periods  WD  <o2.  The  sides 
of  the  parallelogram  need  not  be  straight  ;  so  that,  if  required,  poles 
off(u)  can  be  removed  from  the  rim  by  small  deformations  of  the 
sides  of  the  parallelogram,  which  conserve  the  parallelogram  shape. 
It  is  evident  that  f(u)  is  fully  determined  throughout  the  t*-plane, 
when  its  values  are  known  at  every  point  within  the  parallelogram, 
and  at  every  point  along  two  of  the  sides.  It  will  be  shown  pres 
ently  that  fewer  conditions  than  these  suffice  to  fix  /(«). 

Suppose  that  c  is  a  pole,  whose  order  of  multiplicity  is  *;  then,  in 
the  neighbourhood  of  c, 


,  l 

(u  —  c)*      (u  —  c)*-1  u  —  c 

=  (u-c)-KPQ(u-c). 
Here  c  counts  as  K  simple  infinities,  and  —  K  is  the  residue  of 


at  M  =  c  si 


If  c'  =  c(mod.  <!>!,  w2),  the  order  of  multiplicity  of  the  pole  c'  is 
also  K.     For,  if  h  be  sufficiently  small, 

f(c'  +  /O  =  f(c  +  7i)  =  Jr*P0(h). 

Suppose  next  that  c  is  a  zero,  whose  order  of  multiplicity  is  K  ; 
then,  in  the  neighbourhood  of  c, 

f(u)    =(u-c)<P0(W-c), 


and  K  is  the  residue  of  f^  at  u  =  c.     Similar  reasoning  to  that 
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already  used  shows  that  K  is  the  order  of  multiplicity  of  the  zero  at 
every  point  c'  congruent  to  c. 

Theorem  I.  A  doubly  periodic  function,  which  is  holomorphic 
in  a  parallelogram  A,  reduces  to  a  constant. 

For  within  a  parallelogram  A  in  the  finite  part  of  the  plane,  the 
absolute  value  of  f(u)  is  finite;  therefore  within  all  the  con 
gruent  parallelograms  it  is  finite.  This  shows  that  the  function  is 
finite  throughout  the  plane,  and  is  consequently  a  constant  (§  140). 
Thus  every  one-valued  doubly  periodic  function  f(ii)  has  at  least  one 
pole  in  the  parallelogram  A. 

Comparison  of  two  doubly  periodic  functions  fi(u),f2(u),  with  the 
same  periods,  whose  zeros  and  poles  are  common,  and  occur  to  .the  same 
orders  of  multiplicity. 

f  (u\ 
Since  •/2V   '  is  a  doubly  periodic  function,  and  since  the  zeros  and 

fi(u) 
poles  of  the  numerator  are  neutralized  by  the  zeros  and  poles  of  the 

denominator,  the  quotient  in  question  must  have  no  infinities  (and 
no  zeros)  in  the  parallelogram  of  periods.  Therefore,  by  Theorem  I., 

•^2        =  a  constant.     Thus  doubly  periodic  functions  can  be  deter- 

/i(«) 

mined  by  their  zeros  and  poles  within  the  parallelogram.  This 
theorem  is  remarkable  as  an  instance  of  the  determination  of  a  func 
tion  when  certain  properties  are  given. 

Again,  if  fi(u)9ft(u)  be  two  doubly  periodic  functions  with  the 
same  poles  and  with  the  same  coefficients  a1?  a2,  •••,  aK  at  the  poles 
c,  then  f2('u)—fi(u)  is  a  doubly  periodic  function,  which  is  every 
where  finite,  and 


Theorem  II.     The  sum  of  the  residues  of  f(u),  with  respect  to 
points  inside  A,  is  zero. 

Let  I  /(  u  )du  be  taken  round  the  rim  of  A.     Its  value  is  0,  because 

the  function  assumes  the  same  values  at  congruent  points  of  opposite 
sides,  while  those  sides  are  described  in  opposite  directions.  Hence 
the  sum  of  the  residues  is  zero.  An  important  inference  is  that 
there  are  at  least  two  infinities  of  f(u)  in  A.  We  have  already 
proved  that  there  must  be  at  least  one  simple  pole.  If  there  were 
only  one  simple  pole  c,  we  should  have  f(u)=a1/(u  —  c)  +g(u), 
where  g(u)  is  holomorphic  in  A  ;  but  we  have  proved  that  the  sum 
of  the  residues  in  A  is  equal  to  0,  therefore  «:  =  0,  contrary  to 
supposition.  Hence  we  have  the  following  theorem  :  — 
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TJieorem  III.  If  a  doubly  periodic  function  f(u)  be  not  a  con 
stant,  it  has  at  least  two  poles  of  order  1,  or  one  pole  of  order  2, 
within  the  parallelogram  of  periods. 

The  function  $(u)  is  an  example  of  a  doubly  periodic  function, 
with  one  pole  of  order  2.  The  number  of  infinities  of  f(n)  in  A, 
or  the  sum  of  the  orders  of  multiplicity  of  the  poles,  is  called  the 
order  of  the  f  unction  f(u).  When  a  pole,  situated  on  a  side  of  A, 
is  regarded  as  belonging  to  A,  the  congruent  pole  on  the  opposite 
side  must  be  regarded  as  belonging  to  the  adjacent  parallelogram. 
If  the  pole  occur  at  a  vertex  and  be  counted  as  belonging  to  A,  the 
poles  at  the  other  vertices  must  be  excluded. 

An  immediate  deduction  from  the  foregoing  theorems  is  that 
every  doubly  periodic  function  of  the  second  order  is  expressible  in 
the  form 

/oo=—  ---  ^+?<x>, 

u  —  a      u  —  (3 

where  a,  fi  are  the  two  poles,  and  g(u)  is  holomorphic  throughout 
A.  Hence,  if  fi(u),  /2(w)  be  functions  of  the  second  order  with  the 
same  poles  «,  ft,  and  residues  ax,  «2>  so  that 


it  follows  that  —  fi(u)  --  /a(w)  is  a  doubly  periodic  function  holo- 
«i  «2 

morphic  throughout  A  j  it  therefore  reduces  to  a  constant. 

§  197.     Theorem  IV.     The  order  of  f(u)  is  equal  to  the  number 
of  zeros  of  f(u)  —  k,  whatever  be  the  value  of  the  constant  k. 

Since  f(u)  =  f(u  -f  Wl)  =  f(u  +  o>2),  it  follows  that 


Hence  f(u)/\f(u)  —  k\  is  a  doubly  periodic  function.  By 
Theorem  II.,  the  sum  of  its  residues  is  0.  But  the  function 

=  —  log  \f(u)  —  fcj;  therefore  the  sum  of  its  residues  is  equal  to 
du 

the  number  of  the  zeros  of  f(u)  —  k  diminished  by  the  number  of 
infinities  of  f(u)  —  k  (see  §  146).  But  each  infinity  of  f(u)  -  k  is 
an  infinity  of  f(u),  and  conversely.  Therefore  the  order  of  f(u)  is 
the  number  of  zeros  of  f(u)  —  k.  The  theorem  states  that  a  doubly 
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periodic  f unction  /(w),  of  order  m,  takes  every  value  m  times  within 
A.  In  particular,  the  number  of  zeros  of  f(u)  is  the  same  as  the 
number  of  infinities. 

Theorem    V.     If  cr'  be   a   zero  and  cr  an  infinity  of  f(u) ,  both 

situated  within  A, 


More  generally,  if  dr  be  one  of  the  points  at  which  the  function 
takes  a  given  value  k, 

3cr  —  3dr  =  0. 

To  prove  this,  we  make  use  of  a  theorem  concerning  residues. 
If  g(u)  be  one-valued  throughout  the  finite  part  of  the  plane, 

g(u\f(u)du  |  ^  C   g(u)f(u)du 


f(u)-k  J(dr)    f(u)-k  (cr)    f(u)  — 


-  k 


Let  g(u)  =  u,  and  let  UQ  be  a  corner  of  the  parallelogram. 

Cuf(u)du  _   ruo+M-i  f  uf(u}dn  _  (u  +  o)2)/f(^  +  u 
jAf(u)-k~Ju0         \f(u)-k  f(u  +  o>2)-k 

pMo+w2  f  (u  +  v^)f  (u  +  v^du  _  uf'(u} 
A         i        f(u  +  ^)-k  f(u)- 

or,  by  virtue  of  the  periodicity  of  /(w), 
Wld  log  [/(u) 


-  W2  log  ^-     +       lo 


=  2iri(m1o)1  +  ^2^2)7  where  mb  m2  are  integers. 

Hence  2dr  —  2cr  =  mlwl  +  m2(o2.     This  important  result  may  be 
restated  in  the  following  way  :  — 

The  sum  of  the  points  at  which  f(u)  takes  any  assigned  value 
is  congruent  to  a  constant. 

Theorem  VI.     If  c^  c2  be  the  poles,  in  A,  of  a  function  f(u)  of 
the  second  order, 


ELLIPTIC    FUNCTIONS.  291 

To  prove  this,  we  observe  that  the  points  u^  u2,  at  which  the 
function  takes  one  and  the  same  value,  are  connected  by  the  relation 

ut  +  u.2  =  Cj  +  c2  ; 

there  fore  /(  M,)  =  /(cx  -f  c2  —  u^  , 

Avhere  ^  can  take  all  values. 

From  this  equation  it  follows  that 


Hence,  when  w^-1--2,  the  derived  function  f'(u)   is  either 

a 

zero  or  infinite.     The  infinities  of  f'(u)  are  the  points  Cj,  Cg,  each 
counted  twice  (§  196).    Thus  Cl  +  °2  is  a  zero.     The  other  zeros 


C2  +  <02 

? 


If  GU  c2  coincide,  so  that  f(u)  has  now  a  pole  of  the  second  order 
in  A,  f'(u)  becomes  a  function  of  the  third  order,  with  zeros  con 
gruent  to  d  +  ^,  cj  -h  ^,  <?!  H-  <°1  ^  ^  If  the  origin  be  taken  at 

a  pole,  the   zeros   are   congruent   to  ^,  °^2,  0>1 7" a>2.     The  function 

22        2 

/'(w)  now  bears  to  $'(u)  a  constant  ratio,  if  the  periods  be  the  same. 
The  theorem  shows  that  when  the  centroid  of  two  non-congruent 
poles  of  an  elliptic  function  of  the  second  order  is  taken  as  origin, 
f(ii)=f(—  u),  and  the  function  is  even. 

§  198.  TJieorem  VII.  Two  doubly  periodic  functions  /b  /2,  whose 
networks  of  periods  have  a  common  network,  are  connected  by  an 
algebraic  equation. 

Let  m1}  ra2  be  the  orders  of  the  functions  in  the  smallest  paral 
lelogram  formed  by  a  pair  of  common  periods  coj,  <u2.  Let 


where  ^  ^  are  positive  integers  at  our  disposal,  and  the  a's  are 
constants.  The  function  <j>(u)  is  doubly  periodic,  with  periods 
wj,  wo,  and  with  the  same  poles  as  those  of  /x,  /2.  If  it  be  possible 
to  choose  /*u  /x2  so  as  to  make  all  the  infinities  disappear,  without 
reducing  all  the  coefficients  a,  other  than  <%,  to  zero,  then  <f>(u) 
must  be  a  constant,  and  an  algebraic  relation  connects  /x.  /2. 
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Let  c  be  a  pole  of  <£(V)  ;  then,  in  the  neighbourhood  of  c, 


The  coefficients  XK,  XK._1,  •••,  A!  are  linear  and  homogeneous  expres 
sions  in  the  coefficients  a,  as  can  be  seen  by  substituting  in  (i.)  the 
expansions  of  /,  f2,  in  powers  of  u  —  c.  Equating  to  zero  all  the 
coefficients  X,  we  get  as  many  equations  as  there  are  infinities  of 
ff)(u)  in  the  parallelogram  c^,  <o2;  i.e.  /Jilml  -f-  /x2ra2.  Now  the 
number  of  a's  is  (/^-h  1)  (/x2-f-  1),  and  /^,  ^  can  always  be  chosen 
so  as  to  make 

(/*!  -f 


therefore  ^  /x2  can  always  be  chosen  so  as  to  make  the  number  of 
the  equations  in  the  a's  less  than  the  number  of  the  a's.  This 
proves  that  there  exist  functions  <f>(n)  which  are  nowhere  infinite, 
and  consequently  reduce  to  constants.  The  number  of  these  alge 
braic  equations  in/1?/2  is  infinite,  but  the  corresponding  expressions 
must  be  composed  of  powers  of  a  single  irreducible  expression  and 
of  irrelevant  factors.  In  this  unique  irreducible  expression  ^  ^  m2, 
Pz^nii.  For  when  f2  is  given,  u  has  ra2  values,  and  therefore/!  has, 
in  general,  ra2  values.  But  it  may  happen,  for  instance,  that  the  m2 
values  of  u  determine  only  w2/2  values  of  /  j  the  degree  of  the 
irreducible  equation  is  then  diminished.  One  or  other  of  the 
equations 

/*!=  m2?   /*2  =  Wli, 

must,  however,  hold  good.  [The  above  proof  is  Jordan's  ;  see  his 
Cours  d'  Analyse,  t.  ii.,  p.  335.] 

Corollary.  Let  f(u)  be  a  doubly  periodic  function  of  order  m, 
and  let  /'  (u)  be  its  derivative.  There  exists  an  irreducible  algebraic 
relation 


between  f(u)  and/'(w),  whose  degrees  in/,  f  are  not  greater  than 
2m,  m. 

Since  /'  is  an  algebraic  function  of  /,  we  must  first  determine 
the  number  of  its  branches,  and  thus  discover  the  highest  order  to 
which/'  occurs  in  the  equation  <£  =  0.  Suppose  that  u  =  c  is  a  pole 
of  multiplicity  K.  Then,  in  the'  neighbourhood  of  c,  /  and  /'  are  of 
the  forms 
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and  all  the  poles  of  /'(M)  are  coincident,  in  position,  with  the  poles 
of  /(M).  From  this  it  follows  that  when  /is  finite,  so  is  /';  whence 
the  coefficient  of  the  highest  power  of  f  in  <£  must  be  a  constant  ; 
that  is,/'  is  an  integral  algebraic  function  of  /in  the  sense  of  §  185. 

Corresponding  to  that  infinite  value  of  /  which  arises  from 
u  =  c,  there  are  K  expansions  for  /'  in  descending  powers  of  /1/K, 
the  initial  term  being  /("+1)/*.  To  the  KI  4-  *2  H  ----  ,  =  m,  infinities 
off(u)  correspond  KA  -f  *2  -f  •••,  =  m,  branches  of/'.  Thus/'  occurs 
to  the  order  m  in  the  equation  <£(/  /')  =  0. 

To  a  given  value  of  /(M)  correspond  m  values  of  u  within  A, 
say  M1?  Ux  •••,  «m,  and  all  the  remaining  values  are  congruent  to 
u\>  u-2>  •••>  um-  Hence,  when  /is  given,  the  doubly  periodic  function 
/'  takes  m  values  /'(wi),/'(W),  •••,/'(wm)-  Any  symmetric  combi 
nation  of  the  m  branches  /'(wi)  >"•)/'  (l(m)  of  <£(/?  /')  —  0  is  an 
integral  function  of/.  Therefore 


where  S^f'(ur)  means  the  sum  of  the  products  of  the  m  branches, 
X  at  a  time,  and  g^  g2,  •••,gm  denote  polynomials.  We  have  still  to 
determine  the  orders  of  ^(/),  &>(/),  ...,  gm(f)  in  /. 

Since,  when/=  x,  the  order  of  each  branch  /'  of  /is  of  the  form 

(K  -f  !)/K,  ^  2,      #!/'«)  is  at  most  cc2  when/=  oo, 
)  is  a"t  niost  x4  when  /=  oo, 


)  is  at  most  x2w  when/=  x. 
Hence  the  equation  <£(/  /')  =  0  may  be  written 


where  grt(/)  contains/  at  most,  to  the  power/21. 
The  coefficient  #m_i(/)  vanishes  identically  ;  for 

MI  +  M2  +  •••  +  ?^ra  =  a  constant, 
therefore  du^df  +  du2/df  -\  -----  j-  dum/df  =  0, 

so  that 


§  199.     A  special  case  of  great  importance  is  that  in  which  /(M) 
is  of  the  second  order.     Then  the  equation  (ii.)  becomes 

/'-  =  a  quartic  in  / 
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The  importance  of  this  formula  renders  a  more  direct  proof  desir 
able.  Let  the  poles  cb  c2  of  f(u)  be  distinct;  and  let  (cx  4-  c2)/2  =  c. 
Consider  the  expression  \j/,  where 


L/00  -/(«  +  <*/2)][/(«)  -/(«  +  0,!  +  C02/2)]. 

Evidently  i//(w)'  is  doubly  periodic,  with  periods  o^,  w2;  also  the 
poles  <?!,  c2  of  /  are  poles  of  \j/,  each  of  order  4.  The  four  factors 
have  zeros  u  =  c,  c  +  wi/2,  c  -j-  <o2/2,  c  +  (<*>i  4-  w2)/2,  and  each  zero  is 
of  order  2,  since  it  is  a  simple  zero  of  the  common  derivative  f'(u) 
of  the  four  factors.  Hence  $  is  an  elliptic  function  with  2  four 
fold  poles  and  4  double  zeros.  The  function  \f'(u)  j2  has  the  same 
periods,  the  same  zeros,  and  the  same  poles.  Hence  ^(w)/{/'('M)  |2 
is  a  constant,  and  therefore  \f'(u)  \2  =  a  quartic  in/(w). 

When  Cj  and  c2  coincide,  we  consider 


and  the  quartic  reduces  to  a  cubic. 

§  200.  Let/(w)  be  an  elliptic  function  of  the  second  order,  and 
let  F(u)  be  any  elliptic  function  of  order  m,  with  the  same  periods. 
Then 


where  <£m,  \f/m_2,  Xm  are  polynomials  in  /of  degrees  m,  m  —  2,  m. 

Let  us  take  as  origin  the  centroid  of  the  two  poles  of  f(u),  which 
lie  in  A.  Let  the  poles,  in  A,  of  F(u,}  be  c1?  c2,  •••,  cm.  Let  F(u)  be 
separated  into  an  even  and  an  odd  part  by  means  of  the  equations 


F(u)-F(-u)  = 

The  poles  of  F^(u)  are  both  those  of  F(u)  and  those  of  F(—  u); 
hence  F^(u)  is  an  elliptic  function  of  order  2  m,  with  poles  congruent 
to  ±  CK  where  K  =  1,  2,  •••,<m.  From  §  197,  ^(M)  has  also  2m  zeros, 
say  ±  Ci',  ±  c2',  •••,  ±  cw'.  The  function 


has  the  same  periods,  the  same  poles,  and  the  same  zeros  as  F^ 
Hence  the  ratio  of  these  functions  is  constant,  and  we  can  write 
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The  function  F2(u)  has  the  same  poles  as  F^u),  and  has  there 
fore  2  m  zeros.     Four  of  these  are  0,  wj/2,  o>2/2,  (o^  +  w2)/2;    and 
'are  the  zeros  of  /'(M);  tne  remaining  2(?rc  —  2)  zeros  may  be  written 
±  c/',  -±  c2",  •••,  ±  cm_.2".     As  before  the  function 


-/(<>«")  i/n  {/(«)  -/(O  J 

K=l  K=l 

is  in  a  constant  ratio  to  F2(u)/f'(u),  and  we  can  write 


Therefore,  finally, 

F(u)  =  F,(u)  +  F,(u)  =  (<£m  +  ^-o 

This  theorem  of  Liouville's  has  been  extended  by  Weierstrass  to  one- 
valued  functions  of  p  variables,  which  are  2  j>-tuply  periodic  and  have  no  essen 
tial  singularity  for  finite  values  of  the  variables.  Weierstrass  proves  that  p  +  1 
functions  of  this  nature,  which  have  a  common  parallelepiped  of  periods,  are 
connected  by  an  algebraic  relation  ;  and  as  a  special  case,  that  if  /(«„  u.2,  -~,Up) 
and  <£(w,,  M.,,  •••,  ?<p)  be  two  such  functions,  both  functions  are  connected  with 
?//§«!,  ?//5i/2,  •••,  ?//S?(p  by  algebraic  relations,  whence  ^  is  a  rational  function 
of  /and  itsp  first  derivatives  (Crelle,  t.  Ixxxix.  ;  translated  by  Molk  in  Bulletin 
des  Sc.  Math.,  ser.  2,  t.  vi.). 

§  201.  We  now  recur  to  the  function  tyu,  and  the  notation 
of  §  195.* 

In  the  neighbourhood  of  the  origin  we  have 


(u  —  w)'2      w- 
Now  the  absolutely  convergent  series   S'        l  consists   of  pairs  of 

CO 

opposite  terms,  and  is  therefore  zero  for  all  positive  integers  n  >  1. 
Hence,  if  s^  =  5'—,  we  have  from  equations  (1)  and  (2)  of  §  195, 


u  =  1/u-  +  3  s4?r  +  5  ,v<4  H  ----  } 

u  =  -  2/uz  +  2  -  3s,u  +  4-  os.u3  +  —  3 


3  s4?r  +  5  ,v<4  H 
/ 

Now  if  we  assume,  from  §  199,  the  relation 
$'2u  —  (4  b\*3u+  6  rfu+  4  dpw+  e)  =  0, 


and  determine   the   coefficients   from   equations    (5),  so   that   the 
relation  holds  when  u  =  0,  then  the  equation  with  these  coefficients 

*It  will  be  convenient  to  write  p«,  p'w,  etc.,  instead  of  »(«),  [p(«)]2»  etc.,  where  no  ambiguity 
arises.  This  is  the  custom  in  the  case  of  such  familiar  functions  as  s'mx.  Further,  where  only 
one  argument  is  in  question,  we  shall  on  occasion  write  p  for  p?/.  The  formulae  in  Weierstrass's 
theory  are  from  Schwarz,  Formelu  und  Lehrsatze,  and  for  the  proofs  we  are  largely  indebted  to 
Halphen,  Fonctious  Elliptiques. 
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will  hold  for  all  values  of  u.  For  since  the  expression  on  the  left- 
hand  side  of  the  equation  is  a  doubly  periodic  function,  which  has 
no  infinities  within  the  parallelogram  of  periods,  it  must  reduce  to 
a  constant.  This  constant  must  be  0,  otherwise  the  expression 
could  not  vanish  for  u  =  0. 

Now  ^u  begins  with  4/u6,  therefore  6  =  1.     Equating  to  zero 
the  coefficients  of  I/it4,  1/u?,  and  the  absolute  term,  we  have 


so  that  c  =  0,  4<i  =  — 22-3-5s4,  e  =  —  22-5-7s6.     Instead  of  4d  and 
e,  we  shall  write  —  g2,  —  gs,  so  that 

fl    92     O      K  -V I   1     ] 

g2  =  &  '  o  *  o  ^i  —  | 

plj (6). 

W6J 

These  are  called  the  invariants  of  \>u.     The  relation  between  £w  and 
its  derivative  is  now 

)pi2u  =  ^ipPu  —  g$u —•  g3 (7). 

We  know  that  the  zeros  of  ty'u  are  t^,  <o2,  ^  +  o>2.     Let  the  cor 
responding  values  of  tyu  be  el5  e2,  es.     Thus 

where        ^(oji)  =  e±,  ^(^2)  =  e2?  ^(wi  +  ^  =  e^  ^ 


and,  by  comparing  the  two  sides  of  the  equation,  we  get 
e!  +  e2  +  e3=0,  1 

^2e3  +  63ei  +  ei€2  =    —  92/^>    > (9). 

6^263  =  ^/4.          J 

By  the  use  of  the  series  (5)  we  can  express  any  coefficient  in 
terms  of  g2,  g3.     From  the  relation 

£'2  =  4 1)3  —  ^2p  —  ^3, 
we  derive,  by  differentiation, 
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This  last  relation  is  the  best  for  our  purpose.     TVe  have 

VM=  1/u2  +  3  s,u-  +  ...  +  (2  n  -  I)s,nu2n-2  +  ..., 
p'w=  -  2/M3  +  2-3  s4w  +  ...  +  (2  n  -  l)(2n  -  2)s2,,w2"~3  +  —  , 
'"M  =  _  24/u5  +  2.34.0  «6M  +  •  •  •  +  (2  n  -  4)  (2  n  -  3)(2  n  -  2) 


Hence,  substituting  in  p"'=  12  pp'  and  equating  coefficients, 
(2  ?i  -  4)  (2  71  -  3)  (2  71  -  2)  (2  ?i  -  l)«2j| 


+  (2  n  -  2)  (2  7i  -  IK  +  3(2  n  -  6)  (2  n  -  5)^,^  + 
=  12(2  n  -4)  5  (2  n  -  I)s2n  +  3(2  n  -  o)s4s2n_,+  ...  }. 

Therefore 

(n  _  3)  (2  71  -  1)  (2  71  +  1)  s,n  =  3  {  3  (2  n  -  5)  s,^ 


[The  right-hand  expression  is  written  in  this  form  to  avoid  separate 
statements  for  n  odd  and  71  even.] 

From  this  formula  it  is  at  once  evident  that  all  the  expressions 
»8,  s10,  ...  are  rational  functions  of  s4,  s6,  and  therefore,  by  (6),  of  g, 
and  gs. 

Homogeneity.  If  by  the  notations  $(u  o^  o>2)  and  ^(w;  g.2,  g3) 
we  call  attention  to  the  periods  and  invariants,  then  from  (1)  and 
(6) 


For,  from  its  definition,  ^(wlwu  o>2)  is  a  homogeneous  function  of 
degree  —  2  in  u,  WD  <o2  (§  195).  Also,  by  equation  (6),  g2  and  gs  are 
homogeneous  in  e^,  w2,  and  of  degrees  —  4,  —  6.  Hence  the  equation 


shows  that  £'2  is  homogeneous  and  of  degree  —  6  in  u,  <DI,  co2,  so  that 
pf  is  homogeneous  and  of  degree  —  3  in  u,  o^  o>2.  This  was  to  be 
expected  from  equation  (2),  §  195. 

If  in  the  expression  of  s2n  by  means  of  g2,  g3,  a  term  gfgf  enter, 
we  have 
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so  that  2  a  4-  3  (3  =  n.  This  shows  at  once  what  terms  can  enter. 
In  particular,  when  n  is  even,  /3  must  be  even  ;  and  when  n  is  a  mul 
tiple  of  3,  so  also  is  a.  The  series  for  $u  begins 


V  -  5  +         V  •  7  +  &W/24  •  3  •  52 

8/2*.  5-  7-  11  +  .......     (10). 


T/ie  vanishing  of  an  invariant.     There  are  special  values  of  w2/wi  f°r  which. 
one  of  the  invariants  vanishes. 

When  the  parallelogram  of  periods  is  a  square,  o>2  =  i'«r     Hence,  if  w  be  a 

period,  iw,  —  w,  —  I'M  are  also  periods.     When  ?i  is  odd,  --  1  --  is  zero, 

w-n      (iwyn 

and  all  the  series  $4^+2  vanish.     In  particular  s6,  and  therefore  gr3,  is  zero.     The 
relation  of  homogeneity  gives,  on  putting  /*  =  i, 


Next  let  a)2  =  vuv  where  v  is  an  imaginary  cube  root  of  unity.     The  periods 
can  be  arranged  in  triads  w,  vw,  v'2w.    The  sum 

JL+^_+^_ 

w2n      (vw}2n 


vanishes,  if  w  be  not  a  multiple  of  3.    Thus  s6»»±2  is  zero.     In  particular  s4,  and 
therefore  ^2»  is  zero.    The  relation  of  homogeneity  gives,  putting  /*  =  u, 


or  p(ww)=up(M). 

This  is  the  simplest  case  of  complex  multiplication  of  the  argument. 

*  §  202.    The  addition  theorem. 

Suppose  that  the  relation 

$'u  =  atyu  +  6      .........     (11) 

holds  when  a  and  b  are  constants.     We  derive,  from  the  differential 
equation  (7),  the  relation 


which  gives  three  values  for  pw.  Each  of  these  will  give  two  values 
of  u  in  the  parallelogram  of  periods,  but  of  the  six  values  so 
obtained  only  three  satisfy  (11).  We  shall  find  the  sum  of  these 
three  values,  by  using  a  theorem  which  is  a  very  special  case  of 
Abel's  Theorem. 
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Let  /(p)  -  4p3  -  g$  -g,-  (a\>  +  by  =  0, 


and  let  the  roots  of  this  equation  be  p1?  p2,  p3,  the  corresponding 
values  of  u  being  u1}  u<>,  uz.  When  a,  b  undergo  variations,  the 
quantities  u^  u2,  us  and  the  roots  pb  £2,  p3  also  vary.  Let  da,  db, 
dyr,  dur(r  =  1,  2,  3)  be  the  corresponding  variations.  Then 

r  -  2(a$r  +  6)  ($rda  +  db)  =  0, 


or 


,  generally,  if  /(p)  be  a  polynomial  of  degree  n,  with  zeros 
)  tym  an(i  if  <£(p)  ^e  another  polynomial  of  degree  in, 


/(P)          -l/'(pr)      P-P/ 

Multiplying  by  ^  and  then  making  ^3  infinite,  we  have 


so  that 


when  m  +  1<  n.     In  the  case  under  consideration  ?i  =  3,  and 


therefore  3         r  ,  =  0, 


or  5c?«fr  =  0, 

or  ^ur  =  a  constant. 

Suppose  that  initially  a  =  b  =  0,  and  therefore  that 

Pi  =  **        $1  =  <?2>        ^3  =  63- 

We  can  take  for  the  corresponding  values  of  u 


or  any  values  congruent  to  these.     Therefore  the  constant  reduces 
to  a  period,  and 

Ui  +  u2  +  uz  =  0. 
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Eliminating  a,  b  between  the  relations 

$r'=a$r  +  b,     (r=l,  2,  3) 


we  get 


Again, 


=  0 


(12). 


we  get  pi  - 

or,  writing    u2  =  u,  us  =  v,  i^  =  —  (u  +  v),  and  noticing  that  pw  is 
an  even  function, 


(13). 


The   relation   (13)  is   known   as   the   addition   theorem  of  pw. 
Changing  the  sign  of  v,  we  have 


.       1  ($u  +  pVV 
u  —  v)  =T(  "  _)_^w_ 

4  V  bit  —  i 


The  addition  of  this  to  the  previous  equation  gives 


(14). 


but 


hence       to  (u  +  v)  +  p(^  —  v)  = 


Again,  the  subtraction  of  (14)  from  (13)  gives 


The  equations  (15)  and  (16)  give 
+  Pv) (^  \ 


_ 


(15). 


(16). 


(17). 


Notation  of  periods.  To  give  symmetry  to  our  formulae  we  shall 
usually  denote  by  2  o^,  2  o>2,  2  o>3  three  periods  whose  sum  is  zero, 
and  which  are  such  that  one  of  the  three  pairs  is  a  primitive  pair. 
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It  follows  at  once  that  all  three  pairs  are  primitive  pairs.  We  shall 
use  A,  p,  v  to  denote  the  numbers  1,  2,  3  in  any  order.  We  have 
always 

wx  4-  w   4-  «>„  =  0.* 


§  203.   In  (13)  put 


V  =  CO,. 


Then 


and 


or,  since 


Therefore 


-  e 


Again,  in  (13),  let         v  =  u. 

Then  j»2i.  +  2  >,«  =  lim  1  A>'»-^V 

i-=«  4    w  —  v 


therefore 


t~W— ft 

Now  if  we  regard  4  p3  —  gr,p  —  gr3  as  a  quartic  in  ^  whose  leading 
coefficient  is  zero,  so  that  one  zero  is  at  infinity  and  the  others  at 
en  e2?  £3?  the  invariants  of  this  quartic  are  g2,  gs  (§  42).  Also  the 
Hessian  is  (§41) 

#= -  (P4  +  istf2  +  2^  +  TVs's2); 

hence  ZT=  — ^2i«.^'2w (19). 


*  When  it  is  desirable  to  specify  a  primitive  pair,  we  shall  select  2w1(  2w2,  in  conformity 
with  our  previous  notation.  As  Weierstrass  selects  2to1(  2u>a,  the  formulae  will  occasionally 
diverge  from  those  in  the  Formeln  und  Lehrsatze. 


302 


ELLIPTIC    FUNCTIONS. 


It  is  now  proper  to  see  how  the  Jacobian  J  is  expressed  in  terms 
of  p.  Writing,  for  an  instant,  the  quartic  as  a  homogeneous  func 
tion  of  two  variables  p,  g,  we  have 


or,  since 


Uq 
H 


u,   u 

fll    H 


In  our  case  U  = 


and  pHp  +  qHq  = 


hence   J= 


u     (20). 


The  well-known  relation  (Salmon,  Higher  Algebra,  4th  ed.,  §  204) 


which  connects  the  invariants  and  covariants  of  the  quartic,  follows 
at  once  from  the  identity 


The  zeros  of  the  Jacobian. 

Formula  (20)  shows  that  the  Jacobian  vanishes  when  2u  is  half 
a  primitive  period  ;  i.e.  when  u  =  wj/2,  3^/2,  Wl/2  +  o>2,  3o>i/2  +  o>2, 
o>2/2, 3  <o2/2,  0)2/2  +  <DI,  3  o>2/2  +  <•>!,  (<»i + ^2)  /2>  3(0)!  +  o>2)  /2,  (3 1^  +  w2)  /2, 
(o)1  +  3o)2)/2.  The  corresponding  six  values  of  p  are  obtained 
at  once  from  (18),  and  are  all  included  in  the  single  formula 
e^  ±  V(e  —  ej(ev  — eA),  which  agrees  with  §  39.  We  may  add  that 
the  comparison  of  (18)  with  equations  (iii.)  of  §  38  shows  that  to 
the  points  u,  u  +  o>A,  where  X  =  1,  2,  3,  corresponds  a  quartic  of  the 
form  mU+  H  in  the  !p-plane,  and  that  the  comparison  of  (19)  with 
§  41  shows  that  the  centroid  of  the  quartic  is  p  2u. 

<       §  204.    The  function  £u. 

The  integration  of  the  general  term  in  (1)  gives 
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The  series  composed  of  these  terms  becomes  unconditionally 
convergent  for  every  value  of  u(=£iv),  upon  the  addition  of  the 
constant  —  1/w  to  the  general  term.  For 

I/O  -  v:)  =  -  (1/w  +  u/w-  +  uz/u?  4-  ...), 
so  that 


is  unconditionally  convergent. 

Adding  the  term  1/u  in  order  to  make  the  origin  an  infinity,  we 
have  an  odd  function  £(?<)  or  £(u  \  o^,  w2)  :  — 


M)  =  I/M  4-  S'(l/(w  -  u<)  4-  V 

(21). 
and  d£(u)/du  =  —  $u. 

S*U 

By    I    (1/w2—  JJM)C?M  is  to  be  understood 
»/o 


a  series  with  a  finite  circle  of  convergence  ;  within  that  circle 


The  first  of  the  formulae  included  in  (21)  defines  £(M)  for  the 
whole  it-plane  as  a  one-valued  function  of  u,  which  is  oc1  at  the  points 
w  and  nowhere  else.  The  second  of  the  formulae  gives  an  element 
of  £(?<)  —  1/u  ;  the  extension  to  external  points  u  can  be  effected  by 
the  addition  theorem  for  £(u). 

From  the  equation  $(u  +  2wA)  =  pte,  we  deduce 


and,  therefore,  £(u  +  2coA)  -  £M  =  a  constant. 

Write    n  =  -coA;    therefore    the   constant    =2^a)A.      If   £a>A   be 
denoted  by  ^ 

«  =  .....    ;     . 
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Equation  (16),  when  integrated  with  respect  to  u,  gives 
£O  +  v)  -  £(u  —  v)  =  —$v/($u  - 


To  determine  the  constant,  put  u  =  0,  tyu  =  oo  .     Then  the  left- 
hand  side  becomes 


Hence 

£(u  +  v)-£(u-v)-2£v  =  -$'v/($u-<pv)  -   (23). 

The  interchange  of  u  and  v  gives 

£(w  +  v)  —  £(v  —  u)  —  2£u  =  —  tfu/fyv  —  $u)  . 
Hence,  by  addition,  we  arrive  at  the  addition  theorem 


Example.     Writing  ul  +  u2  +  u3  =  0,  we  may  put  the  addition 
theorem  in  the  form 


§  205.     The  expression  of  an  elliptic  function  f(u),  of  order  m,  in 
terms  of  the  function  £. 

Let  2*1)!,  2<o2  be  the  periods  of  f(u).     Let  CK  be  a  pole  of  order 
mK ;  in  the  neighbourhood  of  CK 


also  (§  196)  Sc^w  =  0. 

Now  ^w  has  only  one  pole  in  the  parallelogram,  namely  w  =  0; 
and  since  £u=l/u  +  P(u),  the  residue  at  this  pole  is  1.  Hence 
£(w  —  c*)>  V(u  —  c<)>  •'•?  ^"^(^  —  CK)  are  infinite  at  CK,  like 


The  function 
/(«)  -  [^'{(w  -  c.)  -  a2«r(w  -  c.) 


has  therefore  no  pole  at  c,,,  but  it  is  not  an  elliptic  function,  since 
£(w  ~~  c«)   ^s  no*  elliptic.     But  if  we  remove  in  this  way  all  the 
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irreducible  poles  off(u)  (i.e.  all  the  poles  within  the  parallelogram 
of  periods),  we  arrive  at  the  expression 

/O)  -  So^CO*  -  cj  +  W<>C'(u  -  cj  -  ..-, 

K  K 

which  is  an  elliptic  function;  for  £'(u  —  CK),  t,"(u  —  CK),  •  ••,  are 
elliptic  functions,  and  ^a^^u  —  CK)  is  also  an  elliptic  function, 
because 


,t, 
where  A  =  1,  2. 

Further,  it  has  no  infinities  within  the  parallelogram  of  periods  ; 
hence  it  is  a  constant.     Therefore 


f(u)  =  a0  +  S 

+  2(-l)^-1aTOAc(^(^-1)(w-cK)/(mK-l)!     -     -     .      (24). 

Instead  of  £',  £",  •••,  we  can  of  course  write  —  p,  —  pf,  •  ••.  This 
theorem  is  assigned  by  Briot  and  Bouquet  to  Hermite.  [Fonctions 
Elliptiques,  p.  257  ;  Halphen,  t.  i.,  p.  461.] 

§  206.     The  function  cru. 

The  general  term  in  (21)  gives,  on  integration, 


The  series  just  written  down  is  convergent  if  |  u  <  |  w  \.  Kow 
however  large  be  the  finite  quantity  w,  it  only  needs  the  exclusion 
of  a,  finite  number  of  values  of  w,  to  secure  that,  for  every  remaining 
value  of  w,  the  condition  of  convergence  is  satisfied.  Hence  the 
complete  series  S'{  log  (1  —  u/w)  +  u/w  -f  u2/2  itr\  is  convergent. 
By  the  use  of  exponentials,  and  by  the  introduction  of  u,  we  get  the 
function  a-(u):  — 

au=  wn'(l-w/M7)eu/w+uS/2wl  .......     (25), 

where  «•  =  2m1w1  +  2m2w2     (wi^  m2  =  0,  ±1,  ±  2,  •••). 

The  function  a(u  \  wj,  o>2),  or  shortly  a-u,  is  connected  with  the 
functions  £(u  \  wu  o>2),  ))(w  |  o^,  w2),  by  the  relations 

—  log  <TU  =  a-'u/a-u  =  £M 
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The  function  cm  can  be  defined  ab  initio  by  means  of  formula 
(25),  which  affords  an  example  of  the  theorem  of  §  151.  The 
unconditional  convergence  of  the  product  on  the  right-hand  side  of 
(25)  follows  from  the  theorem  referred  to. 

The  factor  exp  (u/w  -}-u2/2iv2)  removes  from  the  series  for 
log  (1  —  u/w)  the  coefficients  2  1/w  and  2  1/w2,  which  are  not 
unconditionally  convergent. 

The  function  cm,  defined  in  this  way,  is  the  one  from  which 
Weierstrass  evolves  the  theory  of  elliptic  functions.  It  is  the 
simplest  transcendental  integral  function  with  simple  zeros  situated 
at  all  points  of  the  network.  The  most  general  function  of  the 
same  nature,  with  the  same  zeros,  is  of  the  form  eG(u)  •  cm.  See 
§  151.  The  reader  will  at  once  notice  the  resemblance  of  formula 
(25)  to 

sin  u  =  ull'(l  —  u/K7r)eu/Kn, 

—  00 

which  was  proved  in  §  152. 

In  obtaining  the  function  cm  by  successive  integrations  of  the 
function  $u,  we  have  followed  Halphen.  From  the  point  of  view 
of  the  elliptic  integral,  it  seems  that  the  function  $u  is  the  one  which 
presents  itself  most  naturally. 

§  207.   From  the  relation 

£(u  +  2<oA)-^  =  2^, 
we  deduce 

logcr(w  +  2o)A)/o-w  =  2>?Au  +  C, 


To  find  e°,  write  u  =  —  WA  ; 
therefore  e-2r>^+c  =  -l, 

and  o-(u  +  2o>x)  =  -e^u+^au    .....     (27) 

Take  a  triad  of  periods  2  o>A,  2  o>M,  2  <ov,  such  that 


By  a  repeated  use  of  (27)  we  get 
v(u  +  2  o>A  +  2  «M  +  2  a),)  = 
or  a-u  = 
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Hence  ^  +  ^  +  ^  =  0 

(a  relation  which  can  also  be  deduced  from  §  204)  ; 


and 


=  (2r- 1)^1/2     •     •     (28), 


when  r  is  an  integer  as  yet  undetermined  (see  p.  320). 
Again,  from  (27), 

a(u  +  2m1o>1)  =  -  e2VM"2Miwi-Vo-(M  4-  2 


Therefore,  if          £  =  w^  4-  w2a)2,  and  7}  = 


£)<rM          ....         (99). 

From  (23),  by  integration  with  regard  to  -y, 

log  a-(u  +  !•)  +  log  o-(?^  —  v)  —  2  log  (TV  =  log  (pit  —  $v)  +  const, 
so  that 

<r(u  +  v)<r(tt 


where  c  is  independent  of  v. 

Let  v  tend  to  zero  ;  the  principal  value  of  try  is  v  (formula  25)T 

and  that  of  tyv  is  —(formula  1). 
v 

Hence  as(u)/if  =  c/v-,c  =  <^u, 

and  ptt-pKssT.O'  +  fMtt-r)    ......     (30) 

a*Ma*0 

a  formula  of  cardinal  importance  in  Elliptic  Functions. 
As  a  special  case  we  have,  when  v  =  u, 

'<r2  u/<r4U  =  —  $'u  •   L.    .•.:,-..-.      .....       (31). 

Integral  series  for  <ni. 
From  the  formula 


2'2  •  5  3       22  •  7  5 

combined  with  fw  =  —  log  <rw,  it  can  easily  be  shown  that  <ni  =  wP0(w2). 
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The  actual  values  of  the  coefficients  are  best  determined  by  the   differential 
equation 


[Other  forms  of  this  differential  equation  are  given  in  a  paper  by  Forsyth, 
Quar.  Jour.  t.  xxii.,  p.  1,  Halphen,  t.  L,  p.  299  ;  the  formula  is  given  in  Sclrwarz's 
Formeln  und  Lehrsatze,  p.  6.] 

The  series  for  au  is 


This  series  is  convergent  throughout  the  finite  part  of  the  plane. 

For  <r2  u  =  —  0-%p'w  =  <r%  -  log  <ru 

difi 

=  cr3u<r'"u  —  3<r2u<Tru<r"u  +  2(ru<rf3u. 

Assume  that  the  series  for  <ru  converges  throughout  a  circle  (5),  centre  0 

and  radius  5.     Since  au  is,  by  the  above  formula,  an  integral  function  of  cr  — 

u  ^ 

and  its  derivatives,  and  since  a-  „  and  its  derivatives  can  be  expressed  as  integral 


series  throughout  the  domain  given  by  |- 


<  5,   it  follows  that  <ru  can  be  ex- 


|2 

pressed  as  an  integral  series  within  a  circle  of  radius  25.  By  continued 
repetitions  of  this  process  it  can  be  shown  that  the  radius  of  convergence  is 
infinitely  great. 


§  208.     The  functions  a-^u. 

In  o-  (u  +  2  to  J  =  —  e2ju(M+wxVw, 

write  u  for  u  +  <OA  ;  the  resulting  formula  is 

a(u  -f-  o>A)  =  —  e2l>xV(w  —  WA)? 
whence  e~1>^t<r(u  +  o^)  =  eT?AMo-(wA  —  u). 

Dividing  by  o-o>A,  we  arrive  at  an  even  function  o-^u,  allied  to  <ru, 
which  is  defined  by 


The  zeros  of  <rA?«  are  of  the  first  order,  and  are  situated  at  all  the 
.points  congruent  to  WA.     The  value  of  crA(0)  is  1,  whereas  o-'(O)—  1. 
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From  (29)  it  follows  that 

<r(u  +  <DA  +  2  w)  =  (-  l)'W^'»2<r( 
this  equation  when  expressed  in  terms  of  o-A  is 


o- 


-»'»A>  •    (34)  . 


Since       i?a>A  —  o»7A  =  ??li  (77^  —  77,^)  +  m.2(rj.2u^  —  7/Aa>2)  , 


the   factor    er^-^    is,  from   (28),  (-l)m*   when   A  =  1,    (-l)mi 
when  X  =  2,  and  (-  l)mi+m»  when  X  =  3. 

In  (30),  write    v=  WA. 

Then      B«-eA  =  -g<"  +  ">.(''-"*)  =  (^     -     -     -     (35). 

(Tiler  (D^  \(ru/ 

Writing  —  ^—  =  £M  we  have  from  (35)  the  differential  equations 
cru 

(c^A/di02  =  (^2  +  eA-eM)(42  +  eA-O    •     -     •     (36).* 
Also  from  (35),  o-^2—  o-/=  (e,-^)^,  |  ^      ^ 

and  (eM-^)o-A2+  (ev-eA)crM2+  (^A-^)^^0  > 

Multiplying  together  the  three  equations  of  the  set  (35),  we  have 


In  taking  the  square  root,  the  sign  is  determined  by  supposing 
u  small.  The  principal  values  of  p'w,  <nt,  <TAW,  being  —  2/w3,  M,  1, 
the  value  of  ty'u  must  be 


which,  on  comparison  with  (31),  gives 

-.2ua-3u       .........      (38). 


§  209.  The  property  of  the  <r-f  unction  that  it  has  one  irreducible 
zero  and  no  infinity,  combined  with  its  one-valuedness,  makes  it  a 
suitable  element  for  the  construction  of  the  general  elliptic  function. 
For  instance, 

*  These  equations  form  a  means  of  passage  from  "Weierstrass's  function  p«  to  Jacobi's 
functions  SHU,  cnu,  dnu.  We  find 

VU-e^=(ev-eJ/snt(^ev - eAu,  «), 
where  «»  =  (e^  -  e^/(ev  -  eA) ; 

BO  that  if  eA,  e^,  ev  be  real  and  e^  lie  between  eA  and  ev,  *-<\.      The    reader   is  referred   to 
Weiemrass-Schwarz,  p.  30. 
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f(u)  =  & 


where 


u 

(CK'  —  CK)  =  2(//,1<o1  -\-  /^a)?),  and  /x,1?  /><,2  are  integers, 


(39), 


is  the  most  general  form  for  an  elliptic  function  of  the  mth  order, 
with  zeros  CK'  and  poles  CK. 

For  from  formula  (27),  when  u  becomes  u  -+-  2  <OA,  o-  (w  —  CK')  /a-  (  w  —  CK  ) 
acquires  the  factor  exp  2^A(cK  —  CK')  j  therefore  /(w)  acquires  the 


factor  exp  [2  ^2  (CK  -  CK')  +  4  (rai  +  Wa)  WA] 

or  exp  [4  ^  (77^  —  77^)  +  4  ^  (^2wA  — 

or  1,  by  formula  (28). 

We  can  now  generalize  formula  (30)  as  follows  :  — 
Let  An  denote  the  determinant  of  n  rows 

1,     ^     prM1...j)<B-2> 


p(n  2yt 


where  wl5  w2,  •••,  wn  lie  within  the  parallelogram  of  periods  A.  This 
expression,  regarded  as  a  function  of  u^  is  doubly  periodic,  and 
infinite  at  u  =  0  in  the  same  way  as  ^'"^u^  that  is,  in  the  same  way 
as  (  —  )n(n  —  I)!/?*!1*.  There  are  no  other  poles  within  A,  and  there 
fore  An  is  an  elliptic  function  of  u^  of  the  order  n.  Therefore  it 
has  n  zeros  whose  sum  =  the  sum  of  the  poles,  =  0.  The  determi 
nant  vanishes  when  UL  =  UK  ;  and  therefore  the  zeros  are  ic2,  u3)  •••,  un9 
and  —  (u2  +  u3  +  •••  +  un).  Accordingly  we  can  write 


= 


—  U3) 


W2  H 


where  ^  is  independent  of  u-^.     Applying  the  same  reasoning  to  the 
other  arguments,  we  can  write 


where  i,  K  =  1,  2,  ••-,  n,  L<K,  and  fcM  is  independent  of  all  the  argu 
ments. 


ELLIPTIC    FUNCTIONS.  311 

To  determine  A*n  let  both  sides  of  this  equation  be  multiplied  by 
un",  and  then  let  un  =  0.  The  effect  on  the  right  side  is  to  change  n 
into  n  —  1,  while  the  left  side  becomes  (  —  )"(w  —  1)!  \n_i/knj  where 
A,,_!  is  the  determinant  obtained  by  changing  n  into  n  —  1.  We 
have  therefore 

(_)n(?l_i):A,1_1/^  =  A,t_]/^-i, 

or  *„  =  (-)»(>  -1)!  Aw. 

Therefore     kn  =  (-)*+*-l+~+*(n  -  1)!  (n  -  2)!  —  2!fc2. 
From  formula  (30)  A,  =  1  ;  therefore 

_...-.)(-.-2,/-'      _  _        ...      <r(a"-)tt'  ~  '°    -     (40). 


Example.     Deduce  the  theorem  (12)  from  this  result. 
§  210.    The  addition  of  half  -periods  to  the  arguments. 


Write,  in 

we  get 

But  or^w^  =  e-'^'Vo-  (  —  o> 


hence  VeM  —  e^  =  —  e-^^a-^a-^o-^    .....     (41). 


From  the  expressions  for  VeM  —  eA  and  Ve,,  —  eA  we  derive,  by 
multiplication, 


There  is  no  ambiguity  of  signs,  because  all  functions  such  as 
<rvu/<ru,  are  one-valued.  The  formulae  for  the  addition  of  a  half- 
period  are 


When  u  is  replaced  by  —  u  in  these  formulae,  cr  changes  into  —  a- 
and  o-A  is  unaffected.     Hence 


w  ±  o>A)  =  ±  e-r 


?^  ±  WA)  =  T  V(eM—  eA)  (ev-  eA) 


,  I  •  •  (-12). 
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From  these,  by  division, 


these  formulae  are  equivalent  to  special  cases  of  (34),  namely, 
o-,  (u  4-  2  oO  =  —  e^A^+^oM 


(43). 

2\  9—     /»,  i  . .     \  L  V  / 

«„)  =  e-f 

We  see  from  these  equations  and  (27)  that  a^u/cru  and  a-^u/a-^u 
are  doubly  periodic  functions,  and  that  2<oA,  4ooM,  4WJ,  are  primitive 
periods.  These  facts  can  be  also  deduced  from  (35). 

Example.     Prove  that 

§  211.     Addition  theorems. 
Starting  from  the  algebraic  identity 


introduce  the  o-functions  by  means  of  the  addition-theorem.  If  the 
common  denominator  be  suppressed,  there  remains  the  remarkable 
"  Equation  with  three  terms  "  :  — 


a-(u2  +  us)<r(u2  —  U3)a-(u 


~\ 

•      •      •      (45). 


+  o"(wiH-  U2)a-(ul  —  U2)<r(u  +  us)<r(u  — 

This  equation,  with  the  condition  o-'O  =  1,  is  in  itself  sufficient 
to  define  a-u.  This  remark  was  made  by  Weierstrass  (Sitzungs- 
berichte  der  Berl.  Akad.,  1882)  and  verified  by  Delisle  (Math. 
Ann.,  t.  xxx.).  See  also  Halphen,  t.  i.,  p.  188. 

We  proceed  to  some  important  transformations,  given  in  Weier- 
strass-Schwarz,  §  38.  The  results  were  discovered  by  Jacobi,»as 
relations  between  theta-functions.  The  reader  is  referred  to  Enneper- 
Muller,  §  19. 

Write 

u  +  u1  =  a,    u  —  u1=b,  ua  +  us  =  c,    u2  —  u3  =  d, 

u  +  u.2  =  a',   u  —  u2  =  b',  us  -f  u1  =  c',   u3  —  ul  =  d'} 

u  -\-  u3  =  a",  u  —  u.3  =  6",  %  -f  u.2  =  c",  ?«!  —  u.2  =  d", 
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so  that 


d'),a=     K< 

d'),  c=     K«"-&"  +  c"-<Z") 
d'V  d=\(-( 


and 


(47), 

*•)  | 

l'i  =  \(a-b-c-d),        d=%(a'-b'-c'-d'),      d'  =  %(a"-b"  -c"-< 
and  also 

a2  +  62  +  J  +  d2  =  a,~2  +  b,2  +  c<2  +  d,2  =  a,«  +  6,«  +  CM2  +  df« 

The  equation  (45)  becomes 

(48). 


For  a,  6  write  a  +  o>A,  6  +  a>A  (A  =  1,  2,  3)  ;  after  the  removal  of 
the  factor  e2V  •  <r<oA,  there  remains 


crAOo-A6crC(7f?  -f  a-^a'a-^b'a-c'crd'  +  o-Aa"crA6"(rc"o-cZ"  =  0. 

Write  in  (48),  a  -j-  a>x,  6  —  a^,  c  —  w,,  for  a,  6,  c,  where  X,  //,,  v  are 
1,  2,  3  in  any  order.     After  the  removal  of  a  factor  there  remains 

<rka  -  a-^b  -  <jvc  •  o-t?  +  o-Aaf  •  <rM6'  •  o-^c'  •  o-d'  +  <rAa"  •  <rM6"  •  vvc"  -  <rd"  =  0. 
Write  in  (48),  a  —  o^,  6  —  a^,  c  +  a^,  d  —  a>K  for  a,  6,  c,  d. 
After  the  removal  of  a  factor,  there  remains 
o^ao^&ovco-/?  —  a^a'a-flo-yC'vyd'  +  («M  —  6v)<rAa"(rx6"o-c'W'  =  0. 

Write  in  (48),  a  +  a>A  +  2  w,,,  6  +  o>A7  c  +  w^  d  —  COA  for  a,  6,  c,  d. 
After  removal  of  a  factor,  there  remains 

(«M  -  o^WjHr^d  +  (ev  -  eA)o-/aafo-^6'o-McVz' 
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Lastly,  write  in  (48),  a  -f  <OA,  b  -f  <OA,  c  +  <DA,  d  —  WA  for  a,  6,  c,  d 
After  removal  of  the  factor  —  e2r?A"V4a>A,  there  remains 

o-Aao-A6o-Aco-Ad  —  o-Aa'o-Afr'o-Ac'o-Acf  +  (eA  —  e^)  (>A  —  ev)a-a"a-b"a-c"(rd"  =  0. 
Collecting  these,  we  have  the  table 

b"o-c"a-d"=0  ......     (48), 


rM6''o-^c'W''  =  0      •     •     •     (50), 
-  e,  )  <rxa"crA6  "o-c"<rd"  =0      (51  ), 


i    V    A          M/      v  v  v          v  \        )) 

If  in  these  we  put 

a  =  0,       6=0,  c   =  u  +  V,      d   =u—  v, 

so  that  a'  =u,        b'  =  —  u,       c'  =  v,  d'  =  v, 

a"  =  v,        b"=-v,        c"  =  u,  d"=-u, 

then  we  have  . 

<T(U-\-V^)(T(U  —  v)  -{-o-^Ucr2V  —  cr^Vo-^U  =  0, 
<rv(u-\-v}cr(u  —  v)  +  o-^Uo-^Uo-yVa-  V  —  (T^V  cr^ 


Again,  if  we  put 

a"  =  0,        6"  =  0,  c"  =  tt  +  v,        d"  =  u  —  v, 

so  that  a   =  M,        6   =  —  u,        c   =  v,  d   =  v, 

a'  =  v,       b'  =  —v,        c'  ==  it,  cZ'  =  —  it, 

we  obtain  only  one  new  formula,  from  (51), 

o-^ua-^v  —  a-^Va-^u  +  (e^  —  er)o-(^  +  v)o-(w  —  v)  =  0. 

If  we  put  a    =  0,        6   =  w  -J-  7;,        c    =  u  —  v,        d   =  0, 

so  that  a'  =  u,       b'  =  v,  c'  =  —  v,          d'  =  u, 

a"  =  u,       b"  =  v,  c"  =  -v,  d"  =  -  u, 

we  obtain  only  one  new  formula,  again  from  (51), 

°V  (u  +  v)^(u  —  v)  —  o-^o-^Vo-yUo-yV  +  (e^  —  ev)  a-^ia-^Va-ua-V  =  0. 
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We  have,  then,  the  special  table  : 

°~A              (T~^(T\  U                              ...  (O4), 

-  v)  =  oyW/y  -  (<?A  -  eM)  (<?A  -  ev)asuasv  (56), 

-v)  =  ^^^-(e^-e^a-ti^v  .     .     .  (58), 

•  (59), 

•  (60), 

•  (61), 
<rt>  (62). 


Here  (59)  is  obtained  from  (58)  by  an  interchange  of  u  and  v-9 
and  (61)  is  obtained  from  (60)  by  writing  —  v  for  v. 

§  212.    Multiplication  of  the  arguments  of  pw,  en*. 

It  is  evident,  a  pnort,  that  ^nu,  where  n  is  an  .integer,  is  a  rational 
algebraic  function  of  pu.  For  since  pwzt  is  an  elliptic  function  with 
the  same  periods  as  pie,  it  is  rationally  expressible  in  terms  of  $u 
and  p'w.  And  it  cannot  contain  p'  to  odd  powers,  since  $nu  is  an 
even  function.  Hence  $nu  is  rationally  expressible  in  $u  alone. 

It  is  easy  to  express  crnu  in  terms  of  vu.  a-2u.  o-Su,  <r4«.     In 
the  equation  with  three  terms,  put  u  =  0, 
where  m  and  n  are  inteers.     Then 


—  <r(m  +  n)ua-(m  —  n)ua*u  —  a(n  +  l)u<r(n  —  I)ucr2mu 
+  o-(m  +  l)ii3-(m  —  l)u(T-nu  =  0  .....  '.     .      (63). 
Let  m  =  n  +  1.     Then 


—  o-(n  -  l)Mo-3(?i  +  l)ie      •     •      (64). 
Replace  m,  n  by  n  +  1,  «  —  1.     Then 


These  equations  give  o-ou,  a7u,  —,  and  o-6w,  o-8w,  •••,  in  terms 
of  O-M,  o-2u,  a  on,  a±u.     We  have  already  proved  that 


<r2i(  =  2  0-0^0-203. 


Write  v  =  u  in  (57),  and  use  ev  -  e^  =  (o-^2  -  O/a2  5  the  result 
ing  equation  is 

(V  -  o-/)<rA2  M  =  (crA2  -  o-,2)%4  +  (cr 
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Therefore  o-A  2  u  =  —  <r*<r?  +  O-/Q-/  +  o-A2o-M*. 

In  (54),  write  2u,  u  for  u,  v.     Then 

0-3  U  •  (T  =  (T22U(T,2U  —  (TA22 


,  . 

therefore 

0-3  W  =  (r(<r2Cr3  +  0301  +  O"!^)  (~~  °"i!T3  +  CTST1  +  0102)  (02°3  ~ 

(o-2o-3  -f-  0-30-!  —  o-^a). 

The  formula  for  o-Au  in  terms  of  a-,  oj,  o-2,  o-3  can  be  obtained 
from  o-4  u  =2o-2ucrl2uo-22ua-32u. 

Example.     Prove  that,  if  TA  =  o-A  2  u, 


o-A3w  =  o-A(-  r^rv  +  TVTA 
To  express  !pnw  in  terms  of  $u,  we  have 

a(n  4-  l)it  • 


o*nu-o*u 

If  we  write       \f/r  =  o-ru/<rr\i, 

then  ft?m  —  frit  =  —     ^!  g -1 C66)- 

Again,  the  equation  (63)  becomes 

the  factor  (r2(»s+»8+1>  dividing  out. 

Noting  that  ^  =  1,  we  infer,  as  on  the  preceding  page,  that 


(67). 


We  have  now  to  express  ^2,  i//3,  \j/4  in  terms  of 
We  have  already  ^2  =  —  pf,  from  (31). 
Again,  p  2  w  -  %u  =  -  fafy'2, 

and  from  (19)        $2 

therefore  3 
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If  in  formula  (16)  we  replace  u  and  v  by  2u  and  u,  we  obtain 


The  left-hand  expression  is  ^'/^32,  and  the  right-hand  one  is 
—  •/p'W*  by  formula  (20).     Hence 


The  equations  determine  \^M  when  n  >  4,  in  terms  of  ^  j/^  i/^,  «//4 
(Halpheu,  t.  i.,  p.  100). 

§  213.     Expression  of  au  as  a  singly  infinite  product. 

The  doubly  infinite  product  in  (25)  is  absolutely  convergent,  and 
the  factors  may  be  taken  in  any  order.  The  factors  for  which 
m2  =  0  give 

exp  (w/27%0)!  -j-  u2/S  mfai),  m1=±'L,  ±2,  •••. 


Now  nf  (1  —  x/n)  exp  (x/fji)  =  (sin  irx)/Trx  ; 

/a=-» 

therefore          u!T(l  -  V2  wiwi)  exP  («/2miwi)  =  —  sin  —  5 

7T  2(0! 


also  n'e^/8'":2"!2 

Hence  the  selected  factors  give 

2o>1/7r.sin7rif/2(o1.exp(7rV/24o>12)     ....     (A). 

Take  next  all  the  factors  for  which  ra2  has  a  given  value  other 
than  zero.     These  give 


II  [  {  1  —  u/2  (m^i  -f  w2a>2)  j  exp  w/2  (m^!  +  m2w2)  1     -     (B). 

m1=-» 

Now  2 


^ 

so  that  S  l/(??i1w1  -f  m2o)2)2  =  —  -  csc27rm2<i)2/o)1. 

m1=-oo  COi 

Thus  (B)  begins  with  the  factor 
exp  JTrV/S  Wi2  •  esc2 


We  can  bring  the  remaining  factors  of  (B)  into  the  domain  of 
the  sine-formula,  by  writing 
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and  by  introducing,  for  each  factor  of  the  form   (l  +  jc/wii),  the 
exponential  exp  (—x/m^.     Thus  we  write 

\l  —  ^/^(m^  +  m2o)2)  }  exp  [it/2(mi«>i  +  m2w2)  5 

=  jl  +  (20120)2-10  ^m^,  }  exp  j  -  (2m2o)2-M)/2m1o)1  j  ^(^^.ri^T. 
jl  +  m2o)2/m1o)1S  •  exp  {—  n^^%^j 

This  being  done  for  all  values  of  ml5  except  0,  we  have  for  the 
factor  series  in  (B) 


/    /«         x    sn7rm90)9  —  w«>i 
(  1  _  u/2  m2o>2)  •  exp  (u/2  m2o)2)  •  —  —  --££  --  .  - 

7  — 


—  --   -- 
(2  m.2o>2  —  u)  /2  Wl      sm  Ttm^/^ 

-  1  ----  Ml-     -     -     (C). 
2  -oo  (  m^  +  ^2W2      ^i^!  ;  J 


But  I'  ^—  -  --  i  )=  »  cot  TT^  -  I/a;  ; 

-»   VjW,  +  X          [Mj 

therefore  S'f  ---------  ]=  — 

+  m2w2 


The  expression  (C)  is 


sin  7rm2w2/a)1 
By  compounding  (A)  and  (B)  we  get 

2  a),     .    ITU        FTTV/I  .  1  ^,, 

' 


20)!        L4t°i  \6     2~°°  wi   /J 


pn.  . 

sin  7rm2w2/a)i  1  2  o)j          w!     j  J 


or  pairing  off  opposite  values  of  m2,  and  using  the   elementary 

formula 

sin  (a;  +  y)  sin  (#  —  #)  =  sin2aj  —  sin2?/, 


where 


2w             iru      ^  "> 

Sitf^ 

<6  tOj 

(68s), 

7T                 2  0)!                 i»8=l 

•    2  7rWi2o)2 

V^*-7/? 

2    /-I           oo 

-  _5       /         _]_     ^.    PQP2  TrlH.,/.^  // 

,A. 

C69V 

The  constant  771  is  the  same  as  that  introduced  in  §  204. 
For  the  relation 
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which  is  immediately  deducible  from   (68),  gives  by  logarithmic 
differentiation 

t(u+  2o,1)  =  CMH-27l. 
In  the  formula 


«!         Wl         WI        coIi_  Wl        2w  V  wi 

derived  from  (68)  by  logarithmic  differentiation,  write  u  = 
Hence 


to!      2  tot       2  toj    2  wj  i  [_  2  «!  2  toj 

V  5T  (2??lo-fl)too  TT  , 

and      tojrj*  —  WOT?,  =  lim  -cot TT- ^ —  =  +    i ; 

2  to!  2   ' 


i/jwo  —  770(0!  =  -  i,  when  the  imaginary  part  of  —  is  + 

'  -  „  %•      (ro)- 

=  —  ^  z,  when  the  imaginary  part  of  —  is  — 

-  OJj  J 

The  former  assumption  will  be  made  (see  §  194). 
This  formula  is  the  Weierstrassian  analogue  to  Legendre's  rela 
tion  EK'  +  E'K-  KK'  =  ^  (Cayley's  Elliptic  Functions,  p.  49). 

The   formula  (68)   can   be   written  in  a  form  which  is  better 
adapted  for  applications.     Let  o).2/wl  =  w,  w2  =  m.     Then 


Writing  *  e^"/2^!  =  ^  €T'CO  _  g?  we 


»«K» 


sin  Trmo)  ^2ra  —  1 


*  Weierstrass  uses  h  for  Jacobi's  g,  and  Klein  uses  r  for  g2. 
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„  2  0)!      .         7TU  UZ      «     1  —  a2mZ~2    »     1 

Hence       <m  =  --  sin  —  e**^  H         ^  2?n    n  -, 
TT         2(0]  m=i    1  —  q2m    ni=i  1 

1  —  2g2wcos  — 

2(0i       .        7TW  W2      cc  0)i 

7 


—  s-  1 

TT         2<oi          1m 
Logarithmic  differentiation  gives 


, 

=  ^—  cot  ^—  +  ^  -  H  --- 
20)1        2wi          Wl       Wl 


7TU 

sin  - 


The  series  on  the  right-hand  side  can  be  put  into  a  more  useful 
shape.     We  have  when  |  x  \  <  1, 


Let  x=  r(cos0  ±  isin^),  and  subtract  the  two  series  thus  ob 
tained.     The  result  is  that  when  |  r  |  <  1 

2  r  sin  6 

=  2  2  rn  sin  w0. 


o          /i  . 
1  —  2  r  cos  0  -f- 

This  is  an  identity  which  holds  for  complex  values  of  r  as  well 
as  for  real  values.     Let  r  =  q2m,  where  |  q  \  <  1  ;  then 


The  condition  q  <  1  implies  that  the  imaginary  part  of  c^/wj  is 
positive.  Now  let  the  summation  be  performed  for  m,  and  we  have 
the  result 


Thus  frt  =        cot(        |  m     |2  -•          sin'"'".      (72). 

Differentiating  with  regard  to  u,  we  have 

Tr^  -rr  7  /  O2oo-*  /TQ\ 

Expand  in  powers  of  u :  we  have 
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The  development  of  esc2  «u/2  Wl  to  the  first  few  powers  can  be 
found  by  the  following  considerations  :  —  Let  ^  =  7r/2,  and  let  <*>  be 
a  pure  imaginary  whose  absolute  value  is  oc.     Then  q  becomes  0," 
<ru  =  ew2/6  sin  M, 
£u  =  u/3  +  cot  M, 

£W  =  —  1/3  +  CSC2  W, 


Hence,  from  the  expansion  for 


114.  ft 

esc-  u  =  --  1-  -  -I  --  _  u-  +  »4  4.  . 

w*      3      3-20         27-28  ' 


and  the  right-hand  side  of  (73)  becomes 


+     +  _,  __   T 

Wi  7rV^3^1o4<or  ^27-716^ 


4:  a,!4 

Equating  the  coefficients  of  the  powers  of  u,  we  have 


_ 
12  W        co    7  1-5* 

.........  (TO. 


Many  other  formulae  of  this  kind  will  be  found  in  Halphen,  t.  i., 


ch.  xiii. 


§  214.     Expression  of  a-^u  as  a  singly  infinite  product. 
From  formula  (71), 


From  this  can  be  readily  deduced  analogous  expressions  for  the 
allied  functions  o-jw,  o-2?<,  cr3w.  When  u  changes  into  u  +  W]  2  be 
comes  fe,  and  the  exponent  ^^72^  becomes  ^72^  +  ^lM  +  1^. 
When  u  changes  into  u  +  «,,  2  becomes  q^z,  and  77^72^  becomes 

1711*72 «!  +  W(M  +  co2/2)  =  ^72^  +  (770  +  ^-/2 Wl)  (u  +  o,2/2) 

=  rj^ir/2^  +  T/,W  +  1770(0.,  +7TZM/2(o1  + JTTZ'O). 
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When  u  changes  into  u  +  co3,  z  becomes   —iq~l/2z,  arid  i^ttf/2« 
becomes 

itff/2  «!  +  ^cog/Co!  •  O  +  «V2)  =  77^/2  <0!  +  (773  -  7rt/2  Wl)  (u  +  o>3/2), 
or  lyi^/2  wi  +  ^  —  irt'w/2  o>i  +  |  r/3<o3  +  J  TTI  (1  +  w)  . 

Hence 


Put  M  =  0,  and  therefore  z  =  1.     Then 


7T 

Hence 


(77) 


Again 


< 


Putting        «  =  0,  z  =  1, 


Therefore 
Lastly, 

7T 

1 


"i 


(1  +  98-1O  (1  -f  tf^V 
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so  that,  putting  u  =  0,   2  =  1, 

Vi'wj    i    w  "  (1  -f  52"-1)5 

and 


CTWo 


If  we  write  n  (1  —  q-m)    =  Q0 


we  have,  from  what  precedes, 
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(80), 


era)*  =  — 


Comparing  these  with  §  210,  we  have 


-  e  =  - 


2W     Qf 


(81). 


Let  the  discriminant  of  the  cubic  4p3  -  ^  -  ^3  be  A  ;  that  is,  let 

A  =^23  -  27gr32  =  16(ea  -  e3)2(e3  -  e1)2(e1  -  e2)2. 
From  the  preceding  equations 


But 


=  n(i  -  $4'»)  n  (i  -  ^-2)  =  <J0. 
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Hence  =1 


and  A=(n(l-g2w)24     .......     (82). 

W 

In  this  formula  take  the  logarithms  of  both  sides  and  differ 
entiate  with  regard  to  q.     This  gives 

dlog  (*<*?)  =2      13  |  mg*-^ 
dq  q          «=i  1  —  g2"*' 


24      dlogg     ' 
or,  since  log  g  =  TTICO, 

7T 


m=il  —  q 

Comparing  with  (74),  we  have* 
7T2  d  log 


xnox 


If  o>2  vary,  while  wj  is  constant,  this  gives 


TT?'  8  log  A  /Q., 

^i  =  -^^r^~  .....     .....     (84). 

24     6(o2 

If  we  had  interchanged  wj  and  <o2,  rji  and  i;2,  throughout,  we  should 
have  obtained  the  equation 

Tri  Slog  A  /OMN 

"2=24-^r 

Substituting  these  values  of  ^  and  772  in  the  relation 


we  obtain  mi  +  ^ 

OCOj  o>2 

which  can  be  written  down  at  once  from  the  fact  that  A  is  a  form 
of  degree  —  12  in  c^,  <o2. 

For  a  full  discussion  of  the  relations  between  the  quantities 
wi>  W2>  >7u  ^2>  f72»  #3>  l°g  ^?  we  refer  the  reader  to  Halphen,  t.  i.,  ch.  9, 
and  Klein-Fricke,  Modulfunctionen,  t.  i.,  pp.  116-123. 

*  For  other  proofs  of  this  formula,  see  Halphen,  t.  i.,  pp.  259,  321. 
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§  215.     The  q-series  for  <ni  and  o-^u. 

Let  <£W00  =  n  (1  +  q2m-ls)  (1  +  9*" 

»=i 

=  a0  +  «i(s  +  s~l)  +  •••  4- 
where  an  =  g2(2»-D  =  g»s. 

For  s  write  g2s.     Then 


(1  4-  §*)  (1  4- 


Multiplying  up,  and  equating  in  the  two  series  the  coefficients 
of  sm+1,  we  have 


Or  Clm          Gtm-Ll    '     ~ — : ~1 


whence     a,_!  =  a,  - 


n 

l-^"-2      .Q(n-,f    (l 
•^        -~^ 


(1  -  r/")  (1  -  9*-*)  ...  (1  -  r/("+»+D) 

(l-r)(l-54)-(l-r"-2m) 
When  n  is  made  infinitely  great,  and  in  ^  an  assigned  integer  K, 

lim  am  =  r2/Q0; 

and  when  m  >  K,  the  absolute  value  of  the  denominator  lies  between 
fixed  finite  limits,  namely,  the  least  and  greatest  terms  of  the 
sequence 

|i-<r'l,  [1-9*1  |.l  -tf*!,~. 

Therefore 

4-  a'1)  4-  -  4-  r2*  4-  a"')     Q0 


where  |  bK+r  \  also  lies  between  fixed  finite  limits. 

The  series  ^qm-(sm  +  s~m)   is  absolutely  convergent,  for  it  sepa 
rates  into  two  absolutely  convergent  series;  hence  the  right-hand 
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side  of  the  last  equation  can  be  made  as  small  as  we  please  by 
taking  K  large  enough.     Therefore 

Q0U(l  +  q2m-  1s)(l  +  q2m-ls-l)  =  l  +  2qm\sm+s-m)    .     .      (86). 

rw=l  m=l 

This  important  algebraic  identity  appears  in  Gauss's  Works, 
t.  iii.,  p.  434  ;  and  in  Jacobi's  Fundamenta  Nova,  §§  63,  64.  Cay  ley's 
statement  of  Jacobi's  proof  will  be  found  in  his  Elliptic  Functions, 
§  385.  See  also  Briot  and  Bouquet,  p.  315  ;  Clifford,  Works,  p.  459. 
The  above  method  is  due  to  Biehler,  Sur  les  Fonctions  doublement 
periodiques  considerees  comme  des  limites  de  fonctions  entieres, 
Crelle,  t.  Ixxxviii.  See  Enneper-Miiller,  pp.  97,  113;  Jordan's 
Cours  d'  Analyse,  t.  i.,  p.  148. 

Let  s  =  z2  =  eni'l/<ai  ;  the  right-hand  side  of  the  above  identity 
becomes 

l-j-2gcos  —  +  2?4cos  —  +  •••, 


or,  in  Jacobi's  notation,  03^^. 

2  o>i 

Therefore,  from  (79), 


When  u  =  0,  this  equation  becomes 
and  therefore 


(87). 


If  in  the  preceding  work  we  write  iz  instead  of  z,  and  therefore 
u  +  (D!  instead  of  u,  we  obtain  in  the  same  way 


(88), 


where  6v=  1  —  2q  cos  2v  -f  2 

Again,  in  (86)  let   s  =  qz*. 
Then 
Q0(l  +  ^~2)  n  (1  +  q^z1)  (1  +  g2wtz-2) 

m=1 

or 


cos  —  +  2  g9/4  cos  ^^  +  2  g25/4  cos  —  +  •  •  -1. 

2(0! 


— 
2  (D! 
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The  series  in  brackets  is  Jacobi's  function  &— • 

2o>! 
From  (77) 


whence  it  follows  that 

(0)     .......     (89). 


If  in  the  preceding  work  we  write  iz  instead  of  z,  we  obtain 
from  (71) 


—  , 

2(0! 

where  0,c  =  2q}/i  sin  y  -  2  g9/4  sin  3  v  +  2  g25/4  sin  5  v  ----  , 

an  odd  function  of  v,  which  vanishes  when  v  =  0. 

Let  Oi'v  stand  for  —  l—  -  after  differentiation  with  respect  to  « 
&v 

let  ?*  =  0  ;  then  since  o-'(O)  =  1, 


and  (ru  =       e^^el^-ei'(Q)    .....     (90). 

TT  \2  tajl 

Examples.     Prove  Jacobi's  relations 


There  is  considerable  diversity  of  notation  for  Jacobi's  ^-func 
tions.  The  above  notation  follows  Jacobi's  final  usage,  except  that 
Jacobi  writes  0A(V,  q)  for  0Av,  where  X  =  1,  2,  3;  and  tf(w,  g)  for  di-. 
Weierstrass  writes  B^v  or  (9A(v,  q)  for  what  in  the  above  notation 
would  be  0A(irv),  and  writes  00v  instead  of  6(irv).  Halphen  (t.  i.,  p. 
253)  follows  Weierstrass.  Cayley,  in  his  Elliptic  Functions,  adopts 
Jacobi's  earlier  notation,  —  that  of  the  Fundanienta  Xova.  The 
subject  of  g-series  has  been  very  fully  entered  into,  from  the  stand 
point  of  the  real  variable,  by  Glaisher  in  papers  which  have  appeared 
in  the  Quarterly  Journal,  the  Proceedings  of  the  London  Mathe 
matical  Society,  and  the  Messenger  of  Mathematics. 
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The  Elliptic  Integrals. 

§  216.     If  y  be  connected  with,  x  by  an  irreducible  algebraic 
equation  F(x,  y)  =  0,  of  deficiency  p,  (  R(x,  y)dx,    when   R   is   a 

rational  function  of  x  and  y,  is  the  general  ^belian.  integral.  When 
.F(a;,  y)  =  0  takes  the  simpler  form  y2=c0(x  —  a1)  (x—a2)'-(x—a.2p+l), 
or  y2  =  CQ(X  —  cij)  (aj  —  ct2) •••  (a?  —  a2p+2),  the  integral  is  the  general 
hyperelliptic  integral  of  order  p.  When  p  =  1,  the  Abelian  integral 
becomes  elliptic,  the  general  elliptic  integral  being 


J  R(x,  Va  quartic  in  x)dx; 


when  p  =  2,  the  Abelian  integral  becomes  hyperelliptic  of  order  1, 
but  when  p  >  2,  the  hyperelliptic  integrals  form  only  a  portion  of 
the  complete  system  of  Abelian  integrals.  The  values  (a;,  y)  which 
belong  to  F(x,  y)  =  Q,  and  all  rational  functions  R(x,  y),  form  what 
is  termed  by  Weierstrass  the  algebraic  formation  or  configuration 
('Gebilde').  The  properties  of  the  Abelian  integral  and  of  every 
function  of  the  integral  must  be  ultimately  dependent  upon  the 
properties  of  the  algebraic  configuration.  The  method  which  we 
have  adopted  in  this  chapter  starts  with  the  elliptic  functions  and 
leaves  out  of  account  the  connexion  with  the  configuration.  In  the 
next  few  paragraphs  we  shall  follow  another  order,  and  endeavour 
to  indicate  the  connexion  of  the  elliptic  function  with  the  elliptic 
integral. 

§  217.  If  F(x,  y)  =  0  be  of  deficiency  1,  the  corresponding  Bie- 
mann  surface  is  triply  connected  and  is  reducible  to  simple  connexion 
by  two  cross-cuts.  Is  the  equation  reducible  in  all  cases,  by  bira- 
tional  transformations,  to  one  of  the  form 

y2  =  CQ(X  —  aj)  (x  —  a,)  (x  —  a.3)  (x  —  a4)? 

In  other  words,  can  there  be  found  transformations  #1  =  721(:E,  y), 
j/l  =  E2(x,  y),  which  give  x=R1'(xl,  y,),  y  =  R2'(xlt  y^,  and  trans 
form  F(x,  y)  =  0  into  y^  =  a  quartic  in  xv  ?  Before  showing  that 
this  can  be  done  we  must  explain  briefly  how  the  theory  of  the 
algebraic  Riemann  surface  can  be  connected  with  the  theory  of  the 
algebraic  plane  curve. 

Among  the  rational  functions  on  the  surface,  we  are  entitled  to 
select  two,  x  and  y,  such  that  the  equation  between  x  and  y,  when 
regarded  as  a  plane  curve,  presents  no  other  multiple  points  than 
simple  nodes  (§  189).  We  can  further  assume  that  the  nodes  and 
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branch-points  lie  at  a  finite  distance.  This  curve  will  be  called  the 
basis-curve. 

Let  any  rational  function  of  x  and  y  be  ^;  '  y ,  where  fa  and  <f>2 

9*te  ^) 
are  rational  polynomials.     Instead  of  the  places  on  the  surface  at 

which  this  function  takes  an  assigned  value  iv,  we  can  speak  of  the 
points  on  the  curve  F,  which  are  cut  out  by  the  curve  fa  —  icfa  =  0. 
When  10  varies,  we  obtain  different  groups  of  points,  in  which  the 
curve  F  is  cut  by  the  curves  of  the  pencil  fa  —  icfa  =  0.  Any  two 
of  these  groups  of  points  are  said  to  be  equivalent  or  coresidual. 
Through  any  point  of  the  curve  F  there  passes  generally  but  one 
curve  of  the  pencil,  and  the  rational  function  has  a  unique  value. 
But  when  a  basis-point  of  the  pencil  is  on  the  curve  F,  fa/ fa  takes 
at  this  point  the  form  0/0 ;  and  its  true  value  must  be  determined 
as  the  limit  of  the  values  of  fa/ fa  at  adjacent  points  of  F.  That  is, 
at  a  basis-point  on  F,  the  value  of  fa/ fa  is  obtained  by  taking  that 
curve  of  the  pencil  which  touches  F  at  the  point.  When  a  basis- 
point  coincides  with  a  node  of  F,  there  will  be  two  curves  of  the 
pencil  which  touch  F  at  the  node,  and  two  distinct  values  of  fa/ fa. 

Particular  importance  attaches  to  those  pencils  of  curves  which 
pass  through  all  the  nodes  of  F.  These  are  called  adjoint  curves. 

It  will  be  noticed  that  we  are  not  concerned  with  the  pencil 
fa  —  ic 'fa  =  0  as  a  whole,  but  only  with  its  intersections  with  F; 
these  alone  correspond  to  places  on  the  Riemann  surface.  And  also 
thai  imaginary  intersections  are  to  be  included  as  much  as  real  ones. 
It  must  not  be  supposed  by  readers  acquainted  with  the  theory  of 
curves  that  the  connexion  with  the  theory  of  Riemann  surfaces  is 
solely  in  the  interest  of  the  latter ;  the  curve  is  by  far  the  greater 
gainer. 

§  218.  Let  the  curve  F(x,  y)  =  0  be  of  order  K  and  deficiency  1. 
The  number  of  nodes  is  £  K(K  —  3);  and  the  number  of  points  through 
which  a  curve  of  order  K  —  2  can  be  drawn  is  |  (K  -  2)  (*  + 1). 
Hence,  since  -J(K  -  2)  (K  +  1)  - 1  K(K  -  3)  =  K  -  1,  a  pencil  of  adjoint 
curves  fa  —  icfa  =  0  can  be  drawn  through  the  nodes  and  through 
K  —  2  other  assigned  points  of  F.  Each  curve  of  the  pencil  has, 
with  F,  K(K  —  2)  —  K(K  —  3)  -  (*  —  2)  remaining  intersections. 
Therefore  the  function  w  or  fa/ fa  takes  an  assigned  value  twice ; 
that  is,  we  have  a  function  which  is  one-valued  and  two-placed  on 
the  Riemann  surface  which  represents  y  as  a  function  of  x.  Let 
this  surface  have  m  sheets ;  as  y  is  to  be  rational  in  x  and  «?,  it  is 
necessary  that  to  the  m  places  in  a  vertical  line  be  attached  m  dis 
tinct  values  of  iv.  Thus  the  equation  between  w  and  x  must  be  of 
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order  m  in  w;  and  it  is  of  order  2  in  x.  Let  it  be  F^x2,  ivm)  =  0. 
The  following  considerations  show  that  y  is  now  a  rational  function 
of  x,  w.  Given  a  pair  of  values  x,  iv,  there  is  only  one  correspond 

ing  y.     Hence  the  two  equations  w  =  —  ,  Fix,  y)  =  0,  when  treated 

*f>2 

as  equations  in  y  only,  have  a  single  common  root.  They  therefore 
give  on  elimination  y  as  a  rational  function  of  the  coefficients,  i.e.  y 
as  a  rational  function  of  x  and  w.  Thus  the  necessary  condition  for 
passing  birationally  from  F(x,y)  =  Q  to  F±(x,  w)  =  0  is  also  the 
sufficient  condition. 

The  new  equation  F^x2,  ivm)  =  0  can  be  transformed,  in  a  similar 
manner,  into  F2(z2,  iv2)  =  0,  by  the  use  of  a  function  z  which  is  two- 
placed  on  the  surface  which  represents  x  as  a  one-valued  function 
of  iv.  The  new  equation  is 

/o-io2  +  2fjw  +/2  =  0, 
where  /0,  /1?  /2  are  polynomials  in  z  of  orders  ^  2,  and  leads  to 


/O 

where  Q  is  a  quartic  in  2.     Let  jk=Vft  #1  =  z;  then  the  equation 
between  w  and  2  passes  into 

y*  =  Q(x1). 

Here  the  last  transformation  is  birational,  for  yl  satisfies  the 
necessary  and  sufficient  condition;  namely,  it  takes  two  values  when 
z  is  given. 

This  equation,  which  is  the  standard  form  for  the  case  p  =  1* 
can  be  written 

y2  =  c^  -  a,)  (a?!  -  a2)  (^  -  a3)  (^  -  a4); 

and  this  can  be  brought  into  the  form  used  by  Weierstrass  by  the 
birational  transformations 

xl-a4  =  —  !/%, 

2/i  =  cwjz?  ;  * 

the  new  branch-points  in  the  2rplane  are  e1?  e2,  eB,  GO,  where 

«A  -  a4  =  -  l/eA,     X  =  1,  2,  3  ; 
and  the  new  equation  is 

-  c'W  =  CoOi  -  e,)  (z,  -  e2)  (zj,  - 
or,  if  —  4  c2  =  CQ/e^e^ 

w/    =  4  (Zi  — 
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We  can  suppose  the  origin  in  the  zrplane  transferred  to  the  cen- 
troid  of  the  points  e»  so  that  e±  +  e2  -f  es  =  0. 

The  transformations  of  xl  and  zl  have  been  bilinear.  Hence  if 
the  quartic  Q(x^  be 


c^'i4  +  4  erf  +  6  c^2  +  4  cg^i  -f  c^ 
whose  invariants  are 

9-2  =  <\A  -  -1  <y3  +  3  c,2, 

#3  =  W4  +  2  CjCjjCs  —  C0C32  —  C4Cf  —  Co3, 

the  invariants  of  the  transformed  expression  will  be  of  the  forms 
9-2=i^9&  93=f^9s-  But  in  the  transformed  expression  c0'  =  0, 
c,'  =  1,  c2'  =  0,  and  therefore  #>'  =  —  4c3',  ^3f  =  -  c4f. 

Hence  the  new  equation  is 


where  9* 

or,  if  we  replace  «  by  ^,  and  zt'  by 


The  conclusion  of  this  paragraph  is  that  the  values  of  x  and  y 
which  satisfy  an  equation  of  deficiency  1  can  be  expressed  rationally 
in  terms  of  z  and  V4  £  —  g.-z  —  gs,  and  therefore  also  they  can  be  ex 
pressed  rationally  in  terms  of  pw  and  p'w.  [Klein,  Einleitung  in  die 
Geometrische  Funktionentheorie,  pp.  208,  209;  see  also  Thomae, 
Abriss  einer  Theorie  der  Funktionen,  p.  122;  Riemann,  Werke, 
p.  Ill  ;  Clebsch  and  Gordan,  §  20  ;  Salmon,  Higher  Plane  Curves, 
§  366  and  §  195.] 

§  219.     Elliptic  Integrals. 

The  consideration  of  integrals  of  the  form  Clt(x,  y)dx,  where  x 
and  y  belong  to  the  elliptic  configuration,  is  now  reduced  to  the  con 
sideration  of  CR(z,  v:)dz,  where 

•ir  =  4  z'  —  r/._£  —g3. 

The  simplest  integral,  setting  aside  those  which  are  expressible 
as  rational  functions  of  z  and  w,  is  u  =  f—  If  we  suppose  that 
u  =  0  when  z  =  GC,  we  have,  as  implied  in  the  last  paragraph, 
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Hence  I  R(z,  w)dz=  \f(u)du, 

J  J 

where  f(u)=  R($u,  ^'u)^u. 

Since  this  last  expression  is  an  elliptic  function  of  u,  the  elliptic 
integral  is  also  the  integral  of  an  elliptic  function  with  regard  to  the 
argument. 

In  §  205,  any  elliptic  function  was  expressed  by  means  of 
^(u  —  CK)  and  its  derivatives,  where  CK  was  a  pole  of  the  function. 
Therefore  in  the  integral  of  such  a  function  there  will  occur :  — 

(1)  a  term  a0w; 

(2)  the  terms  3  a/**  log  <r(u  —  CK); 

K 

(3)  terms  of  the  form  £(u  —  cj,  that  is,  by  the  addition  theorem 
of  §  204,  of  the  form  £(u)  -f-  an  elliptic  function  of  u\ 

(4)  elliptic  functions  of  u,  which  arise  from  the  higher  deriva 
tives  of  £(u  —  CK). 

Since  (§  205)  3ai((c)  =  0,  the  terms  in  (2)  can  be  written 
So.'"  log  ^'-^ 

K 

in   which   a   constant  taken  from   the   constant  of  integration  is 
incorporated. 

Accordingly, 

<T(CK  —  u) 
f(u)du  =  a0u  +  5a1(/c)  log 


where  f\(u)  is  an  elliptic  function  with  the  same  periods  as/(u). 
The  integral  u  or    I     dz/w  is  an  integral  of  the  first  kind.     Its 

*J z,  w 

distinguishing  characteristic  is  that  on  the  surface  T,  which  represents 
w  as  a  one-valued  function  of  z,  it  is  everywhere  finite.  The  func- 

fs*  z,  w 
$udu  takes  on  the  surface  T  the  form  -f  I       zdz/w, 
_  c^ 

and  is  an  elementary  integral  of  the  second  kind.  It  has  the  single 
infinity  z  =  GO,  and  if  we  write  z  =  1/t2,  it  behaves  near  t  =  0  like 
-1/t 

By  §  204,  we  have 

l(u  -  c)  -  fr  +  ^c  =  (P'M  +  \>'c)/2Cpu  -  ^c). 
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On  integration, 

<r(c  — 


, 
log 


du 


r«   to^  +  to'c 
+  u£c  =  I  —  - 

J     2  (pit  —  pc) 

Jz,w  w  +  iv0    dz 
2z-z0    1 


an  integral  which  is  finite  on  T  except  at  (z0,  w0)  and  at  co  ;  near 
these  places  it  behaves  like  log  (z  —  z0)  and  log  z1/2  respectively. 
Such  an  integral  is  an  elementary  integral  of  the  third  kind. 

Hence  any  elliptic  integral  can  be  expressed  by  means  of  an 
integral  of  the  first  kind,  an  elementary  integral  of  the  second  kind, 
a  finite  number  of  elementary  integrals  of  the  third  kind,  and  a 
rational  function  of  z  and  u\  [Weierstrass-Schwarz,  §  56.  The 
resolution  of  the  general  elliptic  integral  into  integrals  of  the  three 
kinds  was  effected  by  Legendre,  Fonctions  Elliptiques,  t.  i.,  ch.  4.] 

§  220.  We  shall  now  show  how  some  properties  of  the  func 
tion  z  =  $u  can  be  deduced  from  the  consideration  of  the  integral 
u  =  I  dz/w  on  the  surface  T.  This  surface  is  constructed  from  the 
equation  w2  =  4  (z  —  el  )  (z  —  e.2)  (z  —  es)  . 

The  branch-points  are  e^  e2,  e3,  oo. 

Let  the  branch-cuts  be  along  the  straight  lines  el  •••  e&  e2..-cc. 
Let  the  dissected  surface  T'  be  formed  from  T  by  drawing  a  cross 

cut  A  round  e1}  e3,  and  a  cross 
cut  B  round  e3,  e2  (Fig.  80  a). 
In  accordance  with  the  nota 
tion  of  this  chapter,  let  2<oT 
and  2  cu2  be  the  periods  across 
AsiudS  (§  180). 

The  integral  u  =  (  dz/w  is 
one-valued  on  T',  and  more 
over  it  is  everywhere  finite 
(§  182).  From  §  182  it  fol 
lows  further  that 

z  Ce* 

dz/w  =  o>2,        dz/w  =  —  wu 

Je3 
/»oo 

dz/w  =  —  o>2. 

c/.2 

Let  the  value  u  =  0  be 
assigned  to  the  point  z  =  cc  . 
Then  the  values  of  u  at  e1?  e2, 
e3,  are  w1?  <o2,  eoj  -f  o>2. 


B/ 


*(«») 
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Let  s  and  s  be  any  two  places  of  the  surface  Tf  which,  lie  in  the 
same  vertical.  The  relation  between  u(s)  and  u(s)  can  be  written 
readily.  Consider  two  paths  which  start  from  oo  and  lie  always 
in  the  same  vertical.  The  integrands  at  s  and  s  are  dz/w  and 
—  dz/w  j  therefore 


This  equation  must  be  modified  when  either  path  of  integration 
crosses  a  cut.  For  instance,  at  points  near  e3,  within  both  A  and  B, 
the  equation  becomes 

u(s)  +  u(s)  =  2  o>!  +  2  (u2. 


To  map  the  z-surface  on  the  u-plane. 

From  §  157,  z  is  a  one-valued  function  of  u,  and  it  has  just  been 
seen  that  at  two  places  of  T"  which  have  the  same  z,  the  values  of 
u  are  in  general  different.  Therefore  to  a  given  u  corresponds  only 
one  place  of  T',  and  therefore  only  one  sheet  is  required  in  the  u- 
plane.  In  general  du/dz,  =  1/w,  is  neither  0  nor  oo,  and  there  is 

isogonality.     But   near   ex  we   have   du/dz  =  —  --  P0(-\/g  —  e  )7 

.  _  Vz  -  ex 

\  =  1,  2,  3,  and  therefore  u  —  WA  =  JPr(Va  —  eA),  where  w3  =  o^  -f-  w2  ; 
whence  it  follows  that  while  2  turns  round  eM  u  turns  half  as  fast, 
in  the  same  sense,  round  WA.  Near  z  =  cc,  w  =  P1(l/^1/2),  and  again 
the  isogonality  breaks  down. 

The  region  of  the  w-plane  into  which  the  surface  Tr  maps  is 
bounded  by  that  curve  into  which  the  boundary  of  T'  maps.  Let 
(z,  w)  start  from  the  junction  at  c3  and  describe  the  positive  bank 
of  A  upstream  ;  and  let  L+  be  the  corresponding  path  of  u.  When 
(z,  w)  continues  from  Cj  along  the  negative  bank  of  B  downstream, 
let  M_  be  the  path  of  u.  While  (z,  w)  describes  the  negative  bank 
of  A  downstream,  u  describes  a  path  L_,  which  is  obtained  by  dis 
placing  L+  through  —2^;  and  while  (z,  w)  describes  the  positive 
bank  of  B  upstream,  u  describes  a  path  M+,  which  is  obtained  by 
displacing  M_  through  2co2.  Since  (z,  w)  has  now  reached  its  starting- 
place,  the  whole  w-path  is  closed.  Thus  the  boundary  of  T'  maps 
into  a  curvilinear  parallelogram. 

Since  u  is  finite  for  all  values  of  z,  the  whole  of  the  surface  T'  is 
mapped  on  the  interior  of  the  parallelogram. 

By  giving  a  suitable  form  to  the  cross-cuts,  the  parallelogram 
can  be  made  rectilinear.  It  is  convenient  to  suppose  that  the 
bridge  from  el  to  e3  is  shifted  with  the  cross-cut  A,  so  as  to  remain 
within  it. 
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Now  let  us  remove  the  restriction  that  3  is  not  to  cross  A  or  B. 
Suppose  that  z  crosses  A  positively;  then  the  integral  has  a  new 
range  of  values,  which  are  obtained  by  increasing  the  old  range  of 
values  by  2  o^.  To  represent  these  we  require  a  new  parallelogram 
in  the  w-plane,  obtained  by  shifting  the  old  parallelogram  through 
2  a)!.  In  this  way  we  require,  to  represent  all  possible  values  of  the 
integral  on  T,  a  network  of  parallelograms,  which  cover  the  w-plane 
completely  and  without  overlapping.  A  path  on  T  which  starts 
from  a  place  (z0,  w0)  with  a  value  w0,  and  returns  to  this  place  after 
crossing  A  m+  times  positively  and  ra_  times  negatively,  and  B  ra+' 
times  positively  and  ra_'  times  negatively,  gives  as  the  final  value  of 
the  integral 

w0+2  m^i  -j-2w'a>2, 

"where  m+  —  m_  =  m,     m+  —  mj  —  m'; 

and  therefore  the  pair  (ZQ,  tc0)  is  represented  by  infinitely  many 
points  of  the  w-plane,  all  congruent  to  MO.  Thus  z  and  w  are  one- 
valued,  doubly-periodic  functions  of  u.  When  (z,  ic)  is  restricted  to 
T',  the  correspondence  of  u  and  (z,  w)  is  (1,  1),  and  the  correspon 
dence  of  z  and  iv  is  (3,  2);  therefore  the  correspondence  of  u  and  z 
is  (2,  1),  and  that  of  u  and  w  is  (3,  1).  In  other  words,  the  orders 
of  the  elliptic  functions  z  and  iv  are  respectively  2  and  3. 

In  passing,  it  should  be  pointed  out  that  a  new  idea  makes  its 
appearance  here.  Since  u  is  an  infinitely  many-valued  function  of 
z,  the  ordinary  Eiemann  surface  which  represents  u  as  a  function  of 
z  would  cover  infinitely  many  sheets  of  the  z-plane ;  but  the  infinitely 
many  parallelograms  serve  equally  well  to  show  the  connexion  be 
tween  z  and  u.  The  importance  of  this  idea,  which  consists  in  the 
replacing  of  sheets  lying  one  below  the  other,  by  regions  of  a  plane 
which  lie  side  by  side  and  cover  the  plane  without  gaps,  has  been 
shown  by  Klein  in  his  memoirs  on  Modular  Functions  in  the  Mathe- 
matische  Annalen.  See  Klein-Fricke3  Modulfunctionen,  passim,  and 
Poincare's  papers  on  Fuchsian  and  Kleinian  Functions  in  the  Acta 
Mathematica. 

In  this  paragraph  it  has  been  assumed  that  the  ratio  wo/o^  is 
complex.  This  fact  follows  from  a  general  theorem  on  the  periods 
of  Abelian  Integrals,  which  will  be  proved  in  Chapter  X.  It  will 
appear,  in  the  same  chapter,  that  on  a  surface  of  deficiency  p  there 
are  p  linearly  independent  integrals  of  the  first  kind ;  whence  it 
will  follow  that  in  the  present  case  every  integral  of  the  first  kind 
is  of  the  form  au  -f-  b. 
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§  221.     It  follows  from  the  equation 


du  =  e?2/2V(z  -  ei)  (z  -  e2)  (z  -  e3), 

as  in  §  181,  that  to  straight  lines  in  the  w-plane  there  correspond  in 
the  2-plane  curves  which  obey  the  relation 

T  —  1  2$A  =  constant, 

where  T  is  the  inclination  of  the  tangent  at  any  point  z,  and  <£A  is 
the  amplitude  of  z  —  ek.  These  are  the  curves  along  which  the 
cross-cuts  must  be  drawn,  when  the  parallelograms  in  the  w-plane 
are  to  be  rectilinear.  In  general,  these  curves  are  transcendental, 
but  they  contain  a  system  of  algebraic  curves  when  g2  and  gs  are  real. 

In  this  case,  either  the  branch-points  ei}  e2,  es  are  all  real,  or  one 
is  real  and  two  are  complex  and  conjugate. 

When  the  discriminant    >  0,   the   branch-points  are  real.     Let 

e2<e3<e1.     The    integral      I  dz/2-^(z  —  el)(z  —  e2)(z  —  e3),    when 

taken  along  the  real  axis  from  —  oo  to  ez,  is  imaginary,  and  the 
integral  from  e2  to  e3  is  real  ;  therefore  o>2  is  imaginary  and  ^  is  real, 
so  that  the  parallelogram  of  periods  is  a  rectangle. 

Let  u  describe  a  line  parallel  to  the  axis  of  imaginaries  ;  the 
equation  of  such  a  line  is,  in  circular  co-ordinates, 

u  -\-  u  =  2  a, 
where  u  and  u  are  conjugate,  and  a  is  real. 

Since  g2  and  gs  are  real,  the  series  for  z,  or  tyu,  given  in  formula 
(10),  §  201,  has  real  coefficients,  and  therefore  tyu  is  conjugate  to 
$u.  Let  z  =  \w,  and  let  y  =  $2  a.  The  relation  between  z,  z,  y  which 
results  from  u  +  u  =  2  a  is  obtained  symmetrically  as  follows  :  — 

From  §  202,          z,  z,  y  are  roots  of 


+  6, 

or  4  £  3  -  g$  -  g3  -  (a$  +  b)2  =  0. 

Therefore  z  +  z  +  y  —  a2/4, 


Eliminating  a  and  b,  we  get 


The  equation  is  that  of  a  Cartesian;  and  from  the  theory  of 
curves,  the  single  foci  are  e^  e2,  esj  and  the  triple  focus  is  y.     As  the 
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complete  curve  depends  on  the  single  constant  y  or  p  2  «,  it  includes 
the  representations  of  four  lines  in  the  rectangle;  namely,  those 
which  meet  the  real  axis  at  the  points  a,  ^  ±  «,  2  ^  —  a.  To  the  first 
and  fourth  lines  correspond  the  outer  oval  in  both  sheets  of  the 
Kiemann  surface  ;  to  the  second  arid  third  lines,  the  inner  oval  in 
both  sheets. 

It  may  be  remarked  that  the  leading  properties  of  the  Cartesian, 
which  are  given  in  Salmon's  Plane  Curves  and  Williamson's  Dif 
ferential  Calculus,  are  direct  interpretations  of  standard  formula? 
for  the  functions  $  and  <r.  Thus  formula  (18),  coupled  with  the 
symmetry  of  the  curve  about  the  real  axis,  states  that  the  curve  is 
its  own  inverse  with  regard  to  any  focus. 

Again,  a  focal  distance  pA  can  be  expressed  as  follows  :  Let 
u  =  a  +  v  ;  then 

PA  =  V  jp(«  +  f)  -  e^l  [ 


or,  from  formula  (35), 

PA  =  °"A(«  +  ^)°A(«  -  v)/<r(a  +  v)a(a  -  v)  . 
Similarly,        V«^=  crA(2  «)/cr(2«), 

where  «A  is  the  distance  from  the  triple  focus  to  a  single  focus. 
Again,  if  p  be  the  distance  from  the  point  whose  parameter  is  v  to 
the  triple  focus, 


«  +  *)  -  *>  2«|  {p(«  -  V)  -  p  2  «}, 
or,  from  (30), 

=  cr(3  «  +  V)er(3  «  -  v)/cr(«  +  v)o-(a  -  y)o-4  2  a. 
In  §  211,  let 

a,    6,    c,    d  =  2  a,  0,  3  a  +  v,  3  «  —  v  ; 
then  a',   6',  c',   d'  =4«.  -2  a,  «  +  r.  v  -  a, 

and  a",  6",  c",  d"  =  «  +  r,  «  -  v,  4  «,  -  2  a. 

Then  (49)  gives 
<rA  2  «o-(3  a  +  v)o-(3  a  —  v)  —  crA  4«<rA  2  cur  (a  +  v)tr(a  —  v) 

—  °x(«  +  V)°"A(«  —  v)<r  4  ao-  2  a  =  0  ; 

therefore        P2  =  _  °"4fJt      0   +^4«. 
crA2«cr32«^^o-42a' 

or,  since          o-  2  ^<  =  2  - 
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and  <T   2  u  =  —  o-uo-u  +  tr2ua-u  + 


that  is, 


Very  similar  treatment  applies  to  the  orthogonal  system  of  Car 
tesians,  with  the  same  foci,  which  correspond  to  lines  parallel  to  the 
real  axis  in  the  w-plane. 

Example.  When  the  discriminant  is  negative,  and  e^  e.2  are  con 
jugate,  show  that  coi,  w2  are  conjugate,  and  that  lines  parallel  to  the 
.axes  map  into  unipartite  Cartesians. 

§  222.     Reduction  to  the  canonical  form. 

Let  f(z)  be  a  quartic ;  the  integral  u  —  \  cfe/V/(2)  is  re 
duced  to  the  canonical  form  j  by  the  formula 

*A      -v/4-  sP  —  n.^s  —  n. 


where  a*ay2  is  the  second  polar  of  y  with  regard  to  f(x)  ;  namely,  if 
/(a?)  =  c0«4  +  4^  +  6  c.2x2  +  4  c3a  +  c4, 

(x2  +  4  xy  +  ?/2)  +  2  c3( 


The  following  proof  of  this  theorem  of  Weierstrass's  is  due 
to  Professor  Klein,  and  is  reproduced  by  his  courteous  permission 
from  a  manuscript  course  of  lectures. 

Introduce  homogeneous  co-ordinates  by  writing  z^/z2  for  z,  and 
let  (x  y)  stand  for  y-^x2  —  y2x^ 

Given    u  =  (  *'    *  -,  the  functions  !pw,  !|3'w  belong  to  the 

»/Jf,  V7^      V/(«j,  22) 

algebraic  configuration;  i.e.  are  rational  on  the  Kiemann  surface. 
Let  us  consider  the  parallelograms  in  the  w-plane  which  are  maps  of 
the  cut  Biemaim  surface.  Starting  with  the  definition 


j%  =  1 4.  5'  5  _     1          _  1 1 
w2  (  (w  — to)1      w2)  ' 


we  know  that  fyu  is  a  one-valued  analytic  function  of  u  throughout 
the  finite  part  of  the  it-plane,  and  therefore  also  over  the  whole 
of  the  surface  T.  The  function  $u  must  consequently  be  rational 
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upon_T,_and  must  therefore  be  a  rational  function  of  x, 


Since  \>u  assumes  a  given  value  twice  in  the  parallelo 
gram  of  periods,  it  also  takes  an  assumed  value  twice  on  the  surface 
T.  But  the  number  of  constants  contained  in  a  rational  function 
which  repeats  its  value  twice  on  T  is  2.  Therefore  the  most  general 
value  of  such  a  function  is 


We  have  to  find  the  most  general  rational  function  of  x,  V7(x), 
V/0/)  which  is  x2  at  (y,  V/0/))  only. 

Let  t/     ^  be  the  function.     Since  this  function  is  to  be  oc2  for 

_  v*\ft  y) 

*,  -Vj\x))  =  (y,  Vj<y))>  assume 


The  denominator  is  ce2  for  (x,  -\/f(x))  =  (y,  _V/(j/)),  as  well 
as  for  (x,  V/(a;))  =  (#,  V7(#))-  Therefore  the  numerator  must  be 
O2  for  (x,  V/(x)  )  =  (y,  —  V/(#)). 

Now 

V/(a?)  V/(?/)  4-  «/«/  is  O2,  when  (a?,  V/(o*)  )  =  (y,  —  Vf(y) ) . 
Therefore 

,     .„ £ — *-  is  of  the  form  cb«  4-  c'. 

(xy)  ~ 

Now  the  functions  $u,  $'u  are  covariants  with  regard  to  xl,  x2  and 
2fo  y»  of  weights  2  and  3.  This  covariantive  character  can  be  proved 
as  follows  :  let  u  be  transformed  by  means  of 

zl  =  a-fa'  +  a^o'j  ^  =  &i2/  4-  &o2«'t 
into  /,>/' 


Tvhere  /"  =  a  A  ~  aA, 

and  let  &',  ^3'  be  the  invariants  o 
Then      )(U' ;  ^/,  ^s')  =  ^/^ 

and  J>V;  ^^')  =  /*V(w;  ^^s). 

Thus  ^,  ^'  are  also  covariants  with  regard  to  the  two  sets  of 
variables  x1}  x2  and  ylt  y2.     They  are  of  orders  0,  0,  and  of  weights 
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2,  3.     It  will  be  remarked  that  u  itself  has  equally  a  covariantive 
character,  and  is  of  weight  —  1. 

Since  the  expressions  V/(^)  vf(y)  +  «s2«y2,  yu,  are  covariants  of 


weight  2,  c  and  c'  must  be  invariants  of  weights  0,  2.     When  /  is 
written  in  Weierstrass's  normal  form 


u  = 


we  have          /(y)  =  0,  ax\2  =  2  x^2. 
Hence 


Therefore  c  =  2,  c'  =  0,  and  these  are  the  values  in  the  general 
case,  since  c  and  c'  are  invariant. 

Therefore 


For  other  proofs  of  this  formula  see  Halphen,  t.  ii.,  p.  358  ; 
Enneper-Miiller,  p.  27  ;  Klein,  Math.  Ann.,  t.  xxvii.,  p.  455. 
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CHAPTER   VIII. 

DOUBLE  THETA-FUXCTIOXS. 
223.     Consider  the  double  series 


^  where  glf  g.,,  h^  h.2  are  integers,  and  wlt  ns  are  supposed  to  take  all 
integral  values  from  —  GO  to  cc  independently  of  each  other.  This 
series  converges  absolutely  when  the  quantities  TM,  =  ara  4-  i/3rt)  are 
chosen  so  that 


Ai>0,     &o>0, 
For  the  absolute  value  of  the  general  term  is 

exp  -  ^(X  4-  </i/2)2  4-  2  fto(ni  4-  ft/2)  <»2  +  ^2/2)  -hfe(^2  +  02/2)a 

4-  2  yi(Wl  4-  fiTi/2)  4-  2ya(Ws  4-  ^/2)], 

where  iyl9  iyz  are  the  imaginary  parts  of  v^  v2.     When  n^  (or  w2)  be 
comes  infinitely  great,  the  terms 

AiO'i  +  ^i/2)'2  4-  2^(Wl  4-  tfi/2)  (w2  +  02/2)  4-  fe(w2  4-02/2)a 


tend  to  4-  oc  ;  and  since  their  sum  is  arbitrarily  great  as  compared 
with  the  remaining  terms  in  the  brackets,  the  absolute  value  of  the 
general  term  tends  to  the  limit  0.  Since 


where  t  is  a  real  positive  quantity,  it  follows  that  the  sum  of  the 
series  composed  of  the  absolute  values  of  the  terms  of  (1)  is  less 
than  that  of  the  series 

- 
341 
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It  can  be  proved  that  this  series  is  convergent  when  K>1,  by 
the  extension  of  Cauchy's  integral  test  which  was  employed  in  §  77. 
The  terms  of  the  series  are  the  ordinates  of  the  surface 

&  =  (Ai£2  +  2  &A&  +  A»&2  +2  y&  +  2  y&)  -« 

at  the  points  of  a  network  formed  by  unit  squares  in  the  plane  ^2. 
The  ordinate  £3  is  infinite  only  at  points  in  the  plane  ^2  which  lie 
on  a  conic ;  and  the  condition  /3^2  <  f$ufi&  ensures  that  this  conic  is 
an  ellipse.  When  this  ellipse  is  referred  to  its  axes,  the  surface 
takes  the  form 

&  =  (yirtfi2  4-  y^l  +  yo)  ~K> 
where  yn  and  y22  have  the  same  sign. 

Let  a  contour  be  drawn  in  the  plane  ^2,  which  encloses  this 
ellipse,  and  conceive  a  cylinder  drawn  through  the  contour,  parallel 
to  the  axis  of  4-  Tne  volume  contained  between  the  surface  and 
the  plane,  exterior  to  the  cylinder,  is 


or  if  Vyn>7i  =  p  cos  0,  Vy22?/2  =  p  sin  0, 

F==  r  r pdpML 


Vis  finite  if  the  integral  remain  finite  when  p  =  oo  ;  that  is,  if  K  >  1. 

Now  the  sum  of  the  ordinates  is  equally  the  sum  of  parallele 
pipeds  whose  bases  are  the  unit  squares  of  the  network ;  and  if 
we  assign  to  each  square  that  ordinate  which  is  furthest  from  the 
origin,  these  parallelepipeds  lie  within  the  volume  V',  and  their 
sum  is  convergent  when  V  is  finite.  Within  the  cylinder  there  is 
only  a  finite  number  of  squares,  and  therefore  when  those  ordinates 
are  excluded  which  stand  on  the  ellipse,  the  sum  of  all  the  ordinates 
is  convergent.  In  the  case  when  the  ellipse  is  imaginary,  the 
cylinder  may  be  dispensed  with. 

The  excluded  ordinates  annul  the  real  part  of  the  exponent  in 
(1),  but  do  not  affect  its  convergence.  Accordingly,  the  series  (1) 
is  absolutely  convergent. 

[Picard,  Traite  d'Analyse,  t.  i.,  p.  265 ;  Eiemann,  Werke,  p.  452; 
Jordan,  Cours  d'Analyse,  first  edition,  t.  i.,  p.  169.] 
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§  224.  Subject  to  the  inequalities  already  stated,  the  series  (1) 
defines  a  function  of  v^  v2,  which  is  one-valued  and  continuous  for 
all  finite  values  of  the  variables.  This  function  is  called  a  Double 
Theta-Function,  and  is  written  in  one  or  other  of  the  forms 

|  -  I  2  22    ) 

-hi    h2J  L^i    AoJ 

the  latter  form  indicates  that  the  moduli,  or  parameters,  are  TU,  ru, 

TOO.     The  symbol       l      "is  called  the  mark,  or  characteristic,  of 
\_hi     «tj 

the  function ;  and  the  quantities  g^  g2,  h»  h2  are  called  the  constit 
uents,  or  elements,  of  the  mark.  We  shall  often  write  the  theta- 
function  more  shortly 

*     9r 
fir 

§  225.  Differential  equations.  When  the  general  term  in  (1) 
is  differentiated  twice  with  regard  to  vr,  it  is  multiplied  by  a  factor 
\2iri(nr  +  gr/2)  j2;  and  when  it  is  differentiated  once  with  regard  to 
T^,  it  is  multiplied  by  Tri(nr  +  &./2)2.  The  ratio  of  these  factors  is 
47Ti,  and  is  therefore  independent  of  ?IL,  ?i2.  Hence 

and  similarly, 


§  226.  Tlie  addition  of  even  integers  to  the  constituents  of  a  mark. 
In  the  series  (1)  replace  ^  by  gl  ±  2.  The  effect  is  the  same  as  that 
produced  by  writing  ni  ±  1  for  n^  But  n,  ±  1,  like  '?ID  takes  all 
integral  values  from  —  x  to  +  cc.  Hence  the  series  is  not  altered, 
and  we  have  the  theorem  that 

g.          v2). 


Similarly,  g2  may  be  increased  or  diminished  by  2,  without  affect 
ing  the  value  of  the  function.  Xext  replace  h,  by  7^  ±  2.  The 
general  term  of  (1)  now  acquires  a  factor  exp  ±2-i(nl+gl/2), 
whose  value  is  (—1)^.  Similarly,  when  h.2  is  replaced  by  h2±2, 
the  general  term  acquires  the  factor  (-  1)»2.  By  a  combination  of 
the  preceding  results,  it  results  immediately  that 


0 


(2)- 
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With  the  help  of  this  formula  it  is  always  possible  to  replace 
the  integers  gr,  lir  by  0  or  1  ;  this  leaves  the  original  theta-function 
unchanged,  except  perhaps  as  to  sign.  The  general  formula  for 
such  a  reduction  shows,  for  example,  that 

ers    8-}(Vl,v2)  =  en    oi^,^). 
[4  15  J  Lo   ij 


§  227.     Even  and  odd  functions.     Changing  the  signs  of  v^  v2, 

gr 


the  general  term  in  0 


-         s 


e*p  ^[(m,  Tl2,  r22)  K+ft/2, ?i2+</2/2)2+2  2  K+^/2)  (-vr+^r 

r=l 

This  may  be  written 

r=l  r=l 

2 

Now  exp  in  2  (2nrhr  -f-  ^/r/ir)  =  (—  l)^*r,  and  the  remaining  factor 
differs  from  the  general  term  of  (1)  only  as  regards  the  signs  of 
%  +  <7i/2,  n2  +  g2/2.  But  —  (nr  -f  0r/2)  runs  through  the  same  set 
of  values  as  nr  -f  gr/^">  °f  course  in  the  reverse  order.  Hence  we  have 


e 


This  theorem  shows  that  a  theta-function  is  even  or  odd,  accord 
ing  as  S#A  is  even  or  odd;  it  leads  to  the  division  of  marks  into 

r=l 

even  or  odd,   according  as  the  corresponding  functions   are  even 
or  odd. 


com- 


§  228.     The  theory  of  marks*     The  symbol  [f1    ^2  '"  ?*l 

L^i     ^t  —  VJ 

posed  of  the  2p  real  numbers  grr,  hr,  is  the  mark  associated  with  a 

p-tuple  theta-function.  We  shall  be  concerned  solely  with  marks 
whose  constituents  are  integers.  When  the  constituents  of  one 
mark  differ  from  those  of  another  mark  by  multiples  of  2,  the  marks 
are  said  to  be  congruent  to  each  other.  Thus 


v  v-v-        *i 


*  Clifford,  Mathematical  Papers,  p.  356. 
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when  gr  =  gr'  (mod  2),  and  hr  =  hr'  (mod  2), 


Every  mark  is  congruent  to  a  reduced  mark,  whose  constituents 
are  0,  1.  The  mark  is  said  to  be  even  or  odd,  according  as  Sgji,  is 
even  or  odd. 

TJie  number  of  even  and  odd  marks.  The  number  of  reduced 
marks  which  can  be  formed  with  2p  integers  is  evidently  2  -p.  Let 
Ep  be  the  number  of  even  marks,  Fp  the  number  of  odd  marks.  The 
first  column  is  (0,  0),  (1,  0),  (0,  1),  or  (1,  1).  The  first  three, 
when  placed  before  a  given  mark,  leave  its  character  (as  even  or 
odd)  unaltered  ;  the  fourth  alters  the  character.  Hence 


Therefore 

that  is,  EP-FP  =  2P.     But  EP  +  FP  =  2'2p ; 

hence  Ep  =  22p~l  -f-  2*"1,  F  =  22p~l  —  2P~1. 

In  this  chapter  we  consider  the  case  p  =  2.  The  number  of 
reduced  marks  is  16,  and  of  these  6  are  odd.  These  16  marks  may 
be  arranged  in  the  order 


oo  10  01  11 
oo  oo  oo  oo 

(00)  (12)  (56)  (34) 


00  10  01  11 
10  10  10  10 
(23)  (13)  (14)  (24) 


00  10   01   11 

01  01   01   01 
(45)  (36)  (46)  (35) 


00   10   01   11 
11   11  '11   11  .  (A), 
(16)  (26)  (15)  (25) 


and,  for  this  arrangement  of  marks,  0  (t\,  v2)  can  be  replaced, 

in  what  is  called  the  current-number  notation,  by  05(vl5  v2),  and  simi 
larly  for  the  other  functions.  It  will  be  observed  that  06,  08,  0U,  0^ 
0U,  0^  are  the  6  odd  functions.  The  meaning  of  the  third  row  in 
the  table  will  be  seen  in  the  next  paragraph. 

§  229.     The  sum  or  difference  of  two  marks  is  found  by  adding 
or  subtracting  the  corresponding  constituents.     Thus 

1  3~|  +  p  9~|  -  p  12"|  =  p  0~L 
24j     [_62j     l_S6j     LOO] 
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Let  us  denote  the  reduced  odd  marks,  namely, 

11  01  01  10  10  11 
01  01  11  11  10  10' 

by  (1)     (2)     (3)     (4)     (5)     (6), 

and  the  even  mark        by  (0)  .     From  the  definitions 


and  therefore          (1)  +  (2)  +  (3)  +  (4)  +  (5)  +  ((>)  =  (0)  . 

This  shows  that  the  sum  of  any  odd  marks  =  the  sum  of  the 
remaining  odd  marks.  Further,  (1)  -f  (3)  =  (5),  (2)  +  (4)  ==  (6),  etc. 
Excluding  (0),  the  other  15  marks  are  congruent  to  the  sums  of 
the  6  odd  marks  two  at  a  time.  We  have  just  proved  this  for  the 
odd  marks,  and  have  only  to  show  that,  of  the  15  duads  formed  from 
the  6  marks,  no  two  can  give  congruent  marks.  'First  (1)  4-  (2)  can 
not  be  congruent  to  (1)  +  (3),  since  (2)  ^  (3);  and,  secondly,  (1)  +  (2) 
cannot  be  congruent  to  (3)  +  (4); 

for  (5)^(6), 

and  (i)  +  (2)  +  (6)=  (3)  +  (4)  +  (6); 

therefore  (1)  +  (2)  =£  (3)  +  (4). 

Example.  Prove  that  any  even  mark  is  congruent  to  the  sum  of 
three  odd  marks,  in  exactly  two  ways. 

We  shall  name  each  of  the  fifteen  reduced  marks,  (0)  excluded, 
by  that  duad  to  which  it  is  congruent.  For  example,  since 


o  o      Li 


TP°la 

ij  LHJ 


we  shall  denote  by  (3  4) .     The   corresponding  theta-function 

will  then  be  034(iv);  and  the  excluded  function  will  be  written  000(iv). 
It  may  be  remarked  that  for  an  even  mark,  (0  0)  excepted,  the  sum 
of  the  numbers  in  the  duad  is  odd,  and  for  an  odd  mark  the  sum  is 
even.  The  table  (A)  of  the  preceding  paragraph  gives  the  connexion 
between  the  marks  and  the  duads. 

As  in  the  case  of  the  single  thetas,  the  notations  used  for  the 
double  thetas  are  numerous.  Tables  for  comparison  are  given  in 
Cayley's  memoir  (Phil.  Trans.,  t.  171,  1880),  in  Forsyth's  memoir 
(ib.,  t.  173,  1882),  and  in  Krause,  Die  Transformation  der  Hyper- 
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elliptischen  Funktionen  erster  Ordnung  (1886).  Cayley's  current 
number  notation  is  from  0  to  15,  instead  of  from  1  to  16 ;  and  he 
uses  the  letters  A,  B,  C,  D,  E,  F  instead  of  1,  2,  ..-,  6  in  forming  the 
duads.  The  notation  of  duads  employed  here  is  based  on  Cayley's, 
and  agrees  with  that  of  Staude  if  we  replace  6  by  0  in  the  duads 
(Staude,  Math.  Ann.,  t.  xxiv.). 

§  230.     The  periods. 

Referring  to  (1),  the  change  of  vr  into  vr  +  /xr  is  equivalent  to 
the  change  of  hr  into  hr  +  2p.r ;  and,  therefore,  if  2/xr  be  an  integer, 

B    a,    (iv  +  /O  =  0         9r       |(O (3). 


From  (2)  and  (3),  if  /^  be  an  integer, 


$ 


ft, 


Let  ^  =  1,  fjL2  =  0.     When  gl  =  0  (mod  2), 


1,  v2)  =0 


(vb  r,), 


and  we  say  that  1,  0  are  a  pair  of  periods  of  the  function  ;  but,  when 
<h  =  l  (mod  2),  2  and  0  are  a  pair  of  periods.  Another  pair  of 
periods  is  0,  1  when  g.2  =  0  (mod  2)  ;  0,  2  when  g2  =  1  (mod  2). 

Write  for  shortness 

4>  (^i,  x.2)  =  ruXf  + 
Then  the  typical  term  in  (1)  is 

'[^(n1  +  Sr1/2,  w2  +  gr2/2)  -f  2 


Consider   the  effect  of   changing   nr  +  grr/2   into   nr  +  ^r/2  +  Ar. 
The  expression  in  square  brackets  is  increased  by 


and  therefore  it  becomes 


Ag) 
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The  theta-function  accordingly  becomes 

+  li£}  exP  "*  I>  +  2 l\r (vr 


where  <  = 


15  A2)  . 


But,  as  the  change  contemplated  was  merely  the  change  of  gr  ink 
gr  4  2  Xr,  the  function  also  becomes 

6 

on  the  supposition  that  2  Xr  is  an  integer.     Therefore 

9r 


0 


hr 


28XJ 


exp  — 


,,  A2) 


(4). 


If  \r  be  an  integer,  the  function  reproduces  itself  except  as  to 

1  8f/» 

an  exponential  factor.     When  Xl  =  1,  X2  =  0,  -  -^  becomes  rlr,  and 

2  oAr 

we  have  one  pair  of  quasi-period^  TU  and  r^  ;  when  Ax  =  0,  A2  =  1, 

1  £^  becomes  rr2,  and  we  have  another  pair,  r]2  and  r22.     All  other 

2  8Ar 

periods  and  quasi-periods  are  compounded  from  the  two  pairs  of 
quasi-periods  and  the  two  pairs  of  periods  by  addition  and  sub 
traction,  the  general  form  being 


where  el5  0  and  0,  e2  are  pairs  of  periods.  Where  there  is  no  danger 
of  misapprehension,  we  shall  use  the  term  periods  for  both  the 
true  periods  and  the  quasi-periods. 

§  231.     The  theta-function  satisfies  the  relations 

(*,), 


9r 

K+l,  v,) 

nt(-l)M    ^r 

hr 

[*, 

9r 

(*u  «.  +  1) 

-(rl)%« 

^ 

hr 

7ir 

9r 

Ol  4  TU,   V2  -f 

.TM)=:(-1)\« 

S'r 

hr 

7ir 

9r 

Oi  4  TUS,  V2  4 

-T22)  =  (  —  1)*>^ 

9r 

(^•exp-TT^S^+Tn", 
(vr)  •  exp — 7ri(2  v2  -f-  T22), 
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and  also  satisfies  three  differential  equations.     Conversely,  every 


function  which  satisfies  these  conditions  differs  from  0 


<Jr 


(vr)  only 


\hr 

by  a  factor  which  is  independent  of  the  variables  and  moduli.  The 
following  is  the  proof  generally  given  for  this  important  theorem 
(see,  for  instance,  Krause,  Die  Transformation  der  Hyperelliptischen 
Funktionen,  p.  5):  — 

Assume,  for  simplicity,  gl  =  g.2  =  /*!  =  k2  =  0  ;  and  let  f(v^  v2)  be 
a  function  which  obeys  the  above  equations.  Because  f(v»  v2}  is 
simply  periodic  as  regards  v^  v2  separately,  it  must  be  expressible 
as  a  sum  of  exponentials 


2       2    a      exp  2  ^(n^  +  n2v2)  . 

«1=—  x   «2=-» 

The  third  condition, 

/O'i  +  TU,  v.2  +  r12)  =/(>!,  v2)  exp  -iri(2  vl  +  rn), 
gives  2  Sa,,inj  exp  2  *i  [OTI(VI  +  TII)  +  n,(v,  +  Tl2)] 

=  ^  Sa^^  exp  2  7ri(wiVi  +  712^2  —  vx  —  JTU)  . 
By  equating  the  corresponding  terms  on  the  two  sides,  we  get 

S-L  -,  exP  vi  C  (2  »!•-  !>u 
and  repeated  use  of  this  relation  gives 

a^n,  =  «o«2  exp  TrzXVru  +  2 

By  similar  reasoning  based  on  the  fourth  condition,  it  is  easy  to 
show  that 

«o»2  =  %>  exP  7rt?i22T22. 
Therefore 

/(VD  v2)  =  OQO  2  2  exp  7r?'(TUWi2  +  2 


The  quantity  am  is  independent  of  the  parameters,  in  virtue  of 
the  differential  equations.     For 


therefo 

larly,  a^  is  independent  of 


therefore        =  0,  which  shows  that  a^  is  independent  of  TU.     Simi 
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(<V  +  /*r  +  i|£-)  =  0 


§  232.     General  formulae  for  the  addition  of  periods  and  half- 
periods. 

From  (3)  and  (4), 


2ArVr+3Ar(ftr+2/O]- 

+  Mr)]         •        •         (5), 

Ar)    the   symbol 


(O-exp-Tri 
If  \r  and  fjir  be  integers,  this  is 

O  •  exp  —  7ri[<£  4-  2  2VV  + 


the  formula  for  the  addition  of  periods. 


Let   m  = 


;    then   for 


m 


m0  is  used. 

If  Xr  and  /xr  be  multiples  of  1/2,  write  Xr/2,  jwr/2,  in  place  of 
.     Then 


(6), 


(»,).eIp-rf|T 


the  formula  for  the  addition  of  half-periods.     If,  in  this  equation, 


hr 


be  a  reduced  mark,  and  if  Ar,  /nr  receive  only  the  values  0,  1,  the 


reduced  form  of  the  new  mark  is 

r  +  \r-2gr\r 


since  each  constituent  is  now  0  or  1 ;  and  the  formula  becomes  * 

0!^ 


hr  +  HT—  2 


exp  -  TTI 


*  It  is  easy  to  remove  the  restriction  on  \r,  nr  in  (7),  but  the  result  Is  seldom  needed.    Most 
writers  on  multiple  0-fuuctions  leave  the  marks  in  the  general  formula  unreduced. 
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Examp^le. 


la- 

k 


=  (_  l)S(<7r+Ar)Mr  .  02 


r  + 
*>    i 


From  formula  (7)  it  is  clear  that  each  of  the  16  theta-functions  can 
be  changed  into  any  of  the  other  15,  save  as  to  an  exponential  factor, 
by  the  addition  of  some  pair  of  half-periods  ;  the  number  of  pairs  of 
values  of  Xr,  ^  given  by  Ar  =  0,  1  and  /utr  =  0,  1  being  just  15,  when 
the  case  A!  —  Ao  =  ^  =  ^  =  0  is  excluded. 

In  the  current  number  notation  the  result  of  adding  two  marks 
is  not  immediately  evident,  but  the  case  is  otherwise  with  the  nota 
tion  by  means  of  duads.  After  the  addition  of  half-periods  the 
suffix  of  a  theta-function  is  altered.  To  obtain  the  new  suffix  from 
the  old,  when  any  half-periods  are  added,  let  («),  (/?),  (y),  (8),  (e), 
(£),  be  the  six  odd  marks  (1),  (2),  (3),  (4),  (5),  (6),  in  any  order, 

and  observe  that  we  may  regard  '    as  a  mark.     Let  it  be 

Pi     p-2 
expressed  in  the  form  («)  +  (/?)  or  («/?).     Four  cases  arise:  accord- 


ing  as 


is  of  the  form  (7S),  («y),  («0),  (00), 


is  of  the  form  («)  +  (ft)  +  (7)  +  (8), 


and    therefore  =  (e£),   .(0y),    (00),    (aft).     We   can   express   this 
shortly  by  the  symbolic  equations 


No  attention  is  here  paid  to  the  exponential  factor,  which  is 
readily  filled  in  from  formula  (6).     As  an  illustration  of  the  above, 


let 


=[oo} 


These  two  marks  are  (36)?  (56); 


hence  the  new  theta-function  is  0K  j  also  the  multiplier  is 


i\,  is)  exp  -  ^  (Too/4  +  v,  +1/2) 


TT 

Hence 
^(i'i  +  TM/2,  v2  +  Ta/2)  =  0,5 
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§  233.  It  is  well  to  notice  that  the  symbol  m  m0  of  §  232  =  I 
or  0  (mod  2),  according  as  m  and  m0  do  or  do  not  contain  a  common 
letter.  To  prove  this,  we  write  the  odd  marks  as  follows :  — 

11  01  10 
Of  If  10' 
10  11 


2,4,6 


01 


10' 


01'         11' 

and  observe  that  if  m  and  ra0  be  different  marks,  selected  from  the 
same  row,  m  \  m0  =  1 ;  if  m,  m0  be  selected  from  different  rows, 
m  |  m0  =  0,  while  m  m  =  0.  Now 

afl    ay  =  a  \  a  +  a 


=  a 


+•  «  I  7  + 
75 


either  a,  /?,  y  are  all  from  the  same  row,  or  two  of  them  are  from 
the  same  row.     In  either  case, 


y  =  1. 


Again, 


if  y,  8  be  from  the  same  row,  a  \  y  -f  a  8  =  0,  and  p  \  y  -f  p  \  8  =  0  ; 
but  if  y,  8  be  from  different  rows,  a  y  +  a  8  =  1,  and  y8  y  +  j8  8  =  1. 
In  either  case 

ap  |  yS  =  0. 

Lastly,  it  is  evident  that  00  |  ap  =  0. 

It  will  be  useful  in  the  sequel  to  remark  that,  given  w0  =  («£), 
there  are  eight  marks  m  such  that  m  m0=0;  and  that,  since  m  \  m0=0 
implies  (m  -{-  m0)  m0  =  0,  these  eight  arrange  themselves  in  four 
pairs  :  — 

m  m+m0=mm0  ^ 

00  a/3 


ye 


(B); 


and  that,  similarly,  when  m  m0  s  1,  there  are  eight  marks  m  which 
may  be  arranged  in  the  four  pairs 


ay 


(3y 


(B'). 
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Since  the  mark  w0  can  be  chosen  in  15  ways,  (00)  being  ex 
cluded,  there  are  30  such  sets  of  four  pairs,  into  which  fall  the 
16  •  15/2,  or  120,  pairs  which  can  be  formed  from  the  16  marks. 

§  234.     TJie  Rosenhain  hexads. 

The  six  odd  marks  form  a  Eosenhain  hexad,  or,  simply,  a  hexad  ; 
and  any  six  marks  obtained  from  the  odd  ones,  by  the  addition  of 
the  same  pair  of  half-periods,  also  form  a  hexad.  Thus  there  are  16 
hexads,  as  follows :  — 


(12) 
(13) 
(14) 
(15) 
(16) 
(23) 
(24) 
(25) 
(26) 
(34) 
(35) 
(36) 


9m 


0* 
0* 


ft,,        6, 


0, 

000 


012 


ft. 

6* 


(45) 
(46) 

(56)  I  <92, 


ft. 

013 
014 


000 
045 
046 
023 
016 
015 
025 


<?35 

025 
016 
023 
014 
015 
026 
013 
024 
036 
0M 


0 


026 

016 
045 
035 
034 

036 

046 

056 

(\ 
POO 

015 
014 
023 
013 
024 
025 


(C). 


The  hexads  will  be  named  by  the  pairs  in  the  column  to  the  left. 
For  example,  the  hexad  [15,  00,  13,  16,  12,  14]  will  be  called  the 
hexad  (35).  In  each  hexad,  except  the  first,  there  are  two  odd  func 
tions  ;  any  two  hexads  have  a  common  pair  of  functions  ;  and  any 
function  occurs  in  six  hexads.  The  hexads  are  of  two  types,  which 
may  be  called  pentagonal  and  triangular.  The  pentagonal  ones  are 
of  the  form 

00,  aft,  ay,  «8,  «e,  a£, 

and  are  obtained  from  the  original  hexad  by  the  addition  of  an  odd 
mark.     The  triangular  ones  are  of  the  form 


,  ya,  86, 
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and  are  obtained  from  the  original  hexad  by  the  addition  of  an  even 
mark.  Any  pair  of  functions  belongs  to  two  hexads.  Thus  0a)3, 
Oy5,  belong  to  the  two  triangular  hexads 

and    « 


The  functions  0aj3,  Oay  belong  to  the  pentagonal  system  (a)  and 
to  the  triangular  system  (afty,  Se£).  The  functions  0^,  0aj3,  belong 
to  the  two  pentagonal  systems  a  and  ft.  The  name  of  each  hexad 
is  inferred  from  the  marks  in  it  very  simply.  In  the  triangular 
hexad  (ctfty,  8e£)  the  figures  in  each  triad  are  all  like  (all  odd  or  all 
even),  or  two  are  like  and  one  unlike.  If  all  are  like,  the  hexad  is 
(00);  if  not,  the  two  unlike  ones  name  the  hexad.  For  instance, 
the  two  unlike  ones  in  (126,  345),  which  are  1  and  4,  name  the 
hexad  (14).  The  hexad  is,  in  point  of  fact,  derived  from  (246,  135) 
by  the  interchange  of  1  and  4.  In  the  pentagonal  hexad  («)  the 
hexad  is  named  by  the  two  figures  congruent  to  a;  for  instance,  we 
speak  of  the  hexad  (35)  instead  of  the  hexad  (1). 

§  235.     The  Gopel  tetrads. 

Any  two  marks  belong  to  two  hexads  ;  a  third  mark  can  be  chosen 
in  six  ways,  so  that  the  three  do  not  belong  to  any  hexad.  If  the  two 
be,  for  instance,  00  and  aft,  the  third  is  chosen  from  yS  •  e£,  ye  •  8£, 
y£  .  Se;  for  it  must  belong  to  neither  of  the  pentagonal  hexads  («), 
(ft).  Taking  any  of  these  six  marks,  say  y8,  the  marks  00,  aft)  yS  do 
not  belong  to  any  hexad,  and  further,  no  three  of  the  four  marks 
00,  aft,  y8,  e£  belong  to  any  hexad. 

*  Such  a  system  of  four  marks  or  functions  is  called  a  Gopel 
tetrad.  It  is  evident  that  a  Gopel  tetrad  may  be  constructed  by 
taking  any  two  of  a  set  of  four  pairs  (§  233)".  From  the  30  sets 
of  pairs,  two  of  a  set  can  be  chosen  in  30  x  6  ways  ;  and  since  a 
tetrad  is  compounded  of  pairs  in  three  ways,  as  00  •  aft,  y8  •  e£  ;  00  •  yS, 
aft  •  e£  ;  00  -  e£,  aft  •  y8,  the  total  number  of  Gopel  tetrads  is  30  x  6/3 
or  60.  There  are  15  of  the  type  00  •  aft  -  yS  •  e£,  and  45  of  the  type 


§  236.     The  zeros. 

It  is  evident  that  an  odd  (9-function  vanishes  when  vv  and  v2 
vanish.  We  express  this  by  saying  that  0,  0  are  a  common  pair 
of  zeros  of  the  first  hexad.  The  second  hexad  is  obtained  by  the 
addition  of  the  half-periods,  which  have  the  mark  (12),  to  vl}  v2', 
that  is,  by  writing  vr  +  rlr/2  for  vr.  Therefore  rn/2,  r12/2  are  a 
common  pair  of  zeros  for  the  second  hexad  ;  and  so  on.  Thus  six 
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pairs  of  zeros,  which  are  incongruent  as  regards  the  periods,  are 
determined  for  each  function.  For  instance,  referring  to  the  posi 
tion  of  #00  in  the  columns  of  the  table  of  hexads,  we  see  that  0M 
vanishes,  when  v^  v2,  are  equal  to  the  half-periods  (13),  (35),  (15), 
(24),  (46),  (26)  ;  that  is,  when 

vi  =  (1  +  ru)/2,  (ru  +  Tl2)/2,  (1  +  r12)/2,  (1  -f  TU  +  r^/2,  r12/2, 


(l  +  r,2)/2,  (r^  +  T^/2,  (l  +  r,2)/2, 

(l  +  TH)/2. 

§  237.     Approximate  values  of  the  functions. 

In  the  double  series  (1)  consider  the  lowest  powers  of  expTrzYn,  expTrir^, 
exp  7TZT22.  If  #1  =  0,  {72  =  0,  the  lowest  power  occurs  when  fii  =  n*  =  0,  and  is 
then  merely  1.  If  gi  =  1,  g2  =  0,  the  lowest  power  occurs  when  n\  —  n»  =  0  and 
when  MI  =  —  1,  n-2  =  0  ;  and,  combining  these,  it  is 

2  cos  IT  (0i  +  A  i/2)  exp  J  7rtru. 
Similarly,  if  #1  =  0,  £2  =  1»  the  lowest  power  is 

2  cos  TT  (t?2  -f  ^2/2)  exp  J  7rzr22. 
If  gri  =  1,  sr2  =  1,  the  lowest  powers  are  contributed  by 

wi,  n2  =  0,  0;   -  I/O  ;  0,  -  1  ;   -  1,  -  1, 

and  are 

2  COS  Trfv,  +  V,  +  ^-^2)  exp  ^  (ru  +  2  r12  +  r22) 

+  2  cos  nYu!  -  «8  +  ^-2     exp       (TU  -  2r12  +  r22). 


These  values  are  sometimes  useful  for  the  verification  of  formulae.     If  we 
put  vi  =  vo  =  0,  we  obtain  approximate  values  of  0a/3(0,  0)  for  small  values  of 

exp  TTI'TH,  exp  TTI'TIO,  exp  7rtV22. 

When  (a/3)  is  any  even  mark,  the  value  of  0a/3(0,  0)  will  be 
denoted  by  ca/3. 

§  238.     Riemann's  theta-formula. 
Let  ar  +  br  +  cr  +  dr  —  2  ar'  "1 

^^  ^.Jl«*!    (L)- 

ar       r  +  cr      cr-^cr 
•       ar  —  or  —  cr  -f  dr  =  2  dr'  I 
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Solving  these  equations  for  ar,  br,  cr,  c!r,  we  find  that  the  equa 
tions  (i.)  are  still  true  when  unaccented  letters  are  replaced  by 
accented,  and  accented  by  unaccented.  Hence  accented  and  unac 
cented  letters  may  be  interchanged  in  any  equations  we  may  deduce. 

When   ar  becomes  ar  +  ^  +  i  |£  \r  =  0,  1 ;  ^  =  0,  1, 


ar'  becomes  ar'  +  o/*r  +  T 

2         4oAr 

and  the  same  change  is  made  in  &/,  c/,  dr'.     By  such  additions  of 
periods  and  half  periods,  Omar  becomes,  from  formula  (5), 

Omar  exp  —  iri  [<£  +  2  SArar  -f  m  |  m0], 
and  6m,ar'0m>br'0m-cr'0m,dr'  becomes,  from  formula  (7), 

exp  —  iri  \_4>  -f-  2Ar(ar'  -f  6rr  +  c/  +  dr')  +  an  even  integer], 
where  m'  = 


or  Om~ar'  -  em~br'  -  Om~cr'  •  Om.dr  •  exp  -  vi(^ 

Now  when  m1  runs  through  all  the  16  possible  values,  m"  does 
the  same. 

Hence  2  (  -  1)  "!"'^af  '  -  0,A'  •  0»'C/  •  M/» 

m' 

summed  for  all  reduced  marks,  obeys  the  fundamental  relations  of 
§  231,  when  regarded  as  a  function  of  crr;  that  is,  it  reproduces 
itself,  save  as  to  the  exponential  factor  exp  —  iri  [04-2  2Xrar  +  m  \  m0]. 
Therefore  it  differs  from  Omar  only  by  a  factor  independent  of  ar. 
Similar  reasoning  holds  for  6r,  cr,  dr,  so  that 


where  A;  is  independent  of  arJ  br,  cr,  f7r,  and  therefore  either  a  numeri 
cal  constant  or  a  function  of  the  moduli  rn,  r12,  r22. 

There  is  a  more  general  form  of  the  theta-formula  which  has 
been  used  by  Prym  and  Krazer  as  a  basis  for  their  researches  on 
the  theta-functions.  This  extended  formula,  in  the  case  p  =  2,  can 
be  found  by  changing  br,  c,.,  dr  into 
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where  V+V'+Ar'"=/x/+ /x/'+ /x/"=0,  and  <£<">  means  ^(A^,  \2M). 
For  then  «/  is  unchanged,  by  (i.),  and  b^  crt  dr  are  changed  by  pre 
cisely  the  same  amounts  as  br',  c/.  dr'.  By  these  additions  of  half- 
periods  any  mark  m  is  changed  into  mm^  mm^  mms,  where 


V 


and  the  marks  mmb  mm,,  W7W3  are  unreduced.  The  right-hand  side 
of  the  formula  (8),  already  obtained,  changes  by  a  three-fold  use 
of  formula  (6)  into 


exp  - 


On  the  left-hand  side  of  (8)  there  enters  the  same  exponential,  since 

Ar V  -f  Ar"cr'  -f-  Ar'"<7r'  =  AA  -f  A,"cr  -f  \r'"dr. 
Hence,  2(  —  l)m ;  m  Om-ctr'  •  Om-m  br'  •  Om-m  cr'  •  0m-  d  ' 

m'  123 

TO    r'     mm1    r'      mm2   r  *  "mmj*r     *  '         V^)? 

v  being  the  same  as  before. 
§  239.     Changing  dr'  into  -  dr',  write  as  in  §  211, 


2ar'= 


26r'=     or+6r-cr-c?r 
2cr'=     ar-6r4-cr-(?r 


2ar"= 


2cr"  = 


The  formula  (8)  is  now 

m-  m     r  m  \  r  )•) 

and  similarly,  by  virtue  of  the  remark  about  interchange  of  accents, 

m' 

Let  m  be  any  odd  mark.     Then,  if  we  write 


we  have,  after  subtraction, 


where  the  summation  applies  to  all  odd  marks, 
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It  has  been  stated  (in  §  233)  that  when  m,  m'  are  like  odd  marks, 
m  m'  =  l;  when  m,  m'  are  unlike,  m  m'=0;  and  when  m,  m'  are 
identical,  m|m'  =  0.  Therefore,  putting  for  example  m=  (13),  the 
last  equation  becomes 

fc(*is  +  V)  -  -  2W  -  V  -  X*'  +  X24'  +  V  +  V)  , 
or        k  (X13  +  V')  +  4  V  =  2  (  V  +  Xu'  -h  V  -  **'  -  *26'  -  *«'  )  . 

Similarly,  fc(X15  -f  X15'f)  -f  4  X15'  =  the  same  expression.     Therefore 

fc(Xw  +  V)  +  4  *13'  -  fc(**  +  V)  +  4  X15'. 
The  same  is  true  for  any  interchange  of  accents,  so  that 

fc(*i3  +  V)  +  4  V  -  A:(X15  +  V)  +  4  *15". 
Therefore  by  subtraction 

(k  -  4)  (X13'  -  V)  =  (*  -  4)  (V  -  XM"), 

an  equation  which  cannot  be  true  for  all  values  of  a/,  arn,  etc.,  except 
when  fc  =  4.  For  instance,  if  a/  =  ar"  =  the  half  period  (15),  X13' 
and  X13'r  vanish,  while  the  other  terms  need  not.  Therefore  for 
certain  values  of  the  variables  k  =  4,  and  since  k  is  independent  of 
the  variables,  its  value  is  always  4.  Writing  \l/m  for  XTO-f  XJ  +XW", 

we  have 

2  ^  =  X13'  +  X15' 

and  therefore 


where  m  and  m'  are  different  odd  marks. 

§  240.     Dealing    similarly  with    the    general  formula  (9),    we 
have 

4  Oa  •  O         •  0mwcr  .  0wm^=  2  -  l"""'^ar'  *        fe/  •        c/  -         (-d/), 


Case  i.     Let  wms  be  an  odd  mark.     Then,  by  subtraction, 


where  Xm^  now  denotes  0TOar<*>  •  ^mrai6r(/c)  •  <9wm2cr(K)  -  Omn&*\  and  w'm8 
is  any  odd  mark.  Let,  for  example,  m3  =  (12).  Then,  because 
mw3  and  m'm3  are  odd  marks,  m  and  m'  belong  to  the  hexad 

14,  16,  23,  25,  35,  46, 

derived  from  the  hexad  of  odd  marks  by  the  operation  (12),  as 
in  §  234. 
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The  symbol  m  m'  ~  1,  when  m  and  m'  have  one  common  figure. 
To  fix  ideas,  suppose  m  =  (14);  then 

2(X14  +  X14»)  =  -  X14'  +  Xw'  +  X,.'  -  X.^'  -  Xa'  -  X*'; 
or,  if  ^M  =  7*"»(<c>> 

O   /  V    '     i    V    f    i     V    '         "V    '         V'         V' 

and  therefore     i/^  +  (—  1)OT  •"*'^m'  =  0 (11), 

where  m  and  m'  belong  to  the  hexad  (12).  And  similarly  for  any 
hexad. 

§  241.     Case  ii.     Adding  the  same  equations,  we  have 
2  (Xm  -  Xm")  =  2  ( -  1)  m  i  m"Xm', 

•where  ?7i'm3  is  any  even  mark,  ?/im3  any  odd  mark.  Interchanging 
the  accents,  we  have  in  all  three  such  equations,  which  give  on 
addition 

To  reduce  this  equation,  which  contains  ten  terms,  let  us  take 
two  different  values  of  m.  First  let  these  be  of  the  form  (aft),  (78), 
as  for  instance  (12)  and  (34).  Xhese  belong  to  two  hexads,  (23)  and 
(14).  If  both  values  of  m  make  mms  odd,  ra3  must  be  (23)  or 
(14).  Selecting  the  value  ??i3  =  (23),  m'  is  any  mark  not  contained 
in  the  hexad  (23),  since  m'm.3  is  even.  That  is,  m1  is  obtained  from 
any  even  mark  77  by  the  addition  of  (23).  The  even  marks  are 

00,  12,  14,  16,  23,  25,  34,  36,  45,  56, 
and  therefore  mf  is  one  of 

23,  13,  56,  45,  00,  35,  24,  26,  16,  14. 

When  m  takes  in  succession  the  values  (12)  and  (34),  2(  —  l)mm'\{/m- 
becomes  respectively 


—  1/^23  —  1/^3  +  «Ao6  —  ^4o  +  '/'OO  —  ^35  ~  ^24  +  ^26  +  «Al6  ~  «Al4  =  0. 

Therefore,  by  subtraction, 


But  this  equation  may  be  obtained  directly  from  the  considera 
tion  of  the  ten  even  marks  ;  for 


therefore  m  \  iri  =  m  |  rj  +  m  \  (23), 
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and  consequently  2(—  l)wl  ^m-  =  0.  Writing  out  2(  —  l)w|^  when 
ra=  (12)  and  (34),  we  may  combine  the  expressions,  and  replace 
each  rj  that  remains  by  the  corresponding  m'.  Thus,  from  the  even 
marks  00,  12,  14,  16,  23,  25,  34,  36,  45,  56,  m  =  (12)  gives  the 


sequence      ^  -f  ^12  —  «/r14  —  «/r16  —  ^  —  ^25  +  ^  4-  ^  +  ^45  +  i/te  5 
m  =  (34)  gives 

«AOO  +  ^12  —  <Al4  +  ^10  —  ^23  +  ^25  4-  ^34  ~  ^36  ~  ^45  +  ^56  5 

the  half-difference  is 


(12), 


and,  when  (23)  is  added  to  each  mark,  there  results  as  before  the 
equation 

^35  +  ^45  =  ^26  +  ^16- 

The  other  value  for  m3  is  (14).  This,  in  the  second  method  of 
reduction,  has  only  to  be  added  to  each  mark  in  formula  (12),  giving 

^40  +  ^36  =  ^23  +  ^15' 

The  argument  is  clearly  independent  of  the  choice  of  («/?),  (yo), 
when  both  are  even  ;  and  it  is  left  to  the  reader  to  verify  that, 
whatever  be  the  marks  m,  provided  their  form  is  (a(3),  (yS),  the 
reduced  equation  is 


Next  let  the  marks  m  be  (a/3),  (fty).  For  the  sake  of  defmiteness 
suppose  them  to  be  (12)  and  (13).  The  values  of  m8  are  the  names 
of  the  hexads  in  which  (12)  and  (13)  occur,  namely  (35)  and  (25). 
When  m=  (12),  2(-l)m|^  is,  as  before, 


when  m  =  (13)  it  is 

^00  —  «Al2  —  ^14  —  ^16  —  ^23  +  ^25  ~  ^34  ~  ^36  +  ^45  +  ^5 

The  half-difference  is 

^12  —  ^25  +  ^34  +  ^36- 

Therefore,  when  m3  =  (35), 

^23  =  ^46  +  ^45  +  $56J 

and,  when  m3  =  (25), 


DOUBLE   THETA-FUNCTIONS.  361 

This  proves  that  for  two  marks  of  the  form  («/?),  («y)5  of  which 
one  is  even  and  the  other  odd,  we  have  results  of  the  forms 


and  it  is  left  to  the  reader  to  show,  by  working  out  a  typical  case, 
that  the  results  hold  for  any  pair  of  the  form  (a/3),  («y)- 

Lastly  let  the  marks  m  be  (a/3),  (00)  ;   say  (12),  (00).     Then 
ra3  =  (35)  or  (46)  and  2(-l)'"  Vi,  is 


Vto  4-  «Al2  +  «Al4  4-  «Al6  +  ^X  4-  ^-25  4-  ^S4 
Or  <A(X)  +  <Al2  —  <Al4  —  <Al6  —  ^23  —  ^25  4-  ^34  4-  ^36  4-  ^40  4- 

The  half-difference  is 


Therefore,  when  ms  =  (35)  , 

^26  4-  ^24  +  ^25  +  ^23  =  0, 

and,  when  ra3  =  (46), 


This  proves  that  for  the  form  (a/3),  (00),  when  («/?)  is  even,  we 
have  results  of  the  form 

+  ^ae  4~  fe  =  0  ; 


and  the  same  result  holds  when  (a/3)  is  odd. 

Combining  these  facts,  we  have  the  result  :  — 

Of  the  ten  marks  which  are  not  in  the  hexad  ra3,  four  are  in  any 
other  hexad.  If  this  other  hexad  be  triangular,  then  according  as  the 
four  marks  are  of  the  form  «£,  /?£,  ye,  Se  or  /ty,  e£,  £S,  Se,  there  is  the 
relation 

»/X  4-  fe  =  l/V  +  fae, 

or  «A/3V  =  i^e^  4-  ^  4-  «Afie- 

But  if  the  other  hexad  be  pentagonal,  then  according  as  the  system 
of  four  marks  does  or  does  not  contain  (00),  there  is  the  relation 

«AoO  =  ^aS  4-  <Aae  +  </X, 
OP  l}/ay  4-  l/^aS  4-  »Aae  4~  ^  =  0. 

All  these  come  under  the  formula 

^m=2(-l)»1»>m  .......     (13), 

where  ?n  is  any  one  of  the  four  marks,  m'  is  in  turn  the  other  three. 
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When  the  four  marks  are  given,  m3  is  determined  as  follows. 
To  the  hexad  belong  two  other  marks,  which  appear  in  the  hexad 
(m3) .  For  instance,  let  the  four  be  12  •  34  •  45  •  53,  belonging  to  the 
hexad  (14).  The  remaining  marks  16-26  also  belong  to  (24). 
And  (24),  when  combined  with  any  of  the  four,  gives  an  even  mark. 

§  242.     Formula  for  the  reduction  of  the  marks  in  \j/m. 
Let  ml  and  m2  be  reduced  marks  ;  we  shall  determine  the  formula 
which  will  enable  us    to  reduce  the  marks   in  such  a  product  as 


0        0       0 

m+mi    m+m2 


By  §232,     t^orfir 


is  reduced  by  the  factor 


exp  Tri  5  hr/jir'  (gr  +  A/) . 

Similarly  for  m-\-m^  and  for  m  —  m±  —  w2  we  have 
6  gr  —  A/  —  A/'   =  0   $,.  -f-  Ar'  +  Ar"   exp  -n-i  2  (/xr'  +  pr")(9r  +  Ar'  +  Ar"). 

The  last  mark  will  be  reduced  by  a  factor  of  the  form 

ex 
where  Kr=Q  when 


/*,"  =  0  or  1, 
and  =1  when 

hr  +  /A/  -f  /V'  =  2  or  3  ; 

these  are  all  the  permissible  values  of  hr  +  ^  +  /*/',  inasmuch  as  m, 
m1}  m2  are  reduced. 

The  conditions   are   satisfied  by   Kr=  hr(^  +  ^r")  +  /xr'/xr";   the 
reducing  factor  for  m  —  m±  —  .  w2  is 


and  the  whole  reducing  factor  is 

[2  0A(/*r'  +  Mr")  +  /^(^V/  +  VVr"  +  VV") 


or,  omitting  a  factor  which  is  independent  of  m, 

exP7ri[S^XVM/'  +  VW)  +  ^(^V/'  +  M/  +  M/')]      '     • 
This  result  is  not  altered  by  writing  A/",  //,/"  for  Ar',  /xr'  or  for 
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§  243.     Addition  theorems. 

I.     When  m'm3  is  odd,  let  us  put 

ar,    br,    cr,    dr  =  iv  +  vr',  0,  0,  vr  -  vr'. 
Then  <  &,',   c/,  c?/  =  i-r,  v/,  r/,  -«„ 

and  a,"  br",  cr",  dr"  =  vr',v»v*  vr'. 

Let  w  =  (13),  m'  =  (15).  We  seek  to  express  the  relations 
between  0J3(v±v'),  6l5(v±v')  and  ^-functions  of  v,  v',  using  for 
that  purpose  formula  (11), 

«/u+(-l)mmVv  =  0, 
in  which  mm3,  ra'm3  are  odd  marks. 
Since  mm3  and  ra'w3  are  odd, 

wis=  (00)  or  (35). 
Taking  ??i3=(35),  we  have 


Now  in  order  that  the  functions  0M,   0TO,,   with  the  arguments 
IV  ±  i1/,  may  not  disappear,  it  is  necessary  that  the  marks 


be  even.  Therefore  m^  and  m.2  must  be  selected  from  (12),  (14;; 
(16),  (24),  (26),  (46).  The  condition  m,  +  m2=  (35)  further 
restricts  m^  m.2  to  the  three  pairs 


12,46;    14,26;    16,24. 


Take  ml  =  (12)  =  i  1  0 

loo 


01 
01 


The  reducing  factor  of  §  242  is  (-  !)**;  that  is,  +  1  for  m  =  (13), 
-  1  for  m1  =  (15).     Therefore,  from  formula  (11),  since 


m,  mmlt  mm2,  m??i3  =  (13),  (23),  (25),  (15), 
and  m',  m'm^  m'm,,  m'ma  =  (lo),  (25),  (23),  (13), 

CsfixlO^v  +  v')0u(v  -  v')  +  Ou(v  +  i'')0L,(v  -  v')  I 

-  ?  eMOjeu  +  2  Ou' 

where  the  arguments  of  0  are  v^  v2,  and  those  of  6'  are  i-/, 


364  DOUBLE   THETA-FUNCTIONS. 

II.   In  the  second  case,  when  m'm3  is  even,  we  use  formula  (13), 
^=2(-l)-'*fe 

Let  op,    br,    cr,    dr   =  Vr  +  vr',  vr-vr',Q,0- 

then  <  brf,  cj,   dj  =  vr,  vr,  vr',  -vr'; 

and  a,"  6,"  cr",  dr"  =  vr,  vr,  vr',  vr'. 

Let  two  of  the  four  marks  be  (13),  (15),  and  ml  =  (35).  That 
Ois(v±v')  and  015(v±v')  may  not  disappear,  we  may  choose 
m2  =  (12),  m3  =  (46).  From  either  of  the  two  hexads  which  contain 
(13)  and  (15)  two  other  marks  must  now  be  selected.  But,  in  order 
that  for  these  0m(v±v')  may  not  enter,  we  impose  the  condition 
that  mm2  be  odd.  This  restricts  the  choice  to  (14),  (16)  from  the 
hexad  (35),  or  to  (35),  (46)  from  the  hexad  (00).  Choosing 

m  =  (13),  (15),  (14),  (16), 

we  have  7717%=  (15),  (13),  (26),  (24), 

mro2=(23),  (25),  (24),  (26), 
mms=(25),  (23),  (16),  (14), 
and  the  reducing  factor   =       1,    —  1,    —  1,       1  ; 
the  reducing  factor  of  §  242  being,  as  before,  (—  1)**. 
The  equation 

«Al3  +  *Al5  +  <Al4  +  <Al6  =  0 

bscomes 

2  - 


or      CajC^fl^i;  +  vr)^5('y  -  vf)  -  6>15(t'  +  v')6l3(v  -  v')  j 

—  2  ^14^26^24^16'  +  2  ^24^16^14^26'  = 

Similarly,  if  we  replace 

ar,  &r,  cr,  dr  by  0,  vr  +  vrf,  vr  -  vr',  0, 
the  rest  of  the  work  being  unaltered,  we  have 


v  +  v')02G(v  -  v')  -  $M(v  +  v')0,4(v  -  v')  \ 

+  9/3    A    'A    >Q  9  A    *  A    A    fi    >        <"k 

"  "iS^lo  "28  ^25  —  *  "l3  vyftyftiz    =  U. 

From  the  two  equations  already  obtained  for  013(v  +  ^')^io(v  —  v') 
and  ^i5(v  +  v')0w(v  —  v'),  it  is  evident  that  each  of  these  quantities 
can  be  expressed  in  terms  of  ^-functions  of  v  and  v'. 
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Example.     Prove 

O  +  v')0x(v-v')  +  Ow(v  +  v')e<s  (v  -  v')  I 

~  2  MA  V  +  2  flooMasV  =  0. 


§  244.     Delations  between  the  squares  of  four  theta-f  unctions  of  a 
liexad. 


Let 
then 
and 


«r,  br,  cr,  c7r  =  vr,  vr,  0,  0 ; 
<  V,  cr',  d,'  =  v,,  vr,  0,  0, 
ar",  br",  cr",  dr»  =  vr,  vr,  V,  0. 


Further  let  m,  =  (00)  .     Then  since  m,  +  m2  +  ms  =  0,  m,  =  -  m3  • 
and  im  takes  the  form 


Here  the  reducing  factor  is   (- 
Hence,  dropping  the  factor  3,  we  may  put 


-,  when  7?im3  is  reduced. 


in   formula    (13).     We   thus   have  a  linear  relation   between  the 
squares  of  any  four  functions  of  a  hexad. 

For  example,  let  m,  =  (00).     Then  we  have  the  six  independent 
relations 


(15), 


and  nine  others  which  are  readily  deduced  from  these  by  subtrac- 

10 


tion.     Again,  if  m3  =  (13)  = 


10 


,  and 


=  (13),  (12),  (14),  (16), 


10 
10 


10 

00 


01 

10 


00 

11 
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we  have,  attending  to  the  factor  (—  l 

-  eM-oia*ca?+  0M  V+  0i 

Similarly,    -e*W~*M+tJ*f+O 


"'  or  (—  1)^, 

=o. 

'~fy  wi8=(35), 


-0522C542=0,  ro8=(24), 
-05^c5i=0,  m3=(46), 
.(9562c522=0,  ma=(26).  J 

The  total  number  of  such  relations  is  the  number  of  sets  of  four 
which  can  be  chosen  from  the  hexads ;  namely,  |  •  6  -  5  •  16  or  240. 

Example.     Prove  the  relation 

0i2 V  +  0i32c562  =  0i42c122  +  ft*  V- 

§  245.     Relations  between  the  c's. 

If  in  the  square  relation  we  put  vr  =  0,  we  derive  six  relations  of 
the  form 

Coo4  =  c124  +  cu4  +  c164  •     •     •     '     •     '     '     •     •     (17)' 

and  six  relations 


„      r        _  A 

45  —  c16  c56  - 


2         />    2,,    2 

25    —  C34  C45 


c,,32c362 


2  _ 

- 

^2,,    2  _  A 
C36  C56    — 

C2j2C452  =  0 

c2/c562  =  0 

362  -  C452C562  =  0  J 


(18). 


This  may  be  stated  as  follows  : 
The  ratios  of  c122,  c142,  c162  ;   -  c, 


;   -  c^2,  -  c452,  c562  to 


are  equal  to  the  coefficients  in  an  orthogonal  transformation  of  co 
ordinates.  (See  Caspary,  Crelle,  t.  xciv.)  For  if  we  write  for  these 
ratios 


we  have  the  relations 

if 

r=l 

^ 

s-l 


(8  =  1,2,  or  3), 
(r«  1,2,  or  3), 

(s  =  1,  2,  or  3;  «'  =  1,  2,  or  3 ;  s  ^  s'), 
(r  =  l,  2,  or  3;  r'  =  l,  2,  or  3;  r^r'). 
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Interpreted  in  this  way,  the  table 

Aoo2 •     •     (D) 


f    -        n    - 
C14          ^16 

-  2 


affords  a  compendium  of  the  relations  in  question.  It  may  be 
observed  that  the  sign  is  minus  when  the  figures  in  the  suffix  are 
displaced  from  their  natural  order. 

§  246.     Relations  beticeen  the  squares  of  Jive  tketa-functions. 

Excluding  0^  take  any  five  functions  0^  02,  03,  04,  05,  no  four  of 
which  belong  to  a  hexad.  Eeferring  to  the  table  of  hexads  (§  234), 
we  see  that  in  any  case  two  triads, 

OH  6*  03  and  $lt  04,  05, 

can  be  chosen,  which  belong  to  different  hexads.  The  two  hexads 
have  0!  and  some  other  function  06  in  common. 

Therefore      6,2,  6/,  Of,  Of  and  62,  042,  0-?,  062, 

are  linearly  related.  Eliminating  062,  we  have  a  linear  relation  between 
0i2>  OS,  Os2,  Of,  65.  There  cannot  be  two  such  independent  relations. 
For  if  there  be  a  second  linear  relation  between  0?,  022,  032,  042,  052, 
there  is  a  linear  relation  between  Of,  #./,  &.2,  Q42,  of  which  three  belon°g 
to  a  hexad,  and  therefore  have  a  common  pair  of  half-periods  as 
zeros.  If  then 


0i-  #.-,  03  vanish  for  values  which  do  not  make  04  vanish,  and  conse 
quently  A*4  =  0.  The  relation  reduces  to  |  1cK0Ks  =  0  ;  but  0:  and  02 
belong  to  some  other  hexad,  and  therefore1  have  a  common  pair  of 
half-periods  as  zeros,  which  are  not  zeros  of  03.  Therefore  £3  =  0, 
and  fr^2  -f  Jc.$.2  =  0,  a  relation  which  is  impossible,  since  all  the  pairs 
of  zeros  of  0f,  0,r  are  not  the  same. 

If  one  of  -the  originally  selected  functions  be  0(X),  the  addition  of 
suitable  half-periods  gives  five  functions  not  including  0^;  and  from 
the  relation  between  these  five  follows  a  similar  relation  between 
the  original  five. 

There  is  then  a  linear  relation  between  the  squares  of  any  five 
functions,  no  four  of  which  belong  to  a  hexad. 

The  proof  supposes  that  there  is  no  linear  relation  between  four 
squares  which  do  not  belong  to  a  hexad.  This  is  evident  if  any 
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three  belong  to  a  hexad,  and  the  only  outstanding  case  is  that  of  a 
Gopel  tetrad.     Suppose  that 


i22  +  fcsA2  +  Mi32  +  M242  =  0  ; 
then,  when  vr  =  0, 

12^12    ~T~  ***34^34"  ~~  ^  ? 


and  when         vr  =  pr/2  +  J  S<£/SAr,  and 
it  follows  from  (7)  that 


=  (56)  = 


01 

00 


"^12^34    ~T~  ^34^12    —  ^' 

Therefore,  either  k12  =  Jc^  =  0,  or 


The  former  supposition  is  impossible,  because  it  would  imply  a 
linear  relation  between  two  squared  theta-functions ;  the  latter  suppo 
sition  is  untenable,  because  there  are  three  independent  parameters, 
TU,  r12,  T22,  of  which  the  c's  are  functions,  and  the  approximate  values 
for  the  c's  in  terms  of  the  T'S  disprove  the  equations 


The  total  number  of  sets  of  five  is  16.15^.14.13.12.  the  num 
ber  of  sets  of  which  all  are  in  a  hexad  is  6  •  16,  and  the  number  of 
sets  of  which  four  are  in  a  hexad  is  —^—  •  10  •  16.  Hence  the  num 
ber  of  linear  relations  between  five  squares  is  1872. 

The  general  theorem  at  which  we  have  arrived  is  the  following: 
Four  squared  theta-functions  are  connected  by  linear  equations 
when,  and  only  when,  their  marks  belong  to  a  Rosenhain  hexad ; 
but  there  is  always  a  linear  relation  between  five  squared  theta- 
functions,  no  four  of  which  belong  to  a  hexad. 

Hence  every  #2  is  linearly  expressible  in  terms  of  four  selected 
squares,  if  these  four  do  not  belong  to  a  hexad.  For  instance,  the 
four  theta-functions  may  form  a  Gopel  tetrad. 

§  247.  Product  theorems. 

Let  ar,  &„  cr,  dr  =  vr,  vr,  0,  0 ; 

then  a/,  &/,  c/,  dj  =  vr,  vr,  0,  0, 

and  ar",  br",  cr",  d,"  =  vr,  vn  0,  0. 
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Therefore  ^  =  3  "m  Ommicmmtcmmf 

and,  from  §  241, 


the  summation  being  for  any  three  marks  m'  which,  like  m  itself, 
give  an  even  mark  when  combined  with  ms. 

Now  \l/m  exists  only  when  mm2  and  mm3  are  even,  and  since, 
regarding  m.,  and  77i3  as  given,  there  are  six  values  of  m  for  which 
mm2  is  odd,  six  values  for  which  ww3  is  odd,  and  two  values 
for  which  both  mm2  and  mra3  are  odd,  there  must  be  six  different 
values  for  which  both  mw2  and  mmz  are  even.  But  77?77i1ra2=rara3, 
mmw^mms,  since  m^  -f  m*  +  ™3  =  0.  Therefore,  if  m  be  one  of  the 
values,  m??!!  is  another;  and  corresponding  to  any  two  marks  w2,  m3, 
there  are  three  products  of  pairs  of  functions,  0n,0mmi,  between  which 
there  is  a  linear  relation.  The  number  of  such  relations  is  the 
number  of  ways  in  which  m2  and  ra3  can  be  chosen  ;  that  is, 

i  .  16  .  15  or  120. 
Since  mm.2  and  mm3  are  even, 


and,  by  addition,      m  !  m,  -f  m  ;  ?7i3  +  5Ar'Vr"  +  2Ar'"/xr'"=0, 

therefore  m  '  ?7ij  is  given.  This  shows  that  the  three  linearly  related 
pairs  belong  to  one  of  the  30  sets  of  four  pairs  of  §  233.  Four 
relations  can  be  formed  from  each  set  by  leaving  out  each  pair  in 
turn,  the  total  number  of  relations  being  4  x  30  =  120. 

Taking  the  set  determined  by  ml  =  (12),  771  1  ml  =  0,  we  see  that, 


since  m  = 


10 


,  it  must  be 


00 

00,12;  34,56;  35,46;  36,45 

The  determination  of  7/?2,  w3  is  effected  by  the  consideration  that 


therefore  w2,  ws=00,  12;  34,  56;  35,  46;  36,  45. 

The  reducing  factors  are  respectively 
1,1,  (-1)*,  (-1)',. 
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Therefore,  taking 

m  =  (00),     m'  =  (34),  (35),  (36), 
and  observing  that  g.2  =  0,  1,  1,  0  respectively,  we  have  from 


when 
when 
when 
when 


mlt  m2,  w3=12,  00,  12, 

000012  Vi2  =  034056^56  + 
Wj,  m2,  m3=12,  34,  56, 

000012C34C56  =  03405(>C00C12  + 

ml5  m2,  w?3=12,  35,  46, 

-  034056^36  -  03504GV12  +  036045^34  =  0  ; 

mb  wi2,  m3=12,  36,  45, 

#00012^4,-,  =  -  033040^34  + 


(19). 


Example.  Eliminating  from  these  four  equations  the  four 
quantities 

^3/3        /3/3        /1/3        /3/3 
^OOVlft    ^34^565    ^35^465   ^36^45) 

we  have  a  determinant  in  the  c's.     Verify  from  the  relations  of  the 
c's  that  this  determinant  vanishes. 

§  248.     The  number  of  independent  relations. 

The  relations  between  theta-functions  of  the  same  variables, 
which  can  be  derived  by  the  preceding  processes,  are  very  numerous, 
but  they  are  all  reducible  to  thirteen  independent  relations,  of 
course  in  very  many  ways.  For  instance,  the  equations  (15) 
express  all  the  other  even  functions  in  terms  of  four,  say  of 
0oo?  0m  034?  0565  then  equations  (16)  express  the  odd  functions  in 
terms  of  these  four,  and  finally  the  first  of  equations  (19)  connects 
these  four.  If  the  sixteen  functions  be  selected  as  co-ordinates  of 
a  point  in  space  of  fifteen  dimensions,  the  thirteen  independent 
relations  amongst  the  0's  show  that  the  point  belongs  to  a  two- 
dimensional  locus  in  this  space. 

Between  any  four  theta-functions  there  is  a  relation.  We  have 
seen  of  what  nature  this  relation  is,  when  the  functions  belong  to  a 
hexad  ;  we  proceed  to  examine  the  nature  of  the  relation  when  the 
four  functions  belong  to  a  Gopel  tetrad. 

§  249.     GopeVs  biquadratic  relation. 

To  determine  the  relation  between  a  Gopel  tetrad,  say  0&,  056,  03<j, 
04,,,  selected  from  the  pairs 

00-12;  34-56;  35-46;  36-45, 
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let  us  connect  6^  with  the  tetrad.  To  do  this  we  observe  that 
34  •  45  •  35  belong  to  the  hexacl  (345  -  126),  and  56  •  36  .  35  to 
(356-124).  The  remaining  mark  common  to  the  hexads  is  12. 
Hence  the  relations 

Ci&s?  -  c^On*  -  c52%/  +  cJO,?  =  0, 

Curls'  -  Cs/Ou*  +  CsfOtf  -  CjfOx*  =  0, 

are  easily  written  down  by  the  method  already  explained.  Elimi 
nating  #!/, 

(Cu4  +  c164)  0^  =  CM VW  +  CM  W  ~  c*  W  +  CM VW  =  U  (say) . 
To  express  ^  by  means  of  the  tetrad,  we  add  the  half-periods 
(12)  to  each  argument,  and  obtain 

(CM*  +  Cie4) 0*2  =  c14LV#542  +  c14V0«42  -  C322c1620562  -f  cM'c^w2  =  F  (say). 
Also,  from  formula  (19), 

WiaftxP*  =  -CuCaM*  +  e^cyft^  =  TF  (say). 

Eliminating   0^  ^    ^e   have   a  relation    of   the   fourth  order 
between  the  functions  of  the  tetrad, 


In  this  equation,  when  expanded,  the  coefficients  of 

/J4/34  /)    4  /)    4 

^34  ?    ^56  )    —  "36  >    —  "54 

are  equal.     But  also  the  coefficients  of  O^Q-J  and  tfgs2^2  are  equal  and 
opposite  :  for  these  coefficients  are 


and  CboV(cuV  +  c524c164)  -  cMV(e,44  -f  c164)2, 

and  their  sum  is 

CboV(Cu4  +  C164)  (C324  +  C524)  -  (CMV  +  C«V)  (V  +  C164)2, 

which  vanishes,  since 

<-324  +  c524  =  c144  -f-1  c164    from  (17)  , 
and  COQ  V  =  ^V  +  CM  V    from  (19)  ,  when  vr  =  0. 

Similarly  the  coefficients  of  0^0^  and  ^542^562,  and  those  of  0^0^ 
and  W  are  equal.     Accordingly  the  biquadratic  relation  is  of  the 

^  +  ej  -  ^4  -oj  +  A  (ex-  -  ejOst) 


(20> 
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§  250.    Kummers  W-nodal  quartic  surface. 

Eegarding  the  four  functions  as  homogeneous  co-ordinates,  the 
equation  is  that  of  a  quartic  surface ;  and  the  abridged  form  shows 
that  the  intersections  of  the  quadrics  U,  V,  TFare  nodes.  But  U, 
V)  W  vanish  when  0^  and  ft^  vanish ;  that  is,  when  v^  v.2  =  0,  0,  and 
when  vlt  v.2  =  the  half-periods  (12).  Hence  the  points  %,  c56,  cx,  c54 
and  c56,  c34,  c54,  c36  are  nodes. 

The  symmetry  of  the  expanded  equation  shows  that  it  is 
unaltered  by  the  interchange  of  3  and  5,  or  4  and  6 ;  that  is,  by  the 
addition  to  it  of  the  half-periods  (35)  or  (46).  Hence  also 

^  c^,  c56,  c34  and  c36,  c54,  c34,  c5b 

are  also  nodes.  Further  the  equation  is  unaltered  when  the  signs 
of  two  of  the  co-ordinates  are  changed. 

Hence  there  are  16  nodes,  the  scheme  of  which  is 

#34  =  ^34,   C56,   054,   03(5, 

056=±C56,    ±C34,    ±C46,  ±054, 

#36  =  ±  C36,    ±  C54,    ±  C36,  ±  €34, 

#54  =  ±  C54,    ±  C36,    ±  C34,  ±  CSQ, 

where  one  of  the  signs  in  each  column  of  ambiguous  signs  is  to  be 
-f-.  The  surface  has  therefore  the  maximum  number  of  nodes 
(Salmon,  Geometry  of  Three  Dimensions,  §  573). 

The  connexion  between  the  double  theta-functions  and  Rummer's 
surface  was  first  pointed  out  by  Cayley,  Crelle,  t.  Ixxxiii.,  p.  210, 
who  was  followed  by  Borchardt  (ib.,  t.  Ixxxiii.)  and  Weber  (ib.,  t. 
Ixxxiv.).  Other  important  memoirs  in  this  connexion  are  Kohn, 
Math.  Ann.,  t.  xv.,  in  which  the  subject  of  quadratic  transformations 
is  taken  up  ;  and  Klein,  Math.  Ann.,  t.  xxyii.  A  detailed  account  of 
the  subject  is  given  by  Eeichardt,  Ueber  die  Darstellung  der  Kum- 
mer'schen  Flache  durch  hyperelliptische  Functionen,  Halle,  1887. 

§  251.     The  p-tuple  theta-functions. 
The  series 

2J  •  •  •    2  exp  iri 

n1=-=o     np=-* 

I"  S  2rrs  (»„  +  gf/2)  (n.  +  g./2)  +  2 1  (nr  +  gr/2)  (vr  +  Ur/2)\ 

|_r=l  s=l  r=l  J 

where  rrs  =  rsr,  and  gr,  hr  are  integers,  is  absolutely  convergent  when 
the  coefficient  of  i  in  ^rnnrn,  is  expressible  as  the  sum  of  p  positive 
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squares.  This  can  be  proved  by  an  extension  of  the  method  of 
§  223,  and  we  refer  the  reader  to  the  authorities  quoted  in  that 
paragraph.  Under  the  condition  stated,  the  series  defines  a  function 
which  is  one-valued  for  all  values  of  the  p  arguments  v^  The  func 
tion  is  called  a  p-tuple  theta-function,  and  is  denoted  by  6 

hr 

or  0mvr.  The  function  is  even  or  odd  according  as  2^r  =  0  or  1 
(see  §  228),  and  its  properties  as  regards  periods  are  precisely 
analogous  to  those  of  the  double  theta-function. 

Formula  (9),  §  238,  takes  the  form 


where  in  equations  (i.)  r  =  1,  2,  ••.,£>,  and  where  m1  is  any  mark 

ffr 


,  m  is  a  given  mark 


,  andm   m'  = 


References.  The  following  books  deal  with  the  theory  of  theta-functions 
from  the  algebraic  standpoint:  Krause,  Die  Transformation  der  Hyperellip- 
tischen  Funktionen  erster  Ordnung ;  Krazer,  Theorie  der  zweifach  unendlichen 
Thetareihen  auf  Grund  der  Riemann'schen  Thetaformel ;  Krazer  and  Prym, 
Xeue  Gnmdlagen  einer  Theorie  der  allgemeinen  Thetafunctionen ;  Prym,  Un- 
tersuchungen  ueber  die  Riemann'sche  Thetaformel.  All  these  works  are  pub 
lished  by  Teubner. 

The  theta-functions  form  an  essential  part  of  Riemann's  theory  of  Abelian 
Integrals,  and  therein  lies  their  present  importance.  Works  on  Riemann's 
theory  contain  more  or  less  of  the  Algebra  of  the  theta-functions ;  accordingly 
to  the  above  references  can  be  added  those  at  the  end  of  Chapter  X. 

The  founders  of  the  theory  of  this  chapter  were  Gopel  (Theorise  transcenden- 
tiurn  Abelianarum  primi  ordinis  adumbratio  levis.  Crelle,  t.  xxxv.)  and  Rosen- 
hain  (Memoire  sur  les  fonctions  de  deux  variables  et  a  quatre  periodes.  Mem. 
pres.  a  P  Academic  des  Sciences  de  Paris,  t.  xi.).  A  bibliography  will  be  found 
in  Krause's  book ;  but  special  mention  ought  to  be  made  here  of  a  memoir  by 
Weber  (Math.  Ann.,  t.  xiv.)  and  of  Cayley's  memoir  in  the  Phil.  Trans.  (1880). 
The  method  used  in  §  239  and  following  paragraphs  for  the  discussion  of  formula 
(9),  which  is  due  to  Prym,  appears  to  be  new. 


CHAPTER   IX. 

DIRICHLET'S  PROBLEM. 

§  252.  Hitherto  the  parts  of  a  f  unction  /(z),  =  u  -f-  iu,  have  been 
considered  in  the  combination  u  -f  iv,  and  x,  y  in  the  combination 
x  4-  1?/.  Let  the  functions  w,  v  be  one-valued  and  continuous,  as  also 
their  first  differential  quotients,  throughout  a  connected  region  of 
finite  dimensions  which  includes  the  point  z;  in  other  words, 
throughout  some  neighbourhood  of  z.  By  §  20  of  Chapter  L,  f(z) 
has  at  this  point  z  a  differential  quotient  f\z)  which  is  independent 
of  dz.  Conversely,  in  order  that  u  4-  iv  may  admit  a  continuous 
differential  quotient  f\z)  at  a  point  z,  within  whose  neighbourhood 
u,  v  are  continuous,  the  real  functions  u(x,  y),  v(x,  y)  must  give  rise 
to  continuous  partial  differential  quotients  of  the  first  order.  For, 
by  supposition 

A(u  -f  w)/Az  =  A(M  4- 

A(M  +  *y)/Az  =  A(%  4-  i 

and,  when  Az  tends  to  zero,  the  left-hand  side  tends  to/'  (2);  hence 
the  riht-hand  sides  must  tend  to 


8u/8x  -j-  i8v/8x  and   —  i8u/8y  4-  8tf/%  ; 

.....     (1). 


)  is  continuous  by  supposition,  therefore  the  components 
of  the  right-hand  sides  must  be  continuous  ;  hence  the  condition 
imposed  upon  f(z)  —  that  it  is  to  have  a  continuous  differential  quo 
tient  —  implies  the  continuity  of  8u/8x,  &u/8y,  $v/8x,  <$v/8y  in  the 
neighbourhood  of  z. 

The  differential  equations   (1)   might  have  been  selected  as  a 
starting-point  for  a  theory  of   functions   of  a  complex  variable.* 

From  them  it  is  possible  to  deduce  Cauchy's  theorem    (  f(z)dz  =  0, 

J  c 
where  C  is  a  closed  curve  contained  within  a  region  T,  throughout 

which  u,  v,  and  the  first  partial  differential  quotients  are  one-valued 

*  This  is  the  plan  adopted  by  Picard  in  his  Traite  d'  Analyse. 
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and  continuous.  As  a  consequence  of  this  theorem  it  follows  that 
all  the  higher  differential  quotients  of  u,  v  exist  within  r,  and  are 
finite  and  continuous  ;  also  that  /(z)  at  a  point  ^  of  the  region  can 
be  expressed  as  an  integral  series  P(z\zl))  the  circle  of  convergence 
extending  at  least  to  the  rim  of  T. 

Since  the  higher  partial  differential  quotients  of  u}  v  exist  and 
are  one-valued  and  continuous  in  F,  it  follows  that 

tfu/Sx*  =  yv/fyto,  &u/8y*  =  -8*v/8x$y,  &u/$s?  +  'o2u/of  =  0     .     (2). 

The  discussion  of  the  properties  of  an  analytic  function  might  be 
carried  out,  ab  initio,  with  the  initial  assumptions  that  in  the  neigh 
bourhood  of  a  non-singular  point  (x,  y)  the  functions  u,  Su/8x, 
8u/8y,  S^X&c2,  tfu/Sy*  are  continuous,  and  that  &u/8a?,  &u/8y*  satisfy 
the  equation 

S2w/&c2  +  82w/%2  =  0. 

The  equation  (2)  is  a  special  case  of  Laplace's  equation 

yu/Sa?  +  &u/8if  +  &u/&r  =  Q •      (3), 

which  plays  so  important  a  part  in  Mathematical  Physics. 

In  many  branches  of  Mathematical  Physics  a  problem  which  is 
constantly  arising  is  to  determine  u  throughout  a  region  of  space, 
given  the  values  of  u  on  the  boundary  of  the  region,  and  given  that 
u  satisfies  the  equation  (3)  throughout  the  region  in  question.  The 
problem  which  we  propose  to  discuss  in  this  chapter  belongs  to  this 
class.  On  the  general  subject  of  the  partial  differential  equations 
which  occur  in  Mathematical  Physics  we  refer  the  reader  to  an  im 
portant  memoir  by  Poincare",  Ainer.  Jour,  of  Math.,  t.'xii.,  p.  211; 
this  memoir  contains  among  other  things  a  most  original  discussion 
of  Dirichlet's  problem  for  three  dimensions. 

Riemann's  special  mode  of  treatment  of  functions,  with  Laplace's 
equation  as  a  basis  for  the  theory,  was  undoubtedly  suggested  by 
physical  considerations  immediately  connected  with  the  Potential 
theory ;  although  his  theorems  are  couched  in  the  language  of  pure 
analysis.*  The  most  novel  feature  of  Kieinann's  work  was  pre 
cisely  his  attempt  to  define  a  function  u  +  iv  of  x  +  iy  within  a 
region  by  its  discontinuities  in  that  region  and  by  certain  boundary 
conditions,  in  preference  to  the  use  of  an  arithmetic  expression  as  a 
basis.  The  difficulties  presented  by  such  a  method  must  of  necessity 

*  Attention  is  called  to  tho  physical  aspects  of  Riemnnn's  work  by  Klein  in  his  valuable 
pamphlet  Ueber  Riemanu's  Theorie  der  Algebraischen  Functionen  und  ihrer  Integrate. 
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be  formidable,  for  little  is  known  as  yet  of  the  nature  of  the  proper 
ties  of  functions  in  general;  so  that  when  certain  properties  are 
postulated  of  a  function  it  is  essential  that  some  proof  be  given  of 
the  existence  of  a  function  with  these  properties.  Despite  the  diffi 
culties  associated  with  it,  Riemann's  method  has  proved  of  immense 
service  in  the  study  of  Abelian  integrals  and  automorphic  functions. 

In,  view  of  the  yearly  increasing  importance  of  the  mathematical  investiga 
tions  which  have  been  carried  out  on  Riemami's  lines,  rigorous  proofs  of  exist 
ence  theorems  are  of  the  highest  value,  even  though  the  analysis  be  too  indirect 
and  laborious  to  serve  as  a  method  for  the  calculation  of  the  functions  whose 
existence  it  establishes.  To  a  student  of  applied  mathematics  these  proofs  may 
appear  unnecessarily  long  and  tedious  ;  the  more  so  as  in  certain  applications  the 
existence  of  the  potential  function  is  indisputable.  For  his  benefit  we  may  be 
permitted  to  quote  a  passage  from  the  memoir  of  Poincar6's,  to  which  reference 
was  made  above  :  "  Neanmoins  toutes  les  fois  que  je  le  pourrai,  je  viserai  a  la 
rigueur  absolue  et  cela  pour  deux  raisons  ;  en  premier  lieu,  il  est  toujours  dur 
pour  un  geometre  d'aborder  un  probleme  sans  le  resoudre  completenient ;  en 
second  lieu,  les  equations  que  j'etudierai  sont  susceptibles,  non  seulement  d' ap 
plications  physiques,  mais  encore  d' applications  anatytiques.  C'est  sur  la  possi- 
bilite  du  probleme  de  Dirichlet  que  Riemann  a  fonde  sa  magnifique  theorie  des 
fonctions  abeliennes.  Depuis  d'autres  g£ometres  ont  fait  d'importantes  appli 
cations  de  ce  meme  principe  aux  parties  les  plus  fondamentales  de  1' Analyse 
pure.  Est  il  encore  permis  de  se  contenter  d'une  deini-rigueur  ?  Et  qui  nous 
dit  que  les  autres  problemes  de  la  Physique  Mathematique  ne  seront  pas  un  jour, 
comme  Pa  deja  ete  le  plus  simple  d'entre  eux,  appeles  a  jouer  en  Analyse  un 
role  considerable  ?  " 

The  basis  for  Riemann's  work  is  a  famous  proposition  known 
among  continental  mathematicians  as  Dirichlet's  Principle,  or 
Problem. 

§  253.  Dirichlet's  problem  for  two  dimensions.  To  find  a  function 
u(x,  y)  which,  together  with  its  differential  quotients  of  the  first 
two  orders,  shall  be  one-valued  and  continuous  in  a  region  F,  which 
shall  satisfy  Laplace's  equation  and  shall  take  assigned  values  upon 
the  boundary  of  the  region. 

In  the  problem  just  enunciated  we  must  pay  attention  to  the 
order  of  connexion  of  the  region,  to  the  character  of  the  rim  or 
rims,  and  to  the  manner  in  which  the  values  are  assigned  along  the 
rim  or  rims.  In  the  simplest  form  of  the  problem,  the  region  T  is 
simply  connected  and  bounded  by  a  simple  contour  such  as  the 
circle  or  ellipse ;  also  the  values  on  the  rim  are  continuous.  In  the 
most  general  form  of  the  problem,  the  region  F  is  w-ply  connected 
and  bounded  by  an  exterior  simple  contour  C0  and  by  n  —  1  interior 
simple  contours  Ci,  C2,  •••,  Cn  lt  which  are  exterior  to  one  another. 
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We  shall  denote  the  collective  boundary  by  C,  and  shall  speak 
of  points  within  the  region  as  points  in  F,  and  of  points  on  the 
boundary  as  points  on  C.  The  curves  which  constitute  C  are  sup 
posed  to  have  tangents  whose  directions  vary  continuously,  except 
at  a  finite  number  of  points  at  which  there  is  an  abrupt  change  of 
direction;  a  case  which  would  arise,  for  instance,  were  the  rim 
a  polygon  composed  of  a  finite  number  of  circular  arcs.  The  values 
assigned  to  the  rim  will  be  continuous  except  at  a  finite  number  of 
places.  Any  real  function  u  (x,  y)  which,  together  with  its  differ 
ential  quotients  of  the  first  two  orders,  is  one-valued  and  continuous 
in  T,  and  satisfies  Laplace's  equation  for  two  dimensions,  is  called 
harmonic  (Xeuinann,  AbePsche  Integrale,  2d  ed.,  p.  390).  Dirichlet's 
problem  can  be  re-stated  as  follows  :  to  find  a  function  u(x,  y)  which 
shall  be  harmonic  in  F,  and  which  shall  take  assigned  values  on  (7, 
these  values  being  supposed  to  be  continuous  along  C  except  pos 
sibly  at  a  finite  number  of  points.  It  should  be  remarked  that  the 
boundary  value  at  a  point  s  on  C  is  to  be  identical  with  the  limit 
to  which  u  (x,  y)  tends  along  a  path  in  F  which  leads  to  s,  this 
limit  being  assumed  to  be  the  same,  however  the  path  may  be  chosen.* 

Green  was  the  first  mathematician  who  enunciated  the  general  problem 
("  An  Essay  on  Electricity  and  Magnetism,"  1828,  §  5),  but  his  proof  was 
based  on  purely  physical  considerations.  For  a  treatment  of  the  problem  from 
the  physical  point  of  view,  the  student  is  referred  to  Gauss,  Ges.  Werke,  t.  v., 
Allgemeine  Lehrsatze  in  Beziehung  auf  die  im  verkehrten  Verhaltnisse  des 
Quadrats  der  Entfernung  wirkenden  Anziehungs-  und  Abstossungskrafte,  Art. 
31  to  34 ;  Lord  Kelvin  (Thomson),  Reprint  of  Papers  on  Electrostatics  and 
Magnetism,  Art.  xxviii.,  and  Natural  Philosophy,  t.  i.,  Appendix  A  (d); 
Kiemann,  Schwere,  Elektricitat  und  Magnetismus,  p.  144 ;  Lamb's  Hydro 
dynamics,  pp.  38  et  seq.  Weierstrass  has  pointed  out  that  Riemann's  proof, 
and  in  fact  all  those  which  make  use  of  the  Calculation  of  Variations,  are  open 
to  grave  objections.  On  this  point  the  reader  should  consult  Picard,  Traite 
d' Analyse,  t.  ii.,  fasc.  i.,  p.  38. 

§  254.  If  the  problem  be  solvable,  the  assigned  values  on  C 
must  be,  in  general,  continuous.  The  following  two  theorems  which 
relate  to  the  continuity  of  the  rim  values  were  published  by 
M.  Painleve  in  his  thesis,  Sur  les  Lignes  Singulieres  des  Fonctions 
Analy  tiques,  Paris,  1887.  They  involve  the  conception  of  a  passage 


*  Schwarz  has  discussed  in  a  very  lucid  and  thorough  manner  the  suppositions  which  must 
be  made  in  solving  Dirichlet's  problem,  and  the  consequences  which  follow  from  them.  See  his 
memoir  Zur  Integration  der  partiellen  Differentialgleichung  Aw  =  0,  Ges.  Werke,  t.  ii.  For 
instance,  he  points  out  that  an  assumption  of  the  continuity  of  iu/ix,  fai/St/  on  C  is  not  legitimate, 
since  such  an  assumption  would  imply  that  the  rim  values  are  not  merely  continuous,  but  also 
have  a  differential  quotient  with  respect  to  the  arc. 
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with  uniform  continuity  to  the  values  on  the  rim.  By  this  it  is 
implied  that  to  an  arbitrarily  small  number  e,  given  in  advance, 
there  corresponds,  for  every  point  ts  on  C,  a  region  of  finite  dimensions 
which  penetrates  into  F,  and  is  bounded  partly  by  an  arc  of  C  which 
contains  s,  partly  by  a  line  interior  to  F  ;  the  distinctive  property 
of  this  region  being  that  the  difference  of  any  t\vo  values  of  u,  in 
the  interior  or  on  the  rim  of  this  region,  is  equal  to  or  less  than  e 
in  absolute  value. 

In  what  follows,  we  shall  use  the  letter  s  for  a  point  on  C,  and 
also  for  the  variable  which  determines  the  position  of  the  point 
on  C. 

Theorem  I.  Let  a  point  s  describe  a  part  D  of  C,  and  let  there 
be  associated  with  s  a  path  cs  for  the  function  u(x,  y),  cs  varying 
continuously  with  s  and  leading  from  the  interior  point  c  to  s.  Then 
if,  along  D,  u  tend  uniformly  to  the  value  U(s)  which  is  assigned  to 
s,  the  function  U(s)  must  be  a  continuous  function  of  s,  and  u(x,  y) 
tends  to  U(s),  whatever  be  the  interior  path  cs  which  leads  to  s. 

Theorem  II.  On  the  other  hand,  if  u(x,  y)  tend  to  U(s),  what 
ever  be  the  path  cs,  U(s}  must  be  a  continuous  function  of  s,  and 
u(x,  y)  must  tend  uniformly  to  U(s)  along  D. 

The  following  remarks  may  help  to  show  the  raison  d'etre  of  these  theorems. 
To  fix  ideas  let  the  region  r  be  a  circle  of  centre  0  and  radius  J?,  and  let  the 
approach  of  a  variable  interior  point  (oj,  y)  to  a  point  s  of  the  rim  C  take  place 
along  the  radius  from  0  to  s.  Given  e  in  advance,  a  positive  quantity  5S  can  be 
assigned  such  that,  for  all  points  (x,  y~)  on  the  radius  from  0  to  s  at  a  distance 
from  s  less  than  5S 


Let  5S  be  the  largest  value  consistent  with  this  inequality.  As  s  moves 
round  the  circle  C,  8S  varies  ;  suppose  that  the  lower  limit  of  the  quantities  ds  is 
S,  where  5  is  different  from  zero.  Then,  for  the  assigned  method  of  approach  to 
the  points  of  O,  the  values  u(x,  y~)  tend  uniformly  to  the  values  U(s).  A  ques 
tion  which  suggests  itself  is  whether  the  values  u(x,  y)  would  tend  to  the  same 
limiting  values  Z7(s)  when  there  is  a  change  in  the  curves  of  approach  to  the 
points  s  ;  and  whether,  if  there  be  no  change  in  the  limiting  values,  the  passage 
to  the  rim  values  is  still  effected  with  uniform  continuity.  There  are,  so  to 
speak,  two  degrees  of  freedom  in  the  question  ;  the  infinitely  many  paths  to  an 
assigned  point  of  D,  and  the  infinitely  many  points  of  D.  That  a  variety  of 
paths  to  an  assigned  point  of  D  may  lead  to  one  and  the  same  limit  can  be  illus 
trated,  by  analogy,  from  Chapter  III.  Suppose  that  in  §  90  the  approach  to 
the  point  1  is  along  a  straight  line  XQ!  which  does  not  coincide  with  a  radius  ; 
then  the  limiting  value  is  the  same  for  this  path  as  for  the  radial  path  0  to  1. 
(Stolz,  Schlomilch's  Zeitschrift,  t.  xxix.,  p.  127.) 
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I.  To  an  arbitrarily  small  positive  number  e,  given  in  advance, 
there  corresponds,  by  the  conditions  of  Theorem  I.,  a  length  -rj  such 
that  when  an  arc  sc'  of  length  rj  is  measured  off  on  sc,  we  have 

!  u(x,  y)  —  U(s)  \  <  e, 

for  all  positions  of  (x,  y)  on  sc'.  Let  s1  be  the  point  s  +  Ss  ;  and  let 
the  path  at  sx  which  corresponds  to  the  path  sc',  be  ^c/,  the  length  of 
this  arc  being  rj.  The  points  c',  c/,  •  •  •  trace  out  a  continuous  line  L. 
Since  u(x,  y}  is  continuous  along  L.  and  since  the  path  sc  varies 
continuously  as  s  moves  along  D,  there  must  exist  an  interval 
(s  —  h  to  s  +  h)  such  that  for  all  points  s  +  3s  in  this  interval, 


But,  by  the  conditions  of  Theorem  I., 
\U(s)-uc.    <«, 

|  U(s  +  8s)  -  MV  j  <  €. 
Hence  |  U(s  +  3s)  -  U(s)    <  3e. 

This  proves  the  continuity  of  U(s). 

Next,  let  (x,  y)  be  any  point  interior  to  the  curvilinear  quadri 
lateral  bounded  by  D,  L,  and  those  two  curves  of  the  set  sc  which 
pass  through  s  —  h,  s  +  h.  By  the  conditions  imposed  initially, 
(x,  y)  must  lie  on  some  curve  of  the  system  sc;  suppose  that  it  lies 
on  the  curve  through  s  +  8s.  Hence, 

I  w(«,  y)  -  U(s  +  8s)  ;  <  €. 
But 

|M(a?,y)-CT(a)    <    u(x,  y}-  U(s  +  3s)    +  ]  *7(s  +  Ss)  -  !7(s)  [  , 
i-e-  \u(x,y)-  U(s)\<±c. 

This  shows  that  a  circle  can  be  drawn  with  s  as  centre,  and  with 
a  radius  sufficiently  small  to  ensure  that  for  every  point  (#,  y)  inte 
rior  to  the  circle,  the  above  inequality  shall  be  satisfied.  Hence 
u(x,  y)  tends  to  U(s)  at  s,  whatever  be  the  path  of  approach  to  that 
point. 

II.  In  the  second  theorem  the  data  show  that  each  point  s  of  the 
arc  D  has  a  domain,  say  of  radius  p,  such  that  for  those  points  (#,  y) 
of  T  which  lie  in  the  domain  of  s, 

\u(x,y)-  U(s)'  ^e; 
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for  otherwise  there  would  be  paths  sc'  such  that  |  u(x,  y)  —  U(s)  \  >  e 
for  points  of  sc'  arbitrarily  close  to  s,  contrary  to  supposition. 
Measure  off  two  arcs  ss',  ss"  of  lengths  p,  and  let  a  point  (x,  y)  of  the 
domain  of  s  tend  to  a  point  s  -f-  Ss  of  s's".  By  supposition  u(x,  y) 
tends  to  U(s  +  8s).  But  throughout  the  domain  of  s, 


Hence  [7(S  +  3S)_  £/(s)  |  ^  e. 

This  establishes  the  continuity  of  U(s)  . 

If  S/,  sx"  denote  the  middle  points  of  ss',  ss",  there  corresponds 
to  every  point  s  +  Ss  of  the  arc  s/s/'  a  circular  region  A,  of  centre 
s  4-  8s  and  radius  >  p/2,  such  that  for  every  point  (x,  y)  common 
to  T  and  A, 


By  reasoning  about  s/,  s/'  in  the  same  way  as  about  s,  and  by  a 
continuation  of  the  process,  we  must  arrive  finally  at  the  extremities 
of  D,  unless  the  radius  p  tends  to  a  limit  0,  when  the  centres  s  tend 
to  some  point  s0.  To  see  that  this  is  an  impossible  case,  observe 
that  there  corresponds  to  s0  a  circular  region  A0,  say  of  radius  p0, 
such  that  when  (x,  y)  lies  inside  A0, 

u(x,y)-  ?7(s)i>e/2, 

and  therefore  to  the  points  s  near  s0  there  correspond  domains  of  radii 
at  least  equal  to  /o0/2.  These  considerations  show  that  we  can  find 
a  length  £  such  that  for  points  inside  a  circle  of  radius  £  and  centre  s, 

>2e, 

tvhatever  be  the  position  of  s  on  D.  Thus  u(x,  y)  passes  with  uniform 
continuity  to  the  rim  values  U(s). 

We  shall  prove,  in  the  next  paragraph,  some  theorems  which 
will  be  of  use  at  a  later  stage  of  the  discussion.  These  theo 
rems  embody  well-known  results  in  the  ordinary  theory  of  the 
potential. 

§  255.     Green's  theorem  for  functions  of  two  variables. 

Let  MJ,  u2  be  two  functions  which  are  harmonic  within  T',  and  let 
T  be  a  region  which  is  completely  enclosed  by  T'.  The  functions 
ul}  u2,  together  with  their  partial  differential  quotients  of  the  first 
two  orders,  are  continuous  in  T  and  on  its  boundary  C.  From  the 
remark  of  Schwarz  quoted  in  the  foot-note  to  p.  377  it  appears  that 
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it  is  not  permissible  to  assume  in  all  cases  the  existence  of  partial 
differential  quotients  on  the  boundary  of  T'  ;  this  is  why  T  is  chosen. 
Green's  theorem  is 


Here  the  differentiation  is  with  regard  to  a  normal  drawn  into 
F  and  the  direction  of  integration  over  a  rim  is  positive  when  that 
rim  is  regarded  as  an  independent  curve.  Since  dx/dn  =  —  dy/ds, 
dy/dn  =  dx/ds,  we  have 

&MI  _  _  foil  dy     Su^dx 
Bn  ~        8x  ds     ~Sy~ds' 

and  there  is  a  similar  formula  for  u2.     Integration  by  parts  shows 
that 


where  the  first  integral  is  a  curvilinear  integral  taken  positively  over 
C.     Similarly, 


By  addition  we  have 


'*  »n  a.  ,rf      +      .  o  in  r. 

bn  bx2       Sy2 


Similarly 

S^SW,         ^ 


(6). 
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An  important  result  can  be  derived  from  (6)  by  writing  u^=.u^—u ; 

1 

namely' 


This  formula  shows  that  there  cannot  be  two  harmonic  functions 
which  take  an  assigned  system  of  values  on  C.  For  suppose  that 
u^,  u2'  are  two  such  functions.  Replacing  u±  —  u2  by  u,  we  have 

u  =  0  on  C.     Hence,  if  we  assume  ^-  to  be  finite  along  (7,  the  for- 

bn 

mula  (7)  becomes 

(  /S?A2      /8n\2 ) 

-j  f  —  j  +  f  —  j   £•  dxdy  =  0. 

That  is,  a  sum  whose  elements  cannot  be  negative  vanishes. 
This  can  only  happen  when  every  element  vanishes.  Hence 

8u/8x  =  0,     8u/Sy  =  0, 

and  wx  —  w2  =  a  constant  throughout  r.  This  constant  must  be  zero  ; 
for  otherwise  there  would  be  a  discontinuity  in  passing  to  the  rim. 
Thus,  if  the  problem  of  Dirichlet  admit  a  solution,  that  solution  is 
unique.  . 

Picard  has  pointed  out  the  limitations  to  this  proof.     Besides  the  necessity 

of  assuming,  in  general,  that  —  does  not  become  infinite,  there  is  the  further 

5n 

limitation  that  the  integrals,  as  also  their  differential  quotients  of  the  first  order, 
are  to  remain  continuous  in  r  and  on  C.  (Traite  d' Analyse,  t.  ii.,  fasc.  i.,p.  23.) 

Theorem.    I  —  ds  =  0,  when  u  is  harmonic  within  a  region  r' 
JcSn 

which  encloses  T. 

The  formula  which  results  from  the  combination  of  (5)  and  (6)  is 


Replacing  u^  u.2  by  w,  1,  we  have 


Theorem.    Let  r  be  enclosed  as  before  in  r',  and  let  r  be  the  dis 
tance  of  a  point  (x,  y)  from  a  fixed  internal  point  (a,  b),  then 

.     .     .     (10). 
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With  centre  (a,  b)  describe  a  small  circle  <7t  of  radius  p.     Let 
u.2  =  log  r,  M!  =  u  :  then  by  (8),  if  the  normal  to  Ci  be  drawn  towards 


uds 

Cl 


r  8«*  ,    i  r 
=  I°SP  I  *;c7s+~ 

Jetton  pJC 

=  l    Cuds  by  (9). 
pjci 

Since   the   left-hand  side  is   independent  of  P,  the  expression 

-   I    uds  must  be  independent  of  p. 
pjct 

When  p  tends  to  zero,  we  know  that  an  approximate  value  of 
1  C  IT 

~Jc  UdS  iS  U(a'  ^  *  ~JC  dS'  *'e">  27rM(a>  &)-     Since  this  value  is  inde 

pendent  of  p,  it  must  be  the  exact  value,  and  the  theorem  is  estab 
lished. 

The  result  thus  obtained  is  of  high  importance,  because  it 
expresses  the  value  of  u  at  an  internal  point  in  term  of  values  along 
a  certain  boundary.  In  the  course  of  the  proof,  we  have  established 
incidentally  a  theorem  which  has  important  consequences  in  the 
theory  of  the  potential.  This  theorem  will  now  be  stated  explicitly. 

Theorem.  A  harmonic  function  u  cannot  have  a  maximum  or 
minimum  in  r. 

If  p  be  the  radius  of  a  circle  C  with  centre  (a,  6), 

=~nu(p,  0)dO    •     •     •     (11), 


in  polar  co-ordinates.  Let  p  be  made  sufficiently  small;  then  if 
w(a,  b)  be  greater  than  all  the  values  within,  or  on  the  circum 
ference  of  the  circle  (p), 

1  C 

2  -nu  (a,  b)<-  (  w(a,  b)dst 
Jc 


pJc 

(a,  b). 


This  shows  that  «(a,  b)  cannot  be  a  maximum.  Similarly  it 
can  be  shown  that  it  cannot  be  a  minimum.  The  same  result  might 
be  deduced  from  (9). 

This  theorem  extended  to  three  dimensions  amounts  to  the  statement  that 
the  gravitation  potential  of  an  attracting  mass  has  neither  a  maximum  nor  a 
minimum  value  in  empty  space.  It  was  discovered  by  Gauss. 
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Theorem.  If  u(x,y)  be  a  function  which  is  harmonic  in  any 
region  F,  and  continuous  on  the  boundary  C,  the  value  of  u  at  every 
point  in  F  is  intermediate  in  value  between  the  greatest  and  least 
values  on  C.  Here  we  assume  that  there  are  no  points  on  C  at 
which  the  function  u  is  discontinuous,  and  that  u  is  not  a  constant. 

The  values  of  u  on  C  have  a  finite  upper  limit  G>  and  a  finite 
lower  limit  K\  and  the  values  in  F  and  on  C  have  a  finite  upper 
limit  G1  and  a  finite  lower  limit  A"'.  At  no  points  of  F  can  the 
limits  G',  K'  be  attained.  Let  us  assume,  if  possible,  that  u  attains 
the  value  G'  at  an  interior  point  (a,  6).  The  formula  (11)  shows 
that  on  the  rim  of  every  circle  interior  to  C,  with  (a,  5)  as  centre, 
the  value  of  u  =  G' ;  for  if  some  of  the  values  be  less  than  G',  others 
must  be  greater  than  this  quantity,  and  this  is  contrary  to  suppo 
sition.  Hence  at  all  points  of  a  circular  region  of  centre  (a,  6), 
which  lies  wholly  inside  F  and  extends  to  C,  u  is  constant.  By 
choosing  a  new  point  (a,  b)  in  this  circular  region  and  drawing  a 
new  circle,  it  follows  that  u  is  constant  throughout  the  new  region. 
In  this  way  it  can  be  proved  that  the  value  of  u  in  F  is  everywhere 
equal  to  G'.  This  is  contrary  to  hypothesis  ;  hence  there  is  no 
point  of  F  at  which  u  attains  the  value  G1.  But  we  know  that  the 
continuous  function  u  attains  its  upper  limit  at  some  point  (§  63). 
This  point  must  lie  on  C.  As  the  upper  limit  on  C  is  G,  G'  must 
be  equal  to  G ;  and  similar  reasoning  shows  that  Kf  must  be  equal 
to  K. 

Corollary.  A  harmonic  function  which  is  constant  on  C  has  the 
same  constant  value  in  F. 

§  256.  Schwarz's  existence-theorem  for  a  circular  region  F  of  radius 
1.  [Schwarz,  Werke,  t.  ii.,  p.  185.] 

Let  /(«)  be  a  real  function  of  a,  which  is  continuous  and  one- 
valued  upon  the  circumference,  and  which  resumes  its  value  when 
a  increases  by  2?r;  no  other  restrictions  are  imposed  upon  /(a). 
There  exists  always  one  and  only  one  function  u  which  possesses 
the  following  properties :  — 

(1)  u  is  continuous  in  F  and  on  (7; 

(2)  8u/8x,  Su/Sy,  &u/&x2,  &u/Sy2  are  one-valued  and  continuous 
in  F  and  on  C,  and  S^/fcB2  +  &u/$y2  =  0  ; 

(3)  the  values  on  the  rim  are  equal  to  /(«)  at  all  points  of  C. 
The  proof  is  based  upon  a  consideration  of  the  integral 
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where  ?•,  0  are  the  co-ordinates  of  a  point  on  the  rim  of  a  circle 
whose  centre  is  0  and  radius  r(<  1).  This  integral  has  a  perfectly 
determinate  meaning  for  all  points  within  the  circle,  and  equals  the 
series 

~  r*f(0)cW  +  -  i    f  ~°V(0)  cos  n  (a  -0)dO-  r\ 

ZirJO  7TH=1«/0 

This  latter  series  is  convergent  in  T.  On  C  it  assumes  the  form 
of  Fourier's  series.  Schwarz  proves  that 

(i.)  £  is  harmonic  in  T  ; 

(ii.)  £  takes  the  contour  value  /(#). 

The  proof  of  (i.)  is  effected  in  a  very  natural  and  simple  manner. 
We  know  by  the  properties  of  monogenic  functions  that  when  <£(z) 
is  holomorphic  in  r,  the  real  part  of  <£(z)  is  harmonic  in  T.  Hence 
the  real  part  of 


is  harmonic  in  T.     But  this  real  part  is  precisely  Poisson's  integral 

u(x,  y)  =  {  =  f  ('"/(a)  -          4=£-        -  da. 

'  -  — 


To  prove  (ii.),  Schwarz  examines  the  difference  £—f(0),  where 
6  is  arbitrary,  and  shows  that  as  (ar,  y)  tends  along  radii  to  the 
various  points  (1,  (9)  of  C,  ?t(a?,  y)  tends  uniformly  to  the  limit  /(0). 
To  simplify  the  denominator  of  the  integral  write  a  +  0  for  «;  this 
involves  no  change  of  limits,  since  /(«)  is  periodic.  At  any  stage 
of  the  following  proof  the  limits  can  be  replaced  by  new  limits  y, 
2;r  +  y,  where  y  is  any  positive  or  negative  quantity.  The  new 
form  of  the  interal  is 


or 


_  2rcosa-\-r2 

A    r+^q-rV(ft  +  0)r 
2-jrJ-TT     1  —  2r  cos  «  +  f- 

This  may  be  written 

+'-^«          - 

" 


1  -  2r  cos  a  +  ?-2  2;r     -ff  1  -  2r  cos  «  +  r2 
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For  all  values  of  r  less  than  1, 


Hence 


-^   l-2rcoscc 


We   have    now   to    show   that    when    e   is   an   arbitrarily  small 
quantity  given  in  advance,  it  is  possible  to  find  a  number  ->/  such 

that  for  all  values  of  1  —  r         I  ,  and  for  all  values  of  0, 


1  —  2  r  cos  a  -f  r~ 

This  inequality  is  required  in  order  that  the  passage  to  the 
contour  values  may  be  effected  with  uniform  continuity.  It  will  be 
observed  that  the  paths  of  approach  to  the  contour  are  along  radii, 
but  this  limitation  may  be  removed  by  means  of  Painleve's  theorems. 
After  replacing  the  limits  by  —  8,  2  TT  —  8,  let  the  integral  be  sepa 
rated  into  the  two  parts 

±r+£ 


where  8  is  a  small  positive  quantity.  Let  g  be  the  upper  limit  of 
f(a  +  (9)  — /(0)  in  the  interval  (-  8,  8).  The  absolute  value  of  the 
former  integral  is 


__ 


C+s      (l 
J-s    l-2 


(l-i*)  da 


-a    l  —  2r  cos  a  -f-  r2 


The  absolute  value  of  the  latter 


1  —  2  r  cos  a  +  r2' 

where  Gr  is  the  upper  limit  of  the  absolute  values  of  /(«)  in  the 
interval  (8,  2ir  —  S).     But 

1-r2 
•\ 


—  cos  8)' 

for  since  the  expression  cos  a  —  cos  8  is  negative  in  the  interval  in 
question,  the  denominator  1  —  2  r  cos  a  +  r2  >  2  r  (1  —  cos  8) .    What- 
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ever  be  the  value  of  the  small  quantity  S(=£0),  it  is  possible  to 
choose  1  —  r  so  small  that 


Hence,  when  r  tends  to  1,  the  integral 
1 


1  —  2  r  cos  a  -f-  r2 

tends  to  the  limit  0,  and  £  tends  to  limiting  values  identical  with 
the  contour  values  /(0). 

§  257.     The  solution  of  the  problem  for  a  circle  of  radius  R 
is  very  similar  to  that  for  the  circle  of  radius  1.     It  is 

u(x>  y)  =  ~ 


where  p  is  the  distance  from  the  origin  of  a  point  c,  or  (ar,  y), 
situated  in  r.     The  formula  can  be  written 


where  |  c  -  s  |  is  the  distance  from  c  to  a  point  s  of  C,  and  U(s)  is 
the  value  of  u  at  s.     When  c  coincides  with  0,  this  formula  becomes 


or  the  mean  of  the  values  U(s)  on  the  rim  of  C  is  equal  to  the  value 
of  u  at  the  centre. 

By  a  known  formula  in  Trigonometry 


Hence  when  x  =  P  cos  6,  y  =  p  sin  0, 

)>  =^~  f*Jtt«)*H--3  j   f2/(«)cc 

27rJo  ,^=1  (Jo    ' 

C2"*,  )  / 

-f-  I    /(«)  sin  ?iac?«  •  sin  HP  f  ( 


n  cos  n   +  &„  sin 
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This  expansion  has  been  proved  on  the  supposition  p  <  R. 
Suppose  that  u(x,  y)  is  continuous,  together  with  its  partial  differ 
ential  quotients  of  the  first  two  orders,  in  a  circle  of  radius  Rv  >  R. 
Is  the  expansion  true  when  p  =  R  ?  We  know  that  the  limit  to 
which  Poisson's  integral  tends,  when  p  tends  to  R,  is  u(x,  y),  or 
f(R,  0),  where  x  =  R  cos  0,  y  =  R  sin  0;  but  it  is  not  evident  that 

the  integral  series  in  -£-  tends  to  the  limit 
R 

^  -j-  2  (an  cos  nO  -f  bn  sin  nO). 

That  this  is  what  actually  happens  has  been  proved  by  Paraf. 
As  soon  as  it  can  be  shown  that  the  series  just  written  down  is 
convergent,  Abel's  theorem  on  integral  series  (§  90)  enables  us  to 
say  that  this  series  is  the  limit  of  the  series  in  p/R. 

Paraf  s  proof  of  convergence.  [Thesis,  sur  le  Probleme  de 
Dirichlet  et  son  extension  au  cas  de  1'equation  lineaire  general  e  du 
second  ordre,  p.  56.] 

The  coefficients  an,  bn  are  continuous  functions  of  R,  which 
satisfy  the  relations  an  ,  |  bn  \  <  h/n?,  where  h  is  a  constant  which 
depends  only  on  the  values  of  f(R,  a)  and  not  on  R±.  For,  after  a 
double  integration  by  parts, 

J_      /»27r  -J      /*2n 

an  =  -  I     f(R,  a)  cosnada,  bn  =  -  I     f(R,  a)  sinnadoc, 

7T»y  0  7T»yO 

give 

1    1   C2n  1    1   C~w 

an  = I     ff'(R,  a)  cos  nada,  bn  = I     /*  (JR  *)  si11  nada. 

TT  n  •/  o  TT  n  *}  o 

Hence  an  |  and  bn  \  <  7i/7i2,  where  h  is  twice  the  upper  limit 
of  the  values  |  ff'(R,  a)  .  This  shows  that  the  series 

—  +  S  (otn  cos  w0  +  bn  sin  n0) 

is  absolutely  and  uniformly  convergent.     Hence  when  p  tends  to 
the  limit  R, 

,,  0)  =  -  °  +  i  ( -£-V(aB  cos  n0  +  6n  sin  nO) 


gives  w(a;,  y)  =f(R,0)  =  a^+3  (an  cos  n(9  +  bn  sin  n 
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§  258.     We  have  arrived  at  a  series  for  u(x,  y),  namely 

ci       x 
u(x,  y)  =  -£  -f  2  (an  cos  nO  +  bn  sin  ?i#), 

^          n=l 

in  which  the  coefficients  are  definite  integrals.     Let  us  now  make  a 
fresh  start  with  the  equations 

8u_Sv    8u_  _8v 
Sx     By     By         Bx 

or  with  the  corresponding  equations  in  polar  co-ordinates 


_ 
Br      r&tf    Br~     rW' 

where  the  pole  is  at  a  point  (a,  6),  and  (r,  0)  are  the  co-ordinates  of 
an  arbitrary  point  of  that  circular  region  of  centre  (a,  6)  and  radius 
R  which  extends  to  the  boundary  of  I\  Here  T  is  the  region  of  the 
z-plane  for  which  the  functions  w,  v  and  their  first  differential  quo 
tients  are  one-valued  and  continuous,  these  differential  quotients 
being  subject  to  the  above  equations. 

Since  S("  +  ™)  and  8(M  +  ^>   are  finite  when  r  =  0,  we  must 
Zx  By 

have  for  all  values  of  6, 


On  a  circle  of  radius  r  (<R)  we  have  by  Fourier's  series 

1  " 

w(r,  0)  =  -OQ  4-  2  (a.  cos  nO  4-  6H  sin  n6), 

1  =0 

v(r,  ^)  =  -c0  -f  2  (CH  cos  nO  -f  ^  sin  ?i0), 
^         »i=i 

where  a0  =  i   C~*u(r,  0)dO,    CQ=-  (*"v(r,  0)d0, 

TTi/O  7Tc/0 

an  =  -   f^w  (r,  ^)  cos  ?i^t?(9,  6W  =  -   f'^-w  (r,  ^)  sin  n6dO, 

TTc/O  7T*/0 

cn  =  -    C*v(r,  6)  cos  nOdO,  dn  =  -   f ""'  v  (r,  0)  sin  ?i0c?0. 

—  i/O  7T*/0 
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From  the  differential  equations 

8u  _  1  8v 
8r~"^-80 


8v  _      18u  ,..v 

8~r~       r80 

we  can  derive  at  once  equations  such  as 

r  C2n  —  sin  nOdO  -  C  *"  —  sin  n6dO  =  0       •     •     (iii) , 

Jo     8r  Jo     80 

The  second  integral,  when  integrated  by  parts,  gives 

Cn  —  sin  nOdO  =  —  nC  ^v  cos  n0d0  =  0. 
Jo    80  Jo 

Since  —  is  a  continuous  function  of  both  r  and  0, 

C  -*  8u  8    C 

Jo     8r  8r  J  o 

Hence,  when  n  >  1, 

Similarly,  multiplication  by  cos  nO  gives 


From  equation  (ii)  we  can  derive,  in  a  similar  manner,  the  two 
differential  equations 


8r 
The  equations 

I      — ld$ —  I      —  d0  =  0r 

Jo     8r  r  Jo     80 

f^+i  f2'^de=o, 

Jo     8r          rJo     80 


give  =  0? 

br  8r 
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therefore  afl,  c0  are  constants.     To  find  bn  we  must  integrate  the 
equation 

i*W*  +  r®»-n*bn  =  0. 
Sr  Sr 

Hence  bn  =  \nrn  +  Xn'r~n  ; 

but  knowing  that  8u/Sr  is  to  be  finite  for  r  =  0,  it  is  evident  that  Anr 
must  vanish.      Corresponding  to  bH=\nrn  we  have  the  three  equations 


Hence 

00 

u  +  iv  =  |(«0  4-  fro)  +  2(/xn  -  «AB)  (cos  nO  -f-  z  sin  n 


where  zc  =  a  +  ib,  z  —  z()=  re9'.  This  is  the  Cauchy-Taylor  theorem. 
[Harnack,  Fundamentalsatze  der  Functionentheorie,  Math.  Ann.,  t. 
xxi.,  p.  305.] 

§  259.  In  the  generalized  problem  for  a  simply  connected  region 
T  the  values  U(s)  011  G  are  in  general  continuous,  but  suffer  discon 
tinuities  at  a  finite  number  of  points  a1?  «2,  •••,  aw  •••,  am.  The  dis 
continuity  at  a  point  a  is  of  a  special  kind.  One  condition  is  that 
for  the  region  common  to  T  and  to  a  small  circle  of  centre  a  all  the 
values  of  u  are  to  be  finite  ;  but  further  the  values  U(s)  are  to  tend 
to  limits  U(ah  +  0)  or  U(ah  —  0),  when  s  tends  to  a»  in  the  positive 
or  negative  sense,  where 

&>»  +  0)  -  U(ak  -  0)  =  fiu   (h  =  1,2,..-,  m) 

(see  Chapter  II.,  §  61).  Let  the  angles  made  by  the  tangents  at 
the  points  ah  be  aky  where  ah  differs  from  TT  when  there  is  a  sudden 
change  in  the  direction  of  the  tangent.  For  simplicity  assume  that 
the  cc's  are  different  from  zero.  The  coefficient  of  i  in 

^.  log  (z  -cO, 


where  the  branch  of  each  logarithm  is  fixed  by  assigning  its  value 
for  some  point  in  T,  is  the  harmonic  function 


x  — 


xh<  yh  being  the  co-ordinates  of  ak.     This  sum  of  inverse  tangents 
suffers  a  discontinuity  /xft  in  passing  through  a  point  av     Hence,  by 
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the  employment  of  a  method  analogous  to  that  used  in  the  proof  of 
Mittag-Leffler's  theorem   (Chapter  V.,  §  150),  the  function  u  can 

be  deprived  of  its  discontinuities  by  the  subtraction  of  ^^tan"1^""-^. 

«*  x—xh 

The  resulting  function  w(x,  y)  is  one  with  assigned  values  along  (7, 
and  when  (x,  y)  tends  along  C  to  a  point  a, 


At  the  point  a  itself  let  the  value  0  be  assigned  to  to.  The 
generalized  problem  has  thus  been  resolved  into  the  simpler  problem 
of  finding  a  function  w(x,  y)  which  is  continuous  on  C,  continuous 
and  harmonic  in  F.  Thus  whenever  a  solution  is  known  for  the 
ordinary  Dirichlet  problem  in  the  case  of  a  simply  connected  region 
F,  a  solution  can  be  found  for  the  generalized  problem. 

The  solution  found  in  this  way  is  unique.  [See  M.  Jules 
Kiemann's  memoir  Sur  le  Probleme  de  Dirichlet,  Annales  de  l'35c., 
Norm.  Sup.,  Ser.  3,  t.  v.,  1888.] 

We  omit  the  proof  of  the  uniqueness  of  the  solution.  The  plan  to  be  fol 
lowed  in  a  proof  of  this  theorem  is  to  establish  the  fact  primarily  for  a  circle  and 
afterwards  for  every  region  which  can  be  represented  conformly  on  a  circle. 

Suppose  that  a  point  (x,  y}  in  F  tends  to  a  point  a  of  C  along 
a  path  interior  to  F  and  such  that  the  tangent  to  the  path  at  a  drawn 
inwards  makes  angles  <£1?  <£2  with  the  two  tangents  atl}  at2  to  apl5  ap.2, 
where  p<fip\  is  a  part  of  C  described  in  the  direct  sense.  The  limit 
to  which  u  tends  is 


In  the  generalized  problem,  as  in  the  ordinary  problem,  the 
values  of  u  in  F  lie  between  the  upper  limit  G  and  the  lower  limit 
K  of  the  values  U(s)  on  (7. 

M.  Jules  Eiemann  has  treated  the  case  of  a  multiply  connected  region  in  a 
very  similar  manner.  By  the  use  of  the  properties  of  logarithms  he  shows  that 
it  is  possible  to  solve  the  generalized  problem  whenever  the  ordinary  problem  can 
be  solved.  If,  in  the  generalized  problem  for  a  simply  connected  surface,  the 
restriction  be  removed  that  the  function  is  to  have  a  finite  absolute  value  in  the 
neighbourhood  of  its  discontinuities,  the  theorem  of  the  uniqueness  of  solution 
ceases  to  hold.  Picard  has  given  a  very  simple  example  of  a  harmonic  function 
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which  vanishes  at  all  points  save  one  of  a  circle  C,  is  continuous  within  F,  and 
yet  is  not  identically  zero.  The  circle  C  is  x  +  a(x2  +  y"2)  =  0,  where  a  is  a  con 
stant,  and  the  function  is  a  +  x/(x*+y'2).  The  explanation  is  to  be  sought  in 
the  fact  that  the  function  is  infinite  at  the  origin.  [Picard,  Traite"  d' .Analyse, 
t.  ii.,  fasc.  L,  p.  46.] 

Conform  Representation. 

§  260.  A  problem  which  is  very  closely  allied  with  that  of 
Dirichlet  is  the  problem  of  the  conform  representation  of  an  assigned 
surface  I\  upon  another  assigned  surface  T2.  We  shall  confine  our 
attention  to  simply  connected  regions.  A  simplification  can  be 
introduced,  for  if  it  be  possible  to  map  a  region  Tl  on  F3  by  means 
of  z3=<£i(2i),  and  F3  upon  F2by  z*  =  <f>z(z3) ,  then  z2  =  fafafa)  will 
map  r:  upon  IV  Hence  if  it  be  possible  to  represent  two  regions 
confornily  on  one  and  the  same  circle  (or  half-plane),  it  is  also 
possible  to  represent  them  confornily  on  each  other.  In  this  way 
the  problem  reduces  itself  to  the  discovery  of  that  function  z'  =f(z) 
which  maps  a  simply  connected  region  r  on  a  circle,  or  on  the 
positive  half-plane  of  z.  This  problem  is  related  to  Dirichlet's  by 
reason  of  the  circumstance  that  the  latter  problem  can  be  solved  for 
a  simply  connected  region  F2,  whenever  it  can  be  solved  for  a  sirnply 
connected  region  I\  upon  which  T2  can  be  represented  confornily. 
Now  a  solution  of  Dirichlet's  problem  can  be  found  for  a  circle,  or 
the  positive  half-plane.  Hence  a  proof  that  every  simply  connected 
region  can  be  mapped  on  a  circle  is  also  a  proof  that  Dirichlet's 
problem  can  be  solved  for  every  simply  connected  region,  and  con 
versely.  Since  the  transformation  (z,  az  ~*~  \  where  a,  b,  c,  d  are 

V     cz  +  dj 

real  and  ad  —  be  positive,  transforms  a  point  with  a  positive  ordinate 
into  another  point  with  a  positive  ordinate,  there  are  at  least  oc3  ways 
of  representing  the  positive  half-plane  conformly  upon  itself.  It  will 
be  proved  (§  269)  that  the  most  general  problem  of  the  conform  repre 
sentation  of  one  simply  connected  region  Tj  upon  another  T2  becomes 
perfectly  definite  as  soon  as  a  point  in  I\  and  a  point  on  Cj  are 
made  to  correspond  to  a  point  in  T.2  and  a  point  011  <72.  Thus 

the  transformation  (z,  az  ~^     )  is  the  most  general  one  for  the  con- 

V    c*  +  dj 

form  representation  of  the  positive  half-plane  upon  itself.  The 
problem  of  the  conform  representation  of  a  simply  connected  region 
T  upon  the  positive  half-plane  becomes  perfectly  definite  as  soon  as 
three  assigned  points  on  C  are  made  to  pass  into  three  assigned 
points  on  the  real  axis  of  the  half-plane ;  or,  what  will  do  equally 
well,  as  soon  as  an  assigned  point  in  T  is  made  to  correspond  to  an 
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assigned  point  in  the  positive  half  -plane,  and  an  assigned  point  on 
C  to  an  assigned  point  011  the  real  axis. 

Statement  of  the  problem.  Given  two  simply  connected  regions 
I\  and  F2  traced  out  by  z  and  z\  to  find  a  one-valued  function 
z'=f(z)  which  effects  the  conform  representation  of  one  of  the 
regions  upon  the  other,  so  that  the  points  interior  to  I\,  F2  corre 
spond  one-to-one,  as  also  the  points  011  Ci,  C2. 

Let  Z'Q,  zQ  be  any  two  corresponding  points  in  Tj,  F2;  then  in  the 
neighbourhoods  of  z0}  ZQ  we  must  have 


and,  by  reversion  of  series, 

z  -z0  =pl(V-V); 

for  these  relations  make  dz'/dz,  dz/dz'  different  from  0  in  the  neigh 
bourhoods  of  zQ  and  z0',  and  therefore  permit  the  conform  represen 
tation  of  the  neighbourhoods  of  .z,  z'  upon  each  other.  Since  the 
one-valued  function  /(  z)  may  take  the  same  value  at  several  different 
points  of  a  region,  there  is  no  necessity  to  restrict  the  problem  of 
conform  representation  to  a  region  which  covers  the  plane  simply. 

Simple  examples  of  conform  representation.  [Schwarz,  Werke, 
t.  ii.,  p.  148.] 

(1)  A  region  bounded  by  two  arcs  of  circles  through  the  points 
ZD  z2  in  the  z-plaue,  can  be  mapped  upon  half  of  the  z'-plane  by  the 
function 


where  ATT  is  the  angle  at  which  the  arcs  intersect. 

(2)    A  region  bounded  by  three  arcs  of  circles  which  intersect  at 
angles  7r/2,  7r/2,  ATT,  is  transformed  by 

*'-  K»  -%)/(*-«,)  I  v» 

into  a  semicircle,  when  zlt  z.2  are  the  two  points  of  intersection  of 
those  two  arcs  which  include  the  angle  ATT,  and  A  =£  0.  A  special 
case  of  the  above  region  is  the  sector  of  a  circle.  Here  z2  =  GO,  and 
the  transformation  is  replaced  by 


(3)    If  in  the  preceding  example  A  be  made  to  vanish,  the  trans 
formations  which  convert  the  curvilinear  triangle  into  a  sector  are 
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of  a  different  character.  Let  zx  be  the  point  at  which  the  two  arcs 
touch  ;  the  remaining  arc  will  pass,  when  produced,  through  0.  De 
noting  by  ATT  the  angle  which  the  real  axis  makes  with  the  tangent 
at  Zj,  the  transformation 

z'  =  eA7ry(z  —  zO 

is  equivalent  to  a  turn  of  the  tangent  through  an  angle  A.TT  (so  as  to 
become  parallel  to  the  axis)  followed  by  a  quasi-in  version  with 
regard  to  zv  The  resulting  region  is  bounded  by  two  lines  parallel 
to  the  real  axis  in  the  z'-plane,  and  by  part  of  a  line  parallel  to  the 
axis  of  iinaginaries.  The  further  transformation 

z"  =  e~* 

changes  the  two  parallel  straight  lines  into  two  straight  lines  which 
pass  through  a  point,  and  the  remaining  straight  line  into  an  arc  of 
a  circle  with  this  point  as  centre.  The  resulting  region  is  a  circular 
sector. 

(4)  The  transformation  z'  =  (z—  i)/(z  -f  i)  represents  the  posi 
tive  half  of  the  z-plane  conformly  on  a  circle  in  the  z'-plane  whose 
centre  is  at  the  origin  and  whose  radius  is  unity. 

We  have  indicated  above  the  existence  of  a  connexion  between 
Dirichlet's  Problem  and  that  of  conform  representation.  We  shall 
now  prove  that  this  is  the  case.  By  supposition  there  is  some 
transformation  Zj  =  <£(z2)  which  maps  I\  upon  T2.  Let  zl  =  xl  +  iy^ 
<f>(z.2)  =  Xi(a?2,  y2)  +  &2(xa>  2/2)-  ^et  U(%i3  y\)  be  a  harmonic  function 
with  assigned  rim  values  C/i  on  Ci;  let  the  values  U2  assigned  to 
the  rim  <72  be  equal  to  the  values  Ui  at  the  corresponding  points  of  Ci. 

The  function  u(Xlf  X2),=  u'(x2,  y.2), 

satisfies  the  equation          —  +  —  =  0  ; 

Say 

for  SV     ?V       /  ^+    -'        f-  +  6«  ^  -  0 

+  +  +       ~ 


Also  when  (a*2,  y.2)  tends  to  a  point  s2  of  (72,  u',  =  u,  tends  to  the 
assigned  rim  value  U1(sl))=  Uz(s^)9  where  sl  corresponds  to  s2. 

§  261.     TJie  conform  representation  of  a  simply  connected  region  T, 
bounded  by  an  n-sided  rectilinear  polygon,  upon  the  positive  half-plane. 

Arrange  n  +  l  real  numbers  o\,,  al5  a2,  •••,  an  in  ascending  order  of 
magnitude,  and  let  z'  be  defined  by 


z= 
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n 

where  the  A's  are  positive,  and   2  XK  =  n  —  2.     The  function  z'(z)  is 

K=l 

holoniorphic  throughout  the  positive  half-plane,  since  the  critical 
points  a1?  a2,  •  ••,  a,,  are  all  situated  on  the  real  axis.  Let  z  move  in 
the  positive  half-plane,  and  let  61}  &2,  •••,&„  be  the  points  in  the 
z'-plane  which  correspond  to  al}  a2,  •••,  an. 

The  differential  equation 

dz'/dz  =  (a,  -  z)^~l(a2  -  z)  V1  •••(«„-  z)^-1 

defines  a  holomorphic  function  z  (z')  at  all  points  in  whose  neigh 
bourhoods  the  expression  on  the  right-hand  side  is  holoniorphic 
(Chapter  V.,  §  156). 

Let  z  describe  the  real  axis  except  near  the  points  «1?  a2,  •••,»„, 
round  which  it  describes  infinitely  small  semicircles  situated  in  the 
positive  half-plane,  and  let  it  start  from  a  point  a  to  the  left  of  ax. 
As  z  moves  towards  al5  z'  is  real  ;  near  z  =  a1} 


so  that  after  the  negative  description  of  the  semicircle  round  a1? 
the  amplitude  of  z'  becomes  ^(Ai  —  1);  and  as  z  continues  its  path 
from  %  to  a2,  the  point  z'  moves  along  a  straight  line  b^2,  which 
makes  with  the  direction  bib  an  angle  TrA^  When  z  describes  the 
small  semicircle  round  a2  and  moves  along  the  straight  line  a2a3, 
the  z  '-path  changes  from  the  straight  line  bj)2  to  the  straight  line 
b2bs,  where  b2b3  makes  with  b$i  an  angle  7rA2;  and  so  on  for  the 
remaining  sides.  Since  2A^  =  n  —  2,  the  point  z'  describes  the  closed 
polygon  blb2---bnbi,  when  z  describes  the  complete  axis  of  x.  Further 
more,  as  z  moves  upwards  from  the  real  axis,  z'  moves  into  the  interior 
of  the  polygonal  region  ;  and  when  z'  is  once  inside,  it  remains  inside 
as  long  as  z  remains  above  the  real  axis,  since  an  exit  from  the  region 
would  mean  a  passage  of  z'  over  one  of  the  sides,  and  therefore  a 
passage  of  z  over  the  real  axis  into  the  negative  half-plane. 

Conversely,  while  z'  remains  in  the  polygonal  region,  z  must 
remain  in  the  positive  half  -plane.  By  the  transformation  z"=az'+/3, 
one  of  the  corners  bK  can  be  made  to  coincide  with  an  angular  point 
c  of  an  assigned  polygon  c^---^^,  so  that  one  of  the  sides  shall 
coincide  in  direction  with  bKbK+l-,  and  the  constants  a,  A  can  be 
chosen  so  as  to  make  all  the  sides  of  the  two  polygons  coincide. 
The  determination  of  these  constants  is  a  matter  of  considerable 
difficulty. 
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The  form  of  this  solution  is  due  to  Christoffel  and  Schwarz.  Schlafli  has 
elaborated  a  method  for  solving  the  equations  which  involve  the  constants  in 
a  memoir  Zur  Theorie  der  conformen  Abbildung,  Crelle,  t.  Ixxviii.  Objections 
have  been  urged  by  J.  Rieinann  against  Schlafli's  proof  of  the  possibility  of  the 
conform  representation  of  any  rectilinear  polygon  whatsoever  upon  a  circle,  while 
the  validity  of  Schlafli's  work  has  been  upheld  by  Phragmen  (Acta  Mathematica, 
t.  xiv.).  However  this  may  be,  there  can  be  no  question  as  to  the  fact  that 
every  rectilinear  polygon  can  be  mapped  on  a  circle  ;  and  when  this  is  granted, 
Schlafli's  method  provides  a  definite  process  for  the  determination  of  the  con 
stants.  On  the  problem  of  the  conform  representation,  the  reader  should  consult 
Riemann's  Werke,  The  Inaugural  Dissertation  ;  the  many  important  memoirs 
on  this  subject  contained  in  the  second  volume  of  Schwarz's  Werke  ;  Darboux's 
Lemons  sur  la  Theorie  Generate  des  Surfaces,  t,  i.,  chapter  iv. ;  Harnack,  Die 
Grundlagen  der  Theorie  des  logarithm ischen  Potentiales,  1887  ;  Picard's  TraitS 
d' Analyse,  t.  ii.,  Fascicule  1 ;  Laurent's  Traite  d' Analyse,  t.  vi.,  chapter  vii. 
He  should  also  consult  M.  Jules  Riemann's  valuable  commentary  on  Schwarz's 
memoirs,  Sur  le  Probleme  de  Dirichlet,  Ann.  Sc.  de  1'Ecole  Norm.  Sup.,  Ser.  3, 
t.  v.,  1888  ;  Schottky,  Ueber  die  conforme  Abbildung  mehrfach  zusammen- 
hangender  ebener  Flachen,  Crelle,  t.  Ixxxiii.  ;  Christoffel,  Sul  problema  delle 
temperature  stazionarie  e  la  rappresentazione  di  una  data  superficie,  Annali  di 
Matematica,  Ser.  2,  t.  i.,  Sopra  un  problema  proposte  da  Dirichlet,  ib.,  t.  iv., 
Ueber  die  Integration  von  zwei  partiellen  Differentialgleichungen,  Gottingen 
Nachrichten,  nr.  18,  1871. 

By  the  use  of  inversion  (a  special  case  of  orthomorphic  transformation), 
Dirichlet's  problem  for  a  region  which  encloses  the  point  oo  can  be  made  to 
depend  upon  the  simpler  problem  for  a  region  in  the  finite  part  of  the  plane. 
Suppose  that  two  regions  T,  TI  can  be  represented  conformly  on  each  other  by 
x  +  iy  =  tf>(xi  +  i>i);  then  the  harmonic  function  u(x,  y}  in  T  transforms 
into  the  harmonic  function  u\(x\,  yi)  in  TI.  In  particular  suppose  that  x  +  iy 
is  inverted  with  respect  to  a  point  c  of  T  ;  then  the  region  bounded  by  the 
curves  C0,  Ci,  — ,  Cn_i  of  §  253  changes  into  a  region  exterior  to  the  n  curves 
C'  which  are  the  inverses  of  the  O's,  and  the  point  c  passes  to  oo  .  The  value 
assumed  by  u\  at  oo  must  be  finite  and  determinate,  and  this  value  is  determined 
by  the  rim  values  of  f<i(zi,  y\).  Dirichlet's  problem  for  a  region  which  extends 
to  co  can  be  stated  in  the  following  manner  :  — 

The  exterior  problem.  Given  a  region  r  which  is  formed  by  the  part  of 
the  plane  exterior  to  n  curves  Co,  Ci,  C»,  •••,  C»_i,  which  are  themselves  exterior 
to  one  another,  to  find  a  function  u(x,  y}  which  shall  be  harmonic  in  T,  which 
shall  take  assigned  values  on  C,  and  finally  which  shall  tend  to  a  perfectly 
definite  value  ux  when  oc,  y  tend  to  co ,  this  value  co  being  determined  by  the 
rim  values  U(s). 

Some  theorems  with  regard  to  the  solution  of  —  +  *—_  =  0  are  useful.     In 

5x2      By2 

the  neighbourhood  of  an  ordinary  point  it  can  be  proved  by  Fourier's  series  that 
u  =  a0  +  AQ  log  r  +  1  {cos  KQ(a,p*  +  6*1-*)  +  sin  K8(cKr*  -f  (^r-*)}-     *.... . 
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Suppose  that  the  function  u  is  zero  at  oc,  then  AO  =  0,  aK  =  0,  CK  =  0  ;  thus, 
for  the  region  F  exterior  to  a  circle  C  with  arbitrarily  great  radius, 

00  /  1  \  K 
u  =  2  (  -  )  {&*  cos  K0  +  dK  sin  «0,} 


and  J^w^fl  —  0.  This  result  implies  one  or  other  of  two  things.  Either  u  =  0 
on  C  and  throughout  the  exterior  plane,  or  some  values  of  u  on  C  are  negative. 
In  the  latter  case  the  value  0  at  oo  is  neither  a  maximum  nor  a  minimum,  and 
the  extreme  values  for  the  region  lie  on  the  boundary  C.  [See  Harnack, 
Grundlagen,  p.  48.  Further  theorems  relating  to  the  point  oo  are  to  be  found 
in  §  27  of  the  same  work.] 

§  262.  Schwarz's  method  for  solving  Dirichlet's  Problem  employs 
theorems  from  the  theory  of  conform  representation  relative  to 
regions  bounded  by  regular  arcs  of  analytic  lines.  After  showing 
that  a  simply  connected  region  founded  by  regular  arcs  of  analytic 
lines  can  be  mapped  upon  a  circle  of  assigned  radius,  Schwarz 
employs  his  alternating  process  and  proves  the  existence  theorem  of 
the  harmonic  function  for  simply  and  multiply  connected  regions 
with  rims  of  highly  arbitrary  shapes.* 


Regular  arcs  of  analytic  lines.  Let  P(£  —  £0),  Qit  —  t^),  where  t0 
is  real,  be  two  integral  series  with  real  coefficients.  These  series 
can  be  continued  along  the  real  axis,  by  the  method  explained  in 
Chapter  III.,  until  further  progress  is  debarred  by  the  presence  of 
singular  points.  In  this  way  two  functions  fi(t)fft(t)  are  denned 
for  two  portions  of  the  real  axis  which  contain  t0.  Let  these  por 
tions  overlap  along  a  stroke  ti't2',  and  let  this  stroke  be  shortened  by 
making  tj,  t2',  move  towards  t0  until  they  attain  positions  t1}  t2  such 
that,  within  the  interval  t^  inclusive  of  the  terminal  points,  fi(t) 
and  fJ(t)  are  nowhere  simultaneously  zero.  As  t  moves  along  the 
real  axis  from  ^  to  t2)  the  point  (x,  y)  denned  by 


traces  out  a  regular  arc  of  an  analytic  line. 

An  important  property  of  a  regular  arc  of  an  analytic  line  is  that 
it  always  maps  into  an  arc  of  the  same  character.  For  let  z'  ==  $(z), 
where  z  =  x  +  iy=f1(t)+if2(t)=f(t).  Suppose  that  z'  traces  out 
an  arc  a'b'  when  z  traces  out  the  regular  arc  ab.  For  each  point  of 
ab,  </>(/(£))  is  expressible  as  an  integral  series  in  t]  and  since 

*  Although  the  methods  of  Schwarz  and  Neumann  leave  some  outstanding  cases  unconsidered, 
their  proofs  are  of  so  general  a  character  that  they  leave  no  doubt  as  to  the  truth  of  the  exist 
ence  theorem  for  harmonic  functions  u  iu  a  continuous  region  of  the  plane  with  assigned 
continuous  rim  values. 
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f'(t},  it  follows  that  —  does  not  vanish  on  a'6'j  i.e. 
dt  dt 

—  ,  C-^-  are  not  simultaneously  zero.     Hence  z'  traces  out  a  regular 
dt     dt 

arc  of  an  analytic  line.     We  are  now  in  a  position  to  prove  an 
important  theorem  due  to  Schwarz  :  — 

If  a  harmonic  function  be  an  analytic  function  of  t  along  a  regular 
arc  ab  of  an  analytic  line,  it  can  be  continued  beyond  the  boundary  ab. 

The  problem  can  be  simplified  by  reducing  the  general  case  of  a 
curvilinear  arc  ab  to  the  easier  case  of  a  straight  line.  We  have  to 
show  that  it  is  possible  to  enclose  the  arc  ab  in  a  simply  connected 
region  rly  which  can  be  represented  conformly  on  another  simply 
connected  region  T2,  so  that  ab  passes  into  a  straight  line  within  T2. 
The  simplest  plan  is  to  use  the  equations 

x  =  .T0  -f-  a,(t  -  t0)  +  a,(t  -  f0)2+  •••, 


which  exist  in  the  neighbourhood  of  a  point  (XQ,  y0)  of  ab,  and  thence 
form  the  equation 

z  -  (ar0  +  fy0)  =  («i  4-  z&i)  (t  -  t,)  +  («2  +  z&2)  (*  -  f0)2  +  '  '  •• 

Now  let  t  receive  complex  values.  Because  <%  -f-  ib\  3=  0,  this 
transformation  establishes  a  conform  representation  of  a  region  of 
the  z-plane,  which  includes  Z(](  =  XQ  +  iyQ),  upon  the  circle  of  conver 
gence  of  the  integral  series  in  t  —  t0. 

By  giving  t0  various  positions  between  ^  and  t2  it  is  possible  to 
represent  a  region  which  contains  the  arc  ab  conformly  upon  a  com 
posite  region  constructed  out  of  a  system  of  circles  of  convergence 
with  centres,  at  the  various  points  t0)  so  that  the  interior  arc  ab 
becomes  the  interior  straight  line  tfa  (§  264).  It  is  sufficient  there 
fore  if  we  prove  Schwarz's  theorem  for  the  case  when  ab  forms  part 
of  the  real  axis  of  x. 

(1)  Let  a  function  u  be  harmonic  in  a  simply  connected  region 
T  whose  contour  C  consists  partly  of  a  curvilinear  arc  D  drawn 
from  a  to  b  in  the  positive  half-plane,  and  partly  of  the  straight  line 
ab  ;  and  let  the  values  U(s)  along  ab  be  zero.  Let  D,  z  be  the 
reflexions  in  the  real  axis  of  the  curve  D  and  the  point  z.  On  the 
axis  ab  take  any  point  #0  and  describe  a  semicircle  C'  with  centre 
XQ  so  as  to  lie  wholly  within  the  region  T.  Suppose  that  u  takes 
values  U(s)  along  C',  and  assign  to  the  remaining  semicircle,  re- 
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quired  to  complete  the  circle,  the  values  C7(s)  =  —  U(s).     Use  Pois- 
son's  formula 

1     C**  (&  -  P*)f(a)da 


j_ 

~ 


—  2  Rp  cos  (a  —  0)  -f- 


for  the  function  which  is  harmonic  in  the  complete  circle  and  has 
the  rim  values  U(s),  U(s);  the  equation  U(*)  =  —  U(s)  shows  that 
/(«)  =  —  /(27T  —  a),  and  that  I  takes,  consequently,  the  values  0  on 
that  part  of  the  real  axis  which  lies  within  the  circle.  Since  u  and  / 
are  harmonic  functions  with  the  same  rim  values,  they  must  be 
identically  equal.  But  I  has  a  meaning  for  the  complete  circle  ; 
therefore  we  have  proved  that  u  can  be  continued  beyond  the  real 
axis  into  the  negative  half-plane. 

(2)    Next  let  the  values  along  ab  of  the  harmonic  function  u  be 
given  by  an  analytic  function  of  x.     Near  XQ  let  the  value  of  u  be 


Replacing  the  real  variable  x  by  a  complex  variable  z,  the  result 
ing  series  is  an  integral  series  in  z  —  XQ  whose  real  part  u'(x,  y)  is 
harmonic  and  takes  the  same  values  as  u(x,  y}  upon  the  real  axis 
in  the  neighbourhood  of  x0.  Hence  u(x,  y}  —  u'(x,  y)  is  a  function 
which  is  harmonic  in  the  positive  half  of  the  circular  region  and 
takes  zero  values  on  that  diameter  which  lies  along  the  real  axis. 
The  function  is  of  precisely  the  same  kind  as  that  considered  in  (1). 
Hence  u(x,  y)  can  be  continued  into  the  negative  half-plane. 
[Schwarz,  Werke,  t.  ii.,  p.  144,  Ueber  die  Integration  der  partiellen 
Differentialgleichung  <¥u/8x2  +  tfu/Sy*  =  0,  unter  vorgeschriebenen 
Grenz-  und  Unstetigkeitsbedingungen.] 

§  263.  Suppose  that  it  is  known  that  a  series  tq  -f  u2  -f-  u%  -\  ----  , 
whose  individual  terms  are  harmonic  in  r  and  continuous  on  0,  con 
verges  uniformly  throughout  P  ;  it  will  follow  that  the  series  con 
verges  uniformly  on  C.  For,  by  supposition, 


for  every  interior  point  (x,  y)\  hence,  when  the  point  (x,  y}  tends 
to  a  point  s  of  (7,  un+l  -\-  un+2  -f-  •  •  •  -f-  un+p  \  tends  to  a  limit  which 
cannot  be  greater  than  e.  We  proceed  to  the  proof  of  two  important 
theorems  due  to  Harnack.  • 

00 

Theorem  L    Let  the  component  terms  of  the  series  2  UK  be  har- 

K=l 

monic  in  P  and  continuous  on  (7,  and  let  UK(X,  y)  tend  to  UK(s) 
when  the  point  (#,  y)  in  P  tends  to  a  point  s  of  C  by  any  route 
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whatsoever  in  r.  Then  if  the  series  u  =  2  UK  be  uniformly  conver 
gent  for  the  points  of  (7,  it  must  also  be  uniformly  convergent 
throughout  T,  and  u(x,  y)  tends  to  U(s)=  2  UK(s),  whatever  be  the 
route  in  r  from  (x,  y)  to  s. 

This  theorem  is  the  converse  of  that  just  established.     To  prove 
it  we  must  show  that 

00 

0-)  2  UK  is  continuous  in  r, 

00 

(ii-)  2  UK  is  harmonic  in  r. 

(i.)    Let  SH  =  l\  +  U,  +  ...  4-  UM 

Ppn  =  un+i  +  un+2  H h  un+pl 

pn  =  u*+i  4-  wB+2  H to  GO. 

If  e  be  given  in  advance,  we  can  find  a  number  /x  such  that 
\pRn\<f     (n>p), 

for  all  points  of  C.  But  ppn  is  harmonic  in  r,  and  tends  to  pRn, 
when  the  interior  point  (x,  y)  tends  to  a  point  s  of  C.  Hence  j  ppn  j  <  e 
throughout  r.  Thus  the  series  2?^  is  uniformly  convergent  in  r ; 
and  the  sum  u  of  this  series  must  consequently  be  continuous  in  r. 

(ii.)  Xext  we  have  to  prove  that  u  is  harmonic  in  r.  To  prove 
this,  select  any  point  c  of  r,  and  describe  round  c  as  centre  a  circle 
C,  of  radius  R,  such  that  the  enclosed  region  Tj  lies  wholly  within 
T.  Let  a  function  u'  be  constructed  which  has  the  same  values  as  u 
upon  d  and  is  harmonic  throughout  IV  For  the  points  SA  of  d  the 
series 


is  uniformly  convergent;    let  it  be  integrated  term  by  term  after 
multiplication  by  (R2  -  r^da/^R2  -2Rr  cos  («  —  &)  +  r2).     Hence 


where  r,  0  are  the  polar  co-ordinates  of  a  point  (a;,  y)  in  Tlt  and 
on(JR,  «)  is  the  value  of  Pn(x,  y}  at  (R,  «). 
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Since  \pn\  <  e  upon  Ci,  it  follows  that 

1        />  2ff  7?2 

lim  erw(aj,  y)  =  —  JQ    ^2__2 


Rr  cos  (a  —  0) 


but  the  expression  on  the  right-hand  side  defines  a  function  which 
is  harmonic  in  IV  Therefore  the  expression  on  the  left-hand  side, 
namely  u,  is  harmonic  in  I\.  By  varying  the  point  c  it  can  be 
.shown  that  u  is  harmonic  in  r. 

Let  s  be  any  point  of  C'.  From  s  as  centre  describe  a  small 
•circle  of  radius  8.  A  value  of  8  can  be  found  such  that,  for  all 
points  (x,  y)  of  T  which  lie  inside  this  circle, 

\Sn(s)-<rn(x,y)    <<5 

for,  since  <rn(x,  y)  is  a  continuous  function  of  (x,  y)  in  T,  a-n  tends  to 
the  rim  value  Sn,  when  (x,  y  )  tends  to  s  on  (7.  Hence 


)  | 


<3e. 


Theorem  II.     Let  the  terms  of  5^  be  harmonic,  and  all  positive, 

throughout  a  region  r.     If  this  series  be  convergent  at  any  point  of 
T,  it  is  uniformly  convergent  at  all  points  of  T. 

(i.)  Let  C  be  a  circle  of  radius  R  and  centre  0;  and  let  f(x,  y) 
be  a  function  which  is  harmonic  in  r  and  everywhere  positive. 
Then  at  a  point  c,  or  (x,  y),  inside  this  circle, 


R2-\c 


C-S 


r9ds> 


where   F(s)   is  the  rim  value  of  /  at  s,  and  |  c  —  s  \   denotes  the 
distance  from   c  to  s.     Now  F(s)   maintains   one   sign  on    (7,  and 


R2- 


c  —  s 


is  intermediate  between  — 


R- 


R-\c 


R- 


f> 


ds 


Therefore, 


ds 


ty       7P* 
—  7TXV 


Let  a  circle  of  radius  R',  where  R'  <  R,  be  constructed  with  the 
centre  0.  Then  if  c,  c1,  or  (#,  ?/),  (V,  y'),  be  two  points  interior  to 
F',  and  if  UK'  be  the  values  on  C'  of  UK,  we  have 
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R'-\c\ 
R'  +  :c 

R'-\c' 


R'  + 
Hence, 


Therefore,  if  c  remain  within  a  circle  of  radius  R"(<  R'), 


Hence 


where  A  is  a  finite  quantity  whose  value  is   independent   of  the 
position  of  (a,  y).     Suppose  that  2uK(x,  y)  is  convergent  at  (x1,  y'). 

Then  throughout  the  circle  (R"),  2uK(x,  y)  is  uniformly  convergent; 
and  R"  can  be  made  to  differ  from  R  by  an  arbitrarily  small  quantity. 
(ii.)  Let  r  be  any  connected  region;  and  let  the  series  2uK  be 
convergent  at  an  interior  point  c'.  Let  a  finite  number  of  circles 
Ci,  Co,  •••,  C\  be  constructed  in  T,  such  that  C2  cuts  Ci,  (73  cuts 
Co,  ••-,  Ch  cuts  CA_!,  the  circles  being  so  selected  that  c',  c  lie  in  Ci, 
CV  Since  5^  is  convergent  in  Ci,  it  must  be  convergent  in  C.->, 
C3,  •-.,  Cft;  also  the  convergence  is  uniform.  By  Harnack's  first 
theorem,  the  function  defined  by  the  series  is  harmonic. 

§  264.  Schwarz's  solution  of  the  problem  of  Dirichlet  is  effected 
by  the  employment  partly  of  the  method  of  conform  representation, 
partly  of  a  process  known  as  the  alternating  process.  The  object  of 
the  latter  process  is  to  effect  the  solution  for  a  composite  region 
TI  +  r,  —  r,  supposing  that  the  solution  is  known  for  two  component 
parts  I\,  To,  which  overlap  along  a  region  r'. 

Schwarz  first  establishes  an  important  lemma.  Suppose  that 
the  contours  of  I\.  T,  (which  are  taken  to  be  simple)  intersect  at 
two  points  a;  and  that  I\  is  divided  into  arcs  Ci,  C3  and  T2  into  arcs 
C2,  <74  ;  the  arcs  C3,  <74  bounding  r'. 

(i.)  Let  M!  be  a  function  which  is  harmonic  in  I\  and  which 
takes  values  1,  0  on  C,,  C3.  The  values  of  UL  in  I\  must  be  all 
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positive  and  less  than  1.  Upon  <74  there  must  be  an  upper  limit  for 
the  values  of  u1}  say  9.  This  number  cannot  be  greater  than  1,  for 
all  the  values  of  ut  in  I\  lie  in  the  interval  (0,  1).  It  cannot  be  1 
inside  the  region  I\ ;  nor  can  it  be  1  at  a  point  a  where  the  line  (74 
meets  the  rim  of  r1?  for  this  would  imply  that  the  line  (74  touches  d. 
Hence  0  is  a  proper  fraction. 

(ii.)  Let  values  with  an  upper  limit  G  be  assigned  along  Ci, 
such  that  there  exists  in  I\  a  harmonic  function  u2  with  these  values 
on  Ci  and  the  value  0  on  (73.  Then  GUI  +  u.2  is  0  upon  (73,  is  nowhere 
negative  on  Ci,  and  therefore  nowhere  negative  inside  I\.  Its  values 
along  (74  are  consequently  positive.  Writing 

OUT,  +  u,  =  GO  +  u2-{-  G(ul-  0), 

and  noticing  that  the  second  term  is  nowhere  positive  on  C4,  it 
follows  that  GO  -f-  u.2  is  nowhere  negative  on  (74.  Similarly,  from 
the  function  GuL  —  u2,  it  follows  that  GO  —  u2  is  nowhere  negative 
on  (74.  Hence,  at  each  point  of  (74, 

\u2   3>GO. 

With  the  aid  of  this  preliminary  proposition,  Schwarz  establishes 
his  method  of  combination.  Let  values  £7  be  assigned  for  the  lines 
Ci,  C2,  and  let  G,  K  be  the  upper  and  lower  limits  of  these  rim 
values.  For  the  surface  I\  there  can  be  constructed  a  function  i^ 
which  takes  the  prescribed  values  U  on  Ci  and  the  value  K  on  C3. 
This  can  be  done  since  the  generalized  problem  can  always  be 
reduced  to  the  ordinary  problem.  As  the  line  (74  lies  within  I\,  the 
values  %(4)  along  C4  must  be  ^  K,  and  ^  O.  For  the  surface  T2  a 
harmonic  function  u2  is  constructed  which  satisfies  analogous  con 
ditions  ;  namely,  it  takes  along  C2  the  values  U,  along  C4  the  values 
^*1(4).  Since  the  line  Cs  lies  in  F2,  the  values  ^2(3)  along  Cs  must  be 
>  K.  Hence  u2  —  u±  must  be  positive  in  r' ;  for  on  C4  it  vanishes, 
and  on  C3  it  equals  u2(3>  —  u^  =  (a  positive  quantity  which  is  equal 
to  or  greater  than  K)  —  K.  Thus  u2  —  HI  is  positive  throughout  r'. 

Next,  two  new  functions  %3,  UA  are  constructed  for  r1?  r2.  Along 
Ci,  us  takes  the  values  U\  along  C3  it  takes  the  values  u2(?>\  By 
reasoning  similar  to  that  already  used,  us  ^  u^  Let  the  values  of 
u3  along  (74  be  %(4).  Along  (72,  u4  takes  the  values  U;  along  (74,  u4 
takes  the  values  w3(4) ;  therefore  u4  ^  u2.  Along  (73  call  the  values 
of  w4,  w4(3).  By  proceeding  in  this  way,  two  series  arise, 
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whose  terms  are  all  positive.  Along  (74  two  terms  of  the  same 
rank  in  (A),  (B)  are  equal,  while  along  (73  a  term  of  rank  K  in  (A) 
is  equal  to  the  term  of  rank  K  —  1  in  (B).  The  convergence  of  the 
series  can  be  established  by  proving  the  existence  of  lim  w^n+u  lim  «*»• 
The  existence  of  the  former  limit  for  I\  follows  from  the  fact 
that  u1}  u3,  u5,  •  ••  are  in  ascending  order  of  magnitude  and  all  less 
than  G;  hence,  if  lim  u.2n+l  =  u',  the  sum  of  the  series  (A)  is  u'. 
Similarly,  the  sum  of  (B)  is  u",  where  u"  =  lim  u.2n.  From  the  fact 
that  all  the  terms  of  (A)  and  (B)  are  positive,  it  follows  that  u', 
u"  are  harmonic  (§  263). 

The  series  under  consideration  are  uniformly  convergent.  For 
consider,  in  the  first  place,  the  term  u3  —  w4.  As  this  term  vanishes 
on  Ci  and  is  less  than  G  —  K(  =  D)  on  <73,  it  must  be  less  than  D 
throughout  rx.  In  particular 

uw  _  uw  <  0iD) 
where  0±  is  a  proper  fraction.     Hence  in  Fg, 


In  particular  w4(3)  —  u.>(3)  <  OfiJ),  where  02  is  a  proper  fraction. 
The  term  u5  —  u3  vanishes  on  Ci,  and  takes  along  C3  the  value 
4(3)  —  u2(5\     Hence  in  I\, 

us  -  u3  <  6,0.0. 
A  continuation  of  this  process  of  reasoning  leads  to  the  results 


n  T,. 

These  results  prove  that  the  series  «',  ?in  are  uniformly  con 
vergent.  Since  the  above  inequalities  apply  also  to  rim  values,  it 
follows  that  the  two  series 


converge  to  sums  U',  U",  where  U'  =  lim  C7"2n+1  and  U"  =  lim  U2n. 
The  functions  ?t',  it"  are  equal  throughout  T1  and  are  both  harmonic. 
The  function  U'  takes  the  values  U  along  Ci  ;  and  the  function  £7" 
the  values  £7"  along  C2.  Along  <73  and  <74  the  values  of  C7',  U"  are 
equal,  since  at  a  point  in  these  lines  lim  U2n+2  =  lim  f7^+3,  by 
hypothesis. 
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The  following  reasoning  shows  that  the  limiting  values  to  which 
u',  u"  tend,  when  they  approach  a  point  a  at  which  (7L.  C3  meet  by 
some  path  interior  to  F',  are  equal.  Let  the  path  in  question  make 
angles  fa,  fa  with  Ol7  C3,  and  angles  fa,  fa  with  C2,  C4.  Then  the 
limiting  values  to  which  u'}  u"  tend  at  a  are 


But 


Hence,  using  fa 


fl          92  —  93\    \(TT\    f^          93  + 
-1  --     ~T  V  ^4/  a    -1-  --- 

V          T    y  V          « 


4 

F"  =  the  same  expression. 

Thus  the  functions  uf,  u"  are  harmonic  in  I",  take  the  same 
values  on  <73,  (74,  and  must  be  supposed  equal  even  at  the  corners  a, 
since  the  limits  to  which  it',  un  tend  along  any  path  to  a  interior  to 
T"  are  equal.  Thus  uf,  u'1  are  identical  in  I".  A  function  u,  which 
is  equal  to  u'  in  Fj  and  to  u"  in  F2,  solves  Dirichlet's  problem  for  the 
combined  region  Tj  +  T2  —  T'.  [See  M.  Jules  Eiemann's  memoir, 
Sur  le  probleme  de  Dirichlet,  Ann.  Sc.  d.  PEc.  Norm.  Sup.,  1888,  p. 
334;  Harnack,  Die  Grundlagen  der  Theorie  des  Logarithmischen 
Potentiales,  pp.  109-113.  The  original  proof  is  to  be  found  in 
Schwarz's  Werke,  t.  ii..  pp.  156-160.] 

§  265.  Solution  of  Dirichlet' 's  problem  for  a  simply  connected  region 
F  bounded  by  a  polygon  tuhose  sides  are  regular  arcs  of  analytic  lines. 
All  that  portion  of  T  which  does  not  lie  in  immediate  proximity  to 
the  rim  can  be  covered  by  circles ;  the  part  which  is  in  proximity  to 
the  rim  can  be  enclosed  within  regions  for  which  solutions  of  the 
problem  are  known.  By  employing  Schwarz's  alternating  process 
the  solution  can  be  obtained  for  F.  We  have,  then,  to  study  the 
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parts  close  to  the  rim  C.  Let  ab,  a  regular  arc  of  an  analytic  line, 
form  part  of  the  boundary  C,  and  suppose  that  the  consecutive  arcs 
do  not  touch  ab.  We  know  that  ab  can  be  enclosed  within  a  region 
I\,  which  can  be  mapped  on  a  region  T2  so  that  the  arc  ab  becomes  a 
straight  line  a'b'  in  T2.  Join  ctf,  b'  by  an  arc  D'  of  a  circle,  and  let 
D  be  that  regular  arc  (from  a  to  b)  of  an  analytic  line  which  maps 
into  D'  when  a'b'  maps  into  ab.  The  region  contained  between  D 
and  ab  can  be  mapped  on  a  circle,  for  the  segment  made  by  D'  and 
a'b'  can  be  mapped  on  a  circle.  Thus,  when  there  are  no  points  at 
which  two  consecutive  arcs  of  C  touch,  there  exists  a  harmonic 
function  for  those  parts  of  T  which  are  close  to  C. 

In  this  way  Schwarz  has  solved  Dirichlet's  problem  for  all  sim 
ply  connected  surfaces  bounded  by  regular  arcs  of  analytic  lines 
which  intersect  at  angles  different  from  zero;  he  has  also  solved 
the  problem  for  certain  cases  in  which  consecutive  arcs  touch  each 
other.  But  his  solution  (as  given  in  the  memoir  Ueber  die  Integra 
tion  der  partiellen  Differentialgleichuiig,  loc.  cit,  pp.  144-171)  does 
not  cover  the  case  in  which  the  arcs  are  not  regular  analytic  arcs. 
With  the  help  of  the  alternating  process  the  problem  may  be 
regarded  as  solved  for  any  composite  simply  connected  region 
which  can  be  formed  by  the  combination  of  simply  connected 
regions  with  boundaries  composed  of  regular  analytic  arcs. 

§  266.  In  a  letter  to  Klein,  written  in  February,  1882,  and 
published  in  the  Mathematische  Aniialen,  t.  xxi.,  Schwarz  has 
shown  that  his  alternating  process  can  be  used,  in  the  case  of  a 
multiply  connected  surface,  to  prove  the  existence  of  a  potential 
function  u  which  takes  assigned  values  on  the  boundary,  and 
suffers  constant  discontinuities  in  passing  over  cross-cuts.  The  proof 
bears  a  close  resemblance  to  that  already  used  for  simply  connected 
regions. 

Suppose  that  T  is  a  doubly  connected  region,  and  let  Q15  Q,  be 
two  cross-cuts  each  of  which  would  separately  reduce  the  region 
to  simple  connexion,  and  which  do  not  intersect.  For  the  sake  of 
defmiteness  suppose  that  T  is  bounded  by  an  exterior  oval  curve 
(7j  _j_  d'  and  an  interior  oval  curve  C.,  +  CV ;  where  Ci,  <72  are  con 
tained  between  Q.2~  (the  negative  side  of  Q2)  and  Qi+  (the  positive 
side  of  Qi),  and  CV,  C*  are  the  remaining  parts  of  the  two  rims. 
Let  T1?  T2  be  the  two  simply  connected  regions  created  by  Qi,  Q2. 
A  harmonic  function  which  vanishes  on  the  complete  rim  of  T1? 
and  is  equal  to  1  on  the  two  banks  of  (&,  must  be  less  than  1 
throughout  the  interior  of  IV  As  the  line  Q.2  lies  within  I\,  the 
values  along  Q.2  must  have  a  maximum  value  02(<1).  Similarly, 
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a  harmonic  function  which  vanishes  on  the  rim  of  T2)  and  which 
is  equal  to  1  on  the  two  banks  of  Q2,  must  be  less  than  1  along  Qlt 
Let  ^(<1)  be  its  maximum  value  along  Qlt  The  general  problem 
reduces  in  the  present  case  to  the  proof  of  the  existence  of  a  har 
monic  function  u  with  given  values  on  the  rims  Ci  -f-  Ci',  C2  +  C2'  of 
F,  and  such  that  u+  —  u~  —  A  along  Qx. 

A  series  of  harmonic  functions  uly  %,  u5)  «•«, 

U2,    Uto    UQ,     '", 

can  be  found  for  I\,  F2  with  the  following  properties  :  — 

(i.)  HI  has  on  the  rim  of  F  prescribed  values  U(s),  and  the 
values  on  Qx+  are  greater  than  those  on  Q{~  by  A  j 

(ii.)  u2  has  on  the  rims  Ci',  (72'  the  values  U(s),  on  the  rinis 
Ci,  C2  the  values  <f7(s)  —  A,  and  on  Qi+>  Q^,  the  same  values  as  u1} 
u^  —  A; 

(Hi.)  u3  has  on  the  rim  of  T  the  values  U(s),  along  Qi~  the 
values  of  us,  u2  are  equal,  and  along  Qx+  the  values  of  u3  are  equal  to 
those  of  u2-\-  A]  and  so  on  for  w4,  %,  •••.  Consider  the  two  series 

MI  -f     s 


By  the  use  of  Harnack's  theorem  these  series  can  be  shown  to 
be  uniformly  convergent.  For  if  the  maximum  value  of  \ul  —  us 
on  QL  be  G,  the  maximum  value  of  the  same  expression  on  Q2  <  G02. 
On  both  banks  of  Q.2,  u±  —  us  =  u2  —  UA.  Therefore  u2  —  u4  is  a 
function  which  equals  0  on  the  rim  of  P,  and  ^  G02  on  Q2.  Its 
value  on  Q15  a  line  interior  to  T2,  must  therefore  ^  GO^.  Similarly, 
I  us  —  U5  ^  GO&,  \Ut  —  us  <  G0$22,  etc.  The  uniform  convergence 
of  the  series  can  be  established  by  exactly  the  same  method  as 
before,  and  the  sums  be  proved  equal  to  lim  u2n+l,  lira  u2n.  On  the 
rim  Qr  +  Ci  +  Q2+  +  C2  of  r',  u'  =  u"  +  ^Yhence  in"the  interior  of 
r'  the  same  equation  holds.  On  the  rim  of  T  —  r',  u'  =  u"  ;  there 
fore  in  r  —  1~',  u'  =  u". 

The  function  u'  is  precisely  the  solution  required  by  the  con 
ditions  of  the  problem  for  I\.  For  let  u  =  u'  throughout  I\;  the 
analytic  continuation  of  u  over  the  line  Ql  is  u1',  which  equals 
u1  —  A.  The  function  u  defined  by  u'  and  its  continuation  u"  is  the 
required  solution. 

§  267.  Green's  function.  Lot  (x,  ?/)  be  a  point  in  a  region  F, 
or  on  the  contour  C,  whose  distance  from  an  interior  point  (a,  6), 
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or  c,  is  r.  TVe  shall  prove  presently  that  there  exists  a  function 
g(x,  y)  which  is  equal  to  log  1/r  for  all  points  (x,  y)  on  C,  and 
which  is  harmonic  in  T.  This  function  is  often  called  Green's 
function,  but  Klein  has  pointed  out  that  this  name  is  more  suitably 
given  to  that  one-valued  potential  function  which  is  infinite  at 
(a,  b)  like  log  r  for  r  =  0,  and  is  continuous  elsewhere  in  r,  the 
rim  values  being  zero.  Green's  function  G(x,  y}  is  therefore 
g(x,  y)  —  log  1/r.  To  avoid  confusion  we  shall  speak  of  g  as  the 
gr-1'unction;  also  for  the  sake  of  simplicity  we  shall  suppose  the 
region  T  to  be  simply  connected. 

Assuming  the  existence  of  g(x,  y)  for  the  region  T,  we  proceed 
to  the  proof  of  some  of  the  properties  which  make  it  specially 
suitable  as  an  auxiliary  potential  function  in  the  investigation  of 
Dirichlet's  problem.  Since  G(x,  y)  is  0  upon  C,  and  a  very  large 
negative  quantity  near  c,  the  function  must  be  negative  throughout 
T.  Formally  the  proof  runs  as  follows  :  Describe  a  small  circle  C' 
round  c  ;  then  the  function  G  is  zero  on  (7,  negative  on  C',  and  har 
monic  throughout  the  region  between  C  and  C'.  The  function 
must  therefore  be  constantly  negative  within  this  region.  Changing 
from  Green's  function  to  the  (/-function,  the  theorem  states  that 
throughout  T  the  value  of  g  is  less  than  that  of  log  1/r. 

Theorem.  Let  c1?  c2  be  two  points  in  r,  and  let  gl7  g.2  be  the  cor 
responding  ^/-functions;  then  the  value  of  gl  at  c2  is  equal  to  the 
value  of  g.2  at  Cj. 

Let  C'  be  a  curve,  interior  to  C  and  arbitrarily  close  to  (7,  upon 
which  Green's  function  Gl  (relative  to  Cj)  takes  the  constant  nega 
tive  value  a.  Ultimately,  a  will  be  made  to  tend  to  zero.  Apply 
Green's  theorem 


r  r  <S(G,-a}  86?,      8(6?!  -«)   86M   .  /*  NS0f. 

I  1         1  -s-^  H  ---  5—        -^  l  dxdy  =  —  I  (&!  —  a)  -«-^ds, 

JJ{        Bx          Bx  by  By  )  J  '  Bn 

where  G2  is  Green's  function  relative  to  c2,  to  that  region  of  T  which 
is  bounded  by  C",  and  two  small  circles  of  radii  p^  p.2  round  CD  c2  as 
centres.  The  simple  integral  is  taken  positively  over  the  outer  rim 
and  negatively  over  the  inner  rims  with  respect  to  the  region,  and 
the  normal  is  drawn  inwards.  The  part  relative  to  C'  vanishes; 
the  remaining  two  parts  contribute 

-  f  (0i  -  «)  ^P,<W  -  f  (0,  -  «)  t 
J  on  J  8 

,  -  a)  &padO  - 
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Now  let  p1?  p2  tend  to  0 ;  the  expression  reduces  to 

Hence,  when  a  becomes  zero, 

' 1       '  '    .2  _j 1      2   f    dxdy  —  __27r(Gi)c. 

Symmetry  shows  that  the  right-hand  side  can  also  be  written 

-1  I?  \  ^'2  )  Cj  * 

Hence,  (  Q,)  ^  =  (  G.2)  v 


a  result  of  great  importance. 

The  next  property  to  be  proved  is  that  when  c2  tends  to  a  point 
s  on  the  rim,  g.2  at  q  tends  to  log  I/?1,  where  r  is  the  distance  of  a 
point  Cj  of  r  from  s.  Let  c2  lie  on  a  curve  for  which  (/1—  Iogl/r1=«, 
where  ?*!  is  the  distance  of  a  point  of  the  curve  from  c1?  and  a  is  a 
negative  constant  which  is  arbitrarily  small.  Since  the  value  of  g.2 
at  G!  is  equal  to  the  value  of  gl  at  c2,  it  follows  that  the  value  of  </2  at 
G!  is  log  I/  1  G!  —  c2  +  «,  where  |  G!—  c2  \  represents  the  distance  apart  of  GJ 
and  c2.  When  c2  tends  to  s,  a  tends  to  0  and  the  function  g.2  tends  to 
log  I/  |  Cj—  s  |,  i.e.  log  l/?\  Let  r'  be  the  region  which  remains  after 
the  removal  of  a  small  region  which  contains  s  and  c2;  the  passage 
of  g.2  to  the  rim  values  log  1/r  for  the  region  I"  is  uniformly  contin 
uous.  For  g2  —  Iogl/r2,  where  r2  is  the  distance  from  c2  of  any  point 
in  r',  or  on  its  rim,  is  equal  to  the  small  negative  quantity  a  at  c1?  is 
harmonic  in  r',  and  negative  or  zero  on  the  rim  of  r'.  Hence,  at 
any  interior  point  g2  —  log  l/r2  is  equal  to  the  product  of  a  by  a 
finite  quantity  (see  §  263).  When  c2  tends  to  s,  a  tends  to  0  and 
the  function  g2  in  T'  tends  with  uniform  continuity  to  log  1/r. 

Further,  all  the  partial  derivatives  at  CT  of  the  harmonic  func 
tion  G  =  g2  —  log  l/r2  ten(i  to  0  when  c2  tends  to  s.  For  at  each 
point  p,  6  of  a  circle  with  c:  as  centre  and  R  as  radius,  we  have 
(§  258) 


C+*G' 

J-* 

f  ^G' 
J-» 


where  (rf  stands  for  the  values  on  the  rim  of  the  circle.     [Harnack, 
Existenzbeweise  zur  Theorie  des  Potentiales,  Math.  Ann.,  t.  xxxv.] 
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The  absolute  value  of  each  integral  in  the  brackets  is  increased 
by  the  suppression  of  the  factors  cos  nO,  sin  nO  in  the  integrands.  But 
the  integrals  then  become  (  ^G'dO  =  2-n-Go,  where  G0  is  the  value 

*J—  JT 

of  G  at  the  centre  of  the  circle;  and  the  new  series  converge. 
Hence,  throughout  the  circle  (R),  \$G/8p\,  \8G/86"  are  equal  to  G0 
multiplied  by  finite  quantities.  Therefore,  when  GQ  tends  to  0,  the 
expressions  &G/Sp  and  8G/pS6  tend  with  uniform  continuity  to  0  for 
all  points  of  the  circle  (E).  By  selecting  a  point  in  (E)  as  centre 
for  a  new  circle,  it  can  be  shown  that  the  same  theorem  holds  for  the 
new  circle,  and  so  on  until  the  whole  region  T  has  been  accounted 
for.  Similarly,  every  partial  derivative  of  G  tends  to  0  under  the 
above  conditions. 

Harnack' s  Method. 

§  268.  Suppose  that  the  solution  can  be  found  for  Dirichlet's 
problem  in  the  case  of  any  simply  connected  region  bounded  by  a 
rectilinear  polygon.  Harnack  has  shown  that  the  (/-function  can 
then  be  found  for  any  region  whatsoever  in  the  plane  of  x,  y,  and 
thence  that  Dirichlet's  problem  can  be  solved  with  complete  gener 
ality.  The  theorem  may  be  proved  for  simply  connected  regions 
and  the  passage  to  multiply  connected  regions  effected  by  the  alter 
nating  process  in  the  manner  described  above.* 

Regard  the  region  T  as  the  limit  of  a  series  of  regions  T^  T.2,  •••, 
bounded  by  rectilinear  polygons  which  are  subject  to  the  following 
conditions  :  — 

(i.)     Each  polygon  is  supposed  to  be  interior  to  T ; 

(ii.)  The  rim  of  Tn,1  lies  wholly  within  the  rim  of  Tn,  whatever 
be  the  value  of  n  ; 

(iii.)  As  n  tends  to  oc,  the  rim  of  Tn  tends  to  coincidence 
with  C. 

One  method  for  satisfying  (iii.)  is  to  select  a  sequence  of  de 
scending  real  positive  numbers  («1?  «2,  ...)  which  defines  0  (see 
§  50),  and  then  let  Cn  lie  entirely  within  that  region  of  r  which  is 
covered  by  a  circle  of  radius  «n,  when  its  centre  describes  the  com 
plete  boundary  C.  Construct  for  each  of  these  polygons  the  g- 
f unction  with  respect  to  a  point  c  of  r ;  and  let  these  ^-functions  be 


*  Harnack  defines  a  simply  connected  continuum  in  the  finite  part  of  the  (x,  y)  plane  hy 
means  of  masses  of  points.     See  Die  Grundlagen  der  Theorie  des  Logarithmischen  Potentialee, 


412 

9i>  92)  ••'-     Upon  the  rim  of  T1;  g^  =  log  1/r  and  g.2  <  log  1/r,  where  r 
is  the  distance  of  a  point  of  the  rim  from  c.     Therefore  throughout  I\ 


The  same  reasoning  shows  that  within  the  larger  region  Tp, 


whatever  be  the  value  of  the  positive  integer  p.     Harnack's  theo 
rems  with  regard  to  series  of  harmonic  functions  show  that 

9  =  lira  9n  =  9i  +  (&  -  0i)  +  (9a  -  9*)  +  —  , 


is  convergent.  For  each  of  the  quantities  gn  is  greater  than  log  I///,, 
where  /A  is  the  maximum  distance  of  c  from  (7,  therefore  lim  gn 
exists  and  is  finite  ;  and  further  the  terms  in  brackets  are  harmonic 
and  all  negative.  Thus  by  Theorem  II.  of  §  263,  the  function  g  is 
harmonic  in  T.  It  must  be  proved  that  g  takes  on  C  the  proper  rim 
values,  viz.  log  1/r.  .  . 

To  simplify  the  proof  Harnack  introduced  in  the  place  of  g  the 
new  function  <f>  defined  by  <£  =  re9.  The  harmonic  function  </>  is 
equal  to  1  on  C  and  has  the  value  0  at  c  ;  its  values  at  points  inte 
rior  to  r  and  other  than  c  are  all  included  between  0  and  1.  Con 
sider  the  curve  <£  =  kt  where  &  is  a  proper  fraction.  This  curve 
cannot  be  a  closed  curve  which  excludes  c,  for  it  Avould  follow  that 
log  <j>  is  constant  on  the  perimeter  of  a  closed  curve  and  harmonic 
inside,  and  therefore,  also,  constant  throughout  T.  That  the  curve 
must  be  a  closed  curve  can  be  proved  from  the  properties  of  harmonic 
functions  ;  for  a  point  at  which  the  curve  stops  abruptly  would  be  a 
point  at  which  log  <j>  is  a  maximum  or  minimum.  As  the  value  k 
changes  from  0  to  1,  the  curves  of  level  expand  from  an  infinitely 
small  curve  round  c  to  the  complete  boundary.  Let  T  be  contained 
wholly  within  a  region  r'  bounded  by  a  rectilinear  polygon  (7',  and 
let  one  of  the  sides  of  C'  pass  through  a  point  of  C.  Suppose  that 
g'  is  the  (/-function  for  r'  relative  to  the  point  c,  and  that  if/  =  re9'. 
We  have  to  prove  that  <£  =  1  at  each  point  s  of  C.  Let  r'  be  so 
selected  that  s  is  the  point  common  to  C"  and  C.  Then,  when  (x,  ?/) 
approaches  s  along  any  path  (interior  to  F)  which  ends  at  s,  the 
values  of  \j/t  </>  are  always  subject  to  the  inequalities 


For,  throughout  F,'  i/^<  <£„,  for  all  orders  of  n  however  great. 
But  when  the  point  (x,  y)  tends  to  s,  the  function  \j/  tends,  by 
the  definition  of  the  (/-function,  to  1.     Hence  the  limit  of  <£  is  also  1.* 


This  modification  of  Harnack's  proof  is  due  to  M.  Jules  Riemann. 
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The  existence  of  the  ^-function  has  been  established  for  a  simply 
connected  region  whose  rim  is  subject  to  the  sole  restrictions  that  it 
is  not  to  intersect  itself  and  that  it  is  to  be  a  continuous  line.  The 
rim  may  suffer  infinitely  many  abrupt  changes  of  direction ;  it  is 
not  even  in  fact  necessary  that  it  should  have  a  determinate  direction 
at  any  of  its  points,  or  an  element  of  length.  The  existence  of  the 
(/-function  for  a  multiply  connected  region  in  the  plane  of  x,  y, 
follows  by  the  use  of  Schwarz's  method  for  creating  a  multiply 
connected  surface  by  combinations  of  simply  connected  surfaces. 

§  269.  With  the  help  of  Green's  function  it  is  possible  to  repre 
sent  any  simply  connected  region  F  in  the  finite  part  of  the  plane, 
conformly  upon  a  circle  of  radius  unity.  Let  Green's  function 
G(x,  y)  =  g(x,  y)  —  log  1/r  be  constructed  with  respect  to  an  interior 
point  (a,  6)  of  F.  Draw  a  line  from  (a,  b)  to  the  rim  C,  and  let 
the  surface  F  be  called  Ff  when  this  line  is  treated  as  a  barrier. 
Let  H(x,  y)  be  conjugate  to  G(x,  y),  so  that 


The  values  of  H(x,  y)  are  determined  (to  a  constant  term)  in  F' 
and  differ  on  opposite  banks  of  the  barrier  by  2-.  When  (x}  y) 
describes  a  line  G  =  constant,  the  equation  SH/Ss  =  —  S6r/S?i  shows 
that  H  increases  constantly  ;  therefore  G  +  iH  takes  an  assigned 
value  only  once  in  F.  Consider  now  the  function 


The  values  of  this  function  in  F  are  all  less  than  1,  and  on  C  the 
absolute  value  is  precisely  1.  The  point  (a,  6)  passes  into  the 
origin  0'  of  the  z'-plane  and  the  points  of  F  correspond  one-to-one 
with  the  points  of  a  region  F'  in  the  z'-plane,  bounded  by  a  circle  C' 
of  centre  0'  and  radius  unity.  It  will  be  remembered  that  H  con 
tained  an  undetermined  constant  ;  hence,  assuming  that  the  points 
of  C,  O  are  related  one-to-one  by  the  above  transformation,  the 
simply  connected  region  F  can  be  mapped  upon  the  circular  region 
F'  so  that  the  arbitrarily  selected  interior  point  (a,  6)  becomes  0', 
and  an  arbitrarily  selected  point  ef  C  becomes  an  assigned  point  of 
C".  Harnack  has  called  attention  to  this  assumption.  Writing 

z'  =  ze*+iff, 

when  z  tends  to  a  point  z0  of  C,  z'  tends  to  C',  but  it  is  not  evident 
that  it  tends  to  a  definite  point  of  C".     Painleve  has  removed  this 
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obstacle  to  a  complete  proof  for  the  case  which  we  have  been  con 
sidering,  namely,  that  of  a  rim  with  continuous  curvature  except  at 
a  finite  number  of  points  at  which  there  is  an  abrupt  change  of 
direction.  [Sur  la  theorie  cle  la  representation  conforme,  Coraptes 
Benclus,  t.  cxii.,  p.  653,  1891.] 

In  this  proof  we  have  had  occasion  to  make  use  of  the  function 
//(#,  y)  conjugate  to  G(x,  y).  It  is  worth  while  to  call  the  reader's 
attention  to  the  fact  that  when  u  is  harmonic  in  an  n-ply  connected 
surface,  the  conjugate  function 


'.dy dx 

'          By 

has  periods  at  some  of  n  —  1  barriers  (§  168). 

§  270.  It  is  now  possible  to  complete  the  solution  of  Dirichlet's 
problem  for  a  simply  connected  region  r,  whose  rim  C  has  an  inte- 
grable  element  ds  and  suffers  only  a  finite  number  of  abrupt  changes 
of  direction.  Here,  as  elsewhere,  we  assume  that  at  a  point  s  where 
there  is  such  a  change  of  direction  the  two  parts  of  the  curve  C 
which  meet  at  s  do  not  touch.  Harnack  assumes  the  existence  of  a 
function  u  which  is  harmonic  in  T  and  has  assigned  rim  values  U(s), 
and  arrives  at  a  formula  which  gives  the  value  at  any  interior  point 
c  whatsoever.  The  values  u  in  r  are  to  pass  with  uniform  continuity 
into  the  values  U(s)  on  the  rim. 

First,  then,  we  assume  the  existence  of  a  function  u  with  the 
given  values  U(s)  on  the  rim.  In  order  to  arrive  at  the  formula 
referred  to  above,  let  us  suppose  that  T  is  contained  in  a  slightly 
larger  region  r'.  This  supposition  is  made  in  order  to  avoid  difficul 
ties  as  to  integration  over  a  natural  boundary  (§  104).  At  a  point 
c  of  F  whose  co-ordinates  are  x,  y,  u  is  given  by 

•*J  7T  c/  0  Oil/  *L  7T  c/  0    071j 

where  r  is  the  distance  of  a  point  s  of  C  from  c.  Now,  although  we 
have  proved  the  existence  in  T  of  the  ^-function  relative  to  c,  we 
know  nothing  about  the  nature  of  Bg/Bn  along  C.  For  this  reason 
let  us  consider,  in  place  of  (7,  a  curve  C'  which  is  interior  and  very 
close  to  (7;  and  let  us  form,  relatively  to  C",  the  equation 


where  accents  denote  that  the  values  are  those  taken  by  U,  $g/$n,  •••, 
on  C',  and   where  Sg'/Sn'  is  constructed  with  respect  to  an  inner 


DIRICHLET'S  PEOBLEM.  415 

normal.  When  C'  approaches  indefinitely  near  to  C,  g'  tends  to 
log  !//•  and  BU'/8n'  to  8U/Bn  (for  u  is  supposed  to  exist  in  a  region 
which  extends  beyond  T).  Hence  lim  Cg'  SU'/Sn'  •  els'  exists  and 
equals  CgSU/8n-ds;  and  therefore  Vlso  lim  Cu'8g'/8n'-ds'  exists 
and  equals  the  same  quantity.  Subtracting  (1>)  from  (1),  we  have 


'  >'  •  •  <3>- 


This  is  the  formula  to  which  reference  was  made  above, 
shall  now  consider  the  expression 


-—lim 

J  -  c-=cJ        6n 

on  its  own  merits,  without  reference  to  what  precedes.  The  prob 
lem  is  to  show  that  this  expression  defines  a  function  u  ichich  is  har 
monic  in  T  and  takes  the  rim  values  U(s).  Consider  separately  the 
t\vo  parts  of  which  it  is  composed. 

I.    The  integral    (V81of1/r(k. 
*/  8n 

The  form  of  this  integral  shows  that  some  restriction  must  be 
placed  upon  the  rim  <7,  since  an  integration  is  to  be  effected  with  regard 
to  an  arc  ds.  The  rim  must  possess  an  iutegrable  arc  ds.  Harnack,  to 
simplify  the  work  as  far  as  possible,  imposes  the  further  restrictions 
that  the  rim  C  is  to  have,  in  general,  a  definite  tangent  whose  direc 
tion  alters  continuously  along  <7;  and  that  cos  $,  where  $  is  the 
inclination  of  the  tangent  to  the  axis  of  x  (an  arbitrary  line),  is  not 
to  take  the  same  value  at  infinitely  many  points  of  C,  unless  it 
be  along  a  rectilinear  portion  of  C.  The  geometric  significance  of 
these  restrictions  can  be  found  without  difficulty.  The  curve  C  is 
assumed  to  have  only  a  finite  number  of  points  at  which  the  tangent 
alters  abruptly.  Suppose,  if  possible,  that  the  axis  of  x  meets  the 
curve  in  infinitely  many  points;  between  two  consecutive  points 
there  must  be  a  point  at  which  the  tangent  is  parallel  to  the  axis  of 
x,  or  else  a  point  at  which  the  tangent  changes  abruptly.  But  the 
latter  points  are  finite  in  number ;  hence  the  number  of  points  at 
which  cos  $  =  0  is  infinite,  contrary  to  hypothesis.  Thus  no  straight 
line  (not  included  in  C)  can  intersect  C  in  infinitely  many  points. 

A  simple  meaning  can  be  assigned  to  the  expression  glogl/r(fe. 

8n 
Whatever  be  the  position  of  the  interior  point  c,  let  0  stand  for  the 
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angle  between  the  normal  dn  (drawn  inwards)  and  the  line  from  ds 
to  c.     Then 


Sn 
and  the  expression 

~&—L-d&  =  the  angle  subtended  by  ds  at  c 
Bn 

=  (ds)c,  in  Neumann's  notation. 

(Neumann,  Abel'sche  Integrals,  2d  ed.,  p.  403.)  The  element 
(ds)c  (*.e.  the  apparent  magnitude  of  ds  as  viewed  from  c)  is  to  be 
treated  as  positive  or  negative  according  as  the  inner  or  outer  side 
of  ds  is  turned  towards  c. 

Suppose  that  the  point  c  tends  to  a  point  t  of  the  rim  C.  The 
rim  C  can  be  separated  into  two  parts  CD  02,  the  former  of  which 
contains  £;  we  suppose  that  Ci  is  small.  Call  UD  u%  the  two  parts  of 
the  integral  which  correspond  to  Ci,  C.2  respectively.  When  c  moves 
to  t,  the  integrand  of  u2  remains  finite  and  continuous.  In  the  limit, 

when  the  extremities  of  C2  tend  to  £,  let  u2  tend  to  I  U(ds)c, 
whatever  be  the  position  of  the  interior  point  c.  Since  the  length 
of  Ci  is  at  our  disposal,  and  since  the  values  U(s)  are  continuous 
near  t,  GI  can  be  chosen  so  short  that  for  every  point  of  its  arc  we 
shall  have,  in  virtue  of  the  continuity  of  U, 

U-Ut\<  c, 

where  e  is  arbitrarily  small  and  Uis  any  value  of  the  function  U(s) 
upon  Ci.  Then 


When  c  moves  up  to  t}  I  (dsi)e  becomes  that  angle  between  the 
two  lines  from  t  to  the  extremities  of  Ci  which  does  not  contain  c. 
Let  Ci  shrink  indefinitely;  then  j  (d8i)e  tends  to  a  limit  2  IT  —  a, 
where  a  is  the  angle  between  the  two  tangents  at  t  measured  within 
F,  this  angle  being  ordinarily  equal  to  TT.  In  the  limit  when  Ci 
shrinks  up  to  t  and  c  moves  to  t, 

lim  Ui  =  'irUtj  or  (2  TT  —  a)  Ut, 
and  1-  lim  (u,  +  *,),  or  A  lim 
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according  as  the  point  t  is,  or  is  not,  a  point  at  which  the  tangent 
changes  its  direction  abruptly. 

II.    The  integral  —  lim 


We  have  to  prove  that  the  value  of  this  integral  is 


In  the  first  place  the  value  of  the  integral  must  be  defined  more 
precisely,  for  the  values  U'  at  the  points  of  C'  are  not  known.  Let 
the  values  U'  assigned  to  the  points  of  C'  be  equal  to  the  values 
U  at  corresponding  points  of  C,  the  correspondence  between  the 
points  of  C  and  C'  being  in  general  one-to-one.  The  method  by 
which  Harnack  effects  this  is  to  separate  the  curve  C  into  parts 
which  are  concave  and  into  parts  which  are  convex  to  the  axis  of  x. 
The  former  parts  are  translated  through  an  arbitrarily  small  distance 
8  parallel  to  the  axis  of  y  downwards,  and  the  other  parts  through 
the  same  distance  upwards.  It  is  clear  that  a  point  s'  of  the  new 
curve  C'  will  correspond  to  that  point  s  of  the  original  curve  C,  which 
is  at  a  distance  8  from  s'.  As  the  curve  C'  is  to  be  wholly  comprised 
within  C,  the  above  method  has  to  be  modified  near  points  of  C,  at 
which  the  tangent  is  vertical  or  suffers  an  abrupt  change  of  direc 
tion.  Consider  the  case  in  which  a  tangent,  parallel  to  the  axis  of 
y,  touches  C  externally  ;  near  the  point  of  contact  there  must  be  a 
vertical  chord  which  passes  through  two  points  of  C  at  a  distance 
28  apart.  The  translation-process  brings  these  two  points  together, 
at  a  point  p  say  ;  these  two  points  and  all  the  points  between  the 
chord  and  the  tangent  are  to  be  represented  by  p.  It  is  true  that 
there  is  a  discontinuity  in  the  values  of  U  at  p,  but  this  discontinuity 
can  be  made  arbitrarily  small  by  making  8  tend  to  0.  The  case  in 
which  a  vertical  tangent  touches  C  internally  differs  very  slightly 
from  the  preceding.  The  point  of  contact  changes  into  two  points, 
and  there  is  a  gap  in  the  curve  C".  This  gap  can  be  filled  up  by 
connecting  the  two  extremities  of  the  separate  arcs  by  an  arbitrarily 
short  arc  interior  to  C.  Let  all  the  points  of  this  arc  correspond  to 
the  single  point  of  contact  on  C  ;  thus  the  value  of  U'  on  this  short 
arc  is  constant. 
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§  271.     Having  assigned  in  this  way  a  definite  meaning  to  the 

U'  of  —  -  (  U'-^-ds'j  let  us  now  consider  the  function 
2-n-J         n' 


where  g'  is  the  value  on  C'  of  the  ^-function  for  T  relative  to  a  point 

c.  and  -^-  is  the  derivative  with  regard  to  a  normal  of  C'  drawn 

Snf 
inwards,  U  replacing  U'. 

Let  (x',  y')  be  a  point  on  C1,  and  let  (a,  6)  be  the  point  c.  Con 
struct  the  functions  g(x,  ?/;  a,  b)  and  g(x,  y\  x',  y')  relative  to 
(a,  b)  and  (a;',  y'). 

Then  g(x',  y'  ;  a,  6)  =  gr(a,  6;  »',  y1). 


But  in  the  neighbourhood  of  (a,  b)  the  function  on  the  right- 
hand  side  can  be  expressed  by  a  Fourier  series,  when  (a,  b)  is  chosen 
as  the  origin  for  polar  co-ordinates.  The  coefficients  in  this  expan 
sion  can  be  expressed,  in  the  neighbourhood  of  (a,  b),  as  definite 
integrals,  which  can  in  turn  be  expressed  as  integral  series  in  x'}  y' 
throughout  the  neighbourhood  of  (x1,  y').  In  this  way  it  can  be 
proved  that  all  the  composite  derivatives  of  g  with  regard  to  a,  b, 
x'j  y'  are  harmonic  in  the  neighbourhoods  of  (a,  b),  (x',  y'). 


This  proves  that  v  is  harmonic  in  r.     Now  when  c  tends  to  a 

point  t  of  (7,  g1  and  -^-f  pass  with  uniform  continuity  into  log  1/r 

£ 
and  —  log  1/r,  where  r  stands  for  the  distance  of  t  from  the  points 

8% 
of  C'.     Hence  when  c  tends  to  the  point  t  on  C,  v  tends  to  a  value 

•j  -  /*      & 

Ff  which  is  the  same  as  the  value  of  —  I  U  —  log  1/r  •  ds1.     As  C" 

27T*/      on1 

.tends  to  (7,  the  values  of  the  harmonic  function  v  and  the  rim  values 
V  alter.  We  have  to  determine  the  exact  value  of  the  limit  V  to 
which  V  tends.  As  before,  separate  C  into  two  parts,  one  being 
an  arbitrarily  short  arc  sx  on  which  t  is  situated.  On  sx  the  values 
of  the  continuous  function  U  differ  by  less  than  e.  Through  the 
extremities  of  s1  draw  vertical  lines  to  cut  C'  in  an  arc  s/  parallel  to 
Si  ;  denote  the  remainders  of  C,  C'  by  s2,  s2'.  Now  let  the  parts  of 
the  integral  which  are  associated  with  s^  and  s2'  be 


419 
and  B=±  ftfA  log  1/r.  <*«,'. 

A  7T«/  Oil 

When  8  tends  to  0,  the  curve  C'  tends  to  C  and  the  values  of  r 
in  B  pass  with  uniform  continuity  into  the  lengths  of  the  radii  from 
t  to  points  of  s.y.  Therefore 


the  passage  to  the  limit  being  accomplished  with  uniform  continuity 
for  all  points  t  of  the  rim. 

To  find  lim  A,  denote  as  before  the  value  of  U  at  t  by  Ut.  The 
values  of  U  on  the  arc  s/  can  be  made  to  differ  from  Ut  by  an 
arbitrarily  small  amount  by  diminishing  the  length  of  the  arc.  Thus 
the  equation 


yields  the  inequality 


But      £(d*f)t  =  -  (the  angle  which  s/  subtends  at  t)  =  -  £', 

where  the  negative  sign  is  used  because  it  is  the  outer  side  of  ds/ 
which  is  turned  towards  t.  As  C'  moves  up  to  its  limiting  position 
C,  ft  tends  to  the  value  ft,  where  fi  is  the  angle  between  the  two 
lines  from  t  to  the  extremities  of  Sj.  When  the  arc  sx  is  made  to 
shrink  indefinitely,  ft  tends  to  the  limit  TT  or  «,  where  «  has  the  sam.e 
meaning  as  before,  and  we  have 

lim  A  =  -  \  Ut  or  -  ^  Vt,  liin  5  =  A-  lim  Cu(dss)t 

*•  -  7T  J  7T  ^=0  J 

and  Ft  =  lim^l  +  lhn^  =  -ic7;4-—  C 

2  2-rrJ 


01 


It  remains  to  be  shown  that  the  passage  of  F/  to  the  limit  Vt  is 
effected  with  uniform  continuity  for  all  positions  of  £;  in  other 
words,  that  there  is  always  a  position  of  C'  such  that  the  values  of  v 
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relative  to  C'  differ  from  Vt  by  less  than  an  arbitrarily  small  posi 
tive  number  rj.     To  prove  this,  observe  that 


f 

Js' 


U<      log 

on 


V,  =  -  -j-  Ut  +  ^   f  *7|-  log 

J  7T  J  7T  c/s'2        671 


Here  r,  rf  are  the  distances  of  £  from  corresponding  points  of  (7, 
Cf.  In  considering  F/  —  F,,  we  have  to  examine  €1  —  e2,  /?'  —  /?,  and 

.-f  f  *7'£  log  l/r1*,'  -±   Cuj-  log  l/nfa, 

27r*A'2       on'  27Tc/s'2    8r«, 

The  absolute  value  of  the  first  of  these  can  be  made  less  than 
77/8  by  choosing  s_i  sufficiently  small  ;  the  difference  between  /3  and 
/3'  can  be  made  less  than  rj/3  by  making  (7  approach  sufficiently 
near  to  C,  i.e.  by  making  8  less  than  some  number  8:  ;  finally  the 
third  expression  can  be  made  less  than  rj/3  by  making  8  less  than 
some  number  82,  for  r'  can  be  made  to  differ  arbitrarily  little  from 
r  by  making  8  sufficiently  small.  Here  81?  82  are  determined  for  all 
points  t  of  C. 

Now  let  (8'?  8",  8'",  •••)  be  a  regular  sequence  which  defines  0, 
the  members  of  the  sequence  being  positive  numbers  arranged  in 
descending  order  of  magnitude.  Let  the  harmonic  functions  v  which 
correspond  to  the  values  8',  8",  8'rf,  •••>  of  8  be  vr,  v",  v'H,  •••,  and  let 
the  values  of  these  functions  at  t  be  Flit,  V%t,  F^t,  ••••  We  have 
just  seen  that  the  sequence  (Fi  „  F2  „  F3  „  •••)  defines  a  value  Vt  ; 
that  is,  FM+(FV-  FM)  +  (FM  ->,,,)'+  •»=•?;.  By  §  263  the 


defines  a  function  v  which  is  harmonic  in  r  and  continuous  on  (7; 
and  the  value  of  this  function  at  the  point  t  is  Vt. 

The  combination  of  the  two  interals 


,  i  lim  r  ^ 

2ir  c-=cj       on' 


on 

is  a  function  w  which  is  harmonic  in  r  and  passes  with  uniform 
continuity  into  the  assigned  rim  values  U.  Thus  Dirichlet's  problem 
has  been  solved  and  solved  uniquely. 

§  272.  Before  passing  on  to  the  discussion  of  potential  functions 
with  discontinuities  we  shall  establish  a  proposition  which  relates 
to  Dirichlet's  problem  for  the  circle.  Suppose  that  u  is  the  harmonic 
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function  which  takes  assigned  values  U(s)  on  a  circle  of  radius  R, 
and  let  a  concentric  circle  be  described  whose  radius  p  is  less  than  R. 
The  difference  between  a  value  u  on  the  circle  (p)  and  the  value  UQ 
at  the  centre  is 


p  sin 


-  ]  has  for  its  maximum 


The  expression  sin"1 
value  sin-'p/fl-  V ^  ~  2  ^p  C°S  "  +  p' 

Suppose  that  as  a  increases  from  0  to  2  -  this  maximum  is  first 
attained  when  a  =  <£.  Then,  between  the  limits  a  =  0,  «  =  -,  the 
expression  under  consideration  increases,  while  a  increases  up  to  <£, 
and  then  decreases  to  0.  Hence  the  absolute  value  of  each  of  the 
partial  integrals 

,  p  sin  a 

sm"1 


,/a=0       «/_=;>       *XO=JT  t/a=2;r- 

is  less  than  G  sm~lp/R,  and 


where  G  is  the  upper  limit  of  the  values  u  on  the  circle  (R). 
Suppose  that  K  is  the  lower  limit  of  the  same  values.  Then  the 
function  n'  =  u- (K+  G)/2 
has,  for  its  upper  limit  on  R, 
the  value  (G-K)/2,  or 
D/2,  where  D  is  the  oscilla 
tion  on  the  circle  (R). 
Hence 


and  the    absolute   value    of 
the   difference    of    any   two 

les   of    u'  01 
(p)  is  less  than 

D.isin-V-R.  Fl'3-82 

[Schwarz,  Werke,  t.  ii.,  p.  359 ;  Harnack,  Grundlagen  der  Theorie 
des  Logarithmischen  Potentiales,  §  19.] 
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A  closer  limit  has  been  found  by  Neumann,  Abel'sche  Integrale, 
p.  412.  Letp,  q  (Fig.  82)  be  points  on  the  circle  of  radius  p,  the 
radius  of  the  outer  circle  being  R.  The  values  up,  uq  are  (§  257) 


and  -  C\^logl/r2-l/2Itl  Uds; 

TT»/    (.  on  ) 

that  is,  up  =  1  Cu(ds)p  -  -I-  Cuds, 

irJ  LirKJ 


Thus  up-uq  =  -  Cu{  (ds)p  -  (ds)q\  =  - 

TtJ  7T 


where  ^  =  the  angle  Ips,  \}/'  =  the  angle  Iqs,  ^  =  the  angle  qsp. 
Similarly,  the  function  u  —  (-fiT-f-  G)/2  gives 

u~  K 


Let  the  angles  gap,  pbq  be  y^  y2  respectively,  and  let  the  integral 
be  taken  over  the  four  parts  I  to  a,  a  to  w,  m  to  6,  6  to  /.  The 
absolute  value  of  each  of  the  first  two  parts  is  less  than 


that  is,  less  than  Dy^Tr;  and  the  absolute  value  of  each  of  the 
remaining  two  parts  is  less  than  Z>y2/2?r.     Thus 

\up-uq    <  D(7l  +  y2)/7r  <  4  D  (angle  cab)/-*. 
But 


rlp/R.    Here  the  multiplier  "1 

or  ^,  is  a  proper  fraction  whose  value  depends  solely  on  p, 


therefore  |  %p  —  uq   <-D  t&rrlp/R.    Here  the  multiplier  -  tan"1  p/7?, 

7T  7T 
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§  273.   Discontinuities.     Hitherto  the  solution  u  of 


has  been  supposed  to  be  continuous  in  F.  Let  us  now  extend  the 
treatment  of  the  potential  function  for  a  multiply  connected  region 
T  of  the  plane  so  as  to  include  partially  the  discontinuities  of  the 
kind  met  with  in  the  discussion  of  Abelian  integrals  on  a  Eiemann 
surface.  These  two  kinds  of  discontinuity  are  of  the  following 
species  :  — 

(1)    In  the  region  T  the  function  u(x,  y)  is  infinite  at  a  point 
(x0,  y0)  like  the  real  part  f(x,  y)  of 


while  u  —f(x,  y)  is  one-valued,  continuous,  and  satisfies  Laplace's 
equation  in  the  neighbourhood  of  (o:0,  y0),  that  point  included; 

(2)  In  the  simply  connected  region  T',  which  arises  from  r  by 
the  drawing  of  cross-cuts,  the  function  u(x,  y)  is  one-valued  and 
continuous,  and  its  values  along  the  cross-cuts  differ  by  constant 
quantities  (the  real  parts  of  the  periods  associated  with  these  cross 
cuts)  . 

The  boundary  values  are  supposed  to  be  assigned  arbitrarily, 
except  that  they  are  subject  to  the  usual  restrictions  as  to  continuity. 
Suppose  that  a  potential  function  u  takes  assigned  values  U(s)  on 
the  rim  of  F,  and  that  in  r  it  is  continuous  except  at  a  point  c,  at 
which  it  is  infinite  like  log  r.  The  existence  theorem  for  this  case 
follows  at  once  from  the  existence  theorem  for  the  (/-function.  For 
let  u'  be  that  harmonic  function  which  takes  the  values  U(s)  on  C, 
and  is  everywhere  one-valued  and  continuous  in  r,  and  let  gc  be  the 
^'-function  relative  to  T  and  c.  Then  u'  +  g  —  log  1/r  is  the  required 
function.  For  g  —  log  (1/r)  is  zero  on  G  and  infinite  at  c  in  the 
required  manner,  and  u'  +  g  —  log  1/r  has  the  values  U  on  C  and  is 
infinite  in  the  required  manner. 

The  case  of  a  purely  algebraic  discontinuity  can  be  dealt  with 
equally  easily.  For  let  f(x,  y)  be  the  real  part  of 


and  let  the  values  of  /on  C  be  F.  Construct  the  harmonic  function 
u'j  which  takes  the  values  U(s)  —  F  on  (7,  and  is  everywhere  one- 
valued  and  continuous  in  r.  Then  u  =  u'  -+-/  is  the  potential  func 
tion  with  the  assigned  discontinuity  and  the  assigned  values  on  the 
rim. 
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Next,  suppose  that  there  is  a  solution  /  of  the  differential  equa 
tion  which  is  one-valued  and  continuous  in  a  region  r,  except  along 

-J  S+2TT    %-f 

lines  or  at  points  such  that  the  integrals  —  (      -J  c?s.  taken  over 

2  TTC/O     Bn 

curves  round  the  separate  lines  or  points,  all  vanish.  Harnack, 
following  Schwarz  and  Neumann,  has  proved  that  there  exists  a 
potential  function  <£,  which  is  one-valued  and  continuous  at  all 
points  (oo  inclusive)  of  the  plane  other  than  the  places  of  discon 
tinuity  of/,  and  which  is  discontinuous  like /at  the  above-mentioned 
lines  and  points  (i.e.  (f>  —  /  is  harmonic  throughout  F).  [Harnack, 
Grundlagen  der  Theorie  des  Logarithmischen  Potentiales,  §  45 ; 
Neumann,  Abel'sche  Integrale,  2d  ed.,  pp.  445,  461 ;  Schwarz,  Werke, 
t.  ii.,  pp.  163,  166.] 

§  274.  Take  a  circular  region  ;  call  this  region  T1?  and  let  its  rim 
be  Ci.  Let  C2  be  a  concentric  circle  of  smaller  radius,  such  that 
all  the  places  of  discontinuity  of  /  are  situated  within  the  circular 
region  bounded  by  C2.  Let  the  region  exterior  to  C2  be  called  T2. 
Along  the  rim  of  any  circle  with  centre  0  and  radius  intermediate  to 
the  radii  of  Ci,  O2, 

1    C2n 
-  I     fdO  =  a  constant  A ; 

27rJo 

or,  replacing/-  A  by/, 

1     /*2"- 
•±-  I     fdO  =  0. 

*7rJo 

Apply  Schwarz's  alternating  process  to  the  two  regions  T15  T2. 
Construct  for  T2  a  harmonic  function  u±  with  the  values  F2  on  C2, 
where  F2  stands  for  the  values  of  /  on  (72;  for  T\  a  harmonic  func 
tion  u2  with  the  values  u^l)  —  F1  on  d,  where  t^(1)  stands  for  the 
values  of  ut  on  Ci;  for  T2  a  harmonic  function  n3  with  the  valu 
%2(2)  -f-  F2  on  (72;  forTi  a  harmonic  function  with  the  values  u3(l)  — 
on  Ci;'  and  so  on  indefinitely.  Since  the  upper  limit  of  the  values 
F2  on  C2  is  finite,  the  absolute  value  of  u^  —  Fl  is  everywhere 
finite  on  Ci.  Also  we  know  that  on  C±, 


/»27r  r»  2n 

\      u1(l)dO  =  0,          I      F1dO  =  0, 

Jo  Jo 

therefore,  from  the  equation  u2(1)  =  %(1)  —  F^ 

C  2\i.^dO  =  0,     and      f '  Y<  :\W  =  0. 
Jo  Jo 
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The  latter  equation  shows  that  the  value  of  u.2  at  the  centre  of  C2 
is  0.  Applying  the  theorem  of  §  272,  the  absolute  value*  and  the 
oscillation  of  u.2  on  C2  are  less  than  6D,  where  D  is  the  greatest  oscil 
lation  of  the  rini  values  up*  —  F^  and  0  is  a  proper  fraction  which 
depends  solely  upon  the  radii  of  <71?  C2. 

Since  us  takes  on  <72  the  values  u.2(2)  +  F.2,  we  have 


f\w#= 


Since  w3(2)  —  %1(2)  =  w2(2),  the  absolute  value  and  the  oscillation  of 
—  iii  on  (72  are  less  than  OD.     Again,  the  equations 


p 

Jo 


show  that  the  absolute  value  and  the  oscillation  of  w4(1)  —  ^*2(1)  are  less 
than  OD,  and  therefore  that  the  absolute  value  and  the  oscillation  of 
w4(2)  —  u2(2)  are  less  than  QrD.  The  two  systems 


are  such  that  in  T2 

w3  -  MI  <  ^A  "5  -  w3 
and  in  T\  w4  -  M,  <  ^Z),  we  -  w4 

Hence,  the  two  series 


define  harmonic  functions  u',  it",  which  are  the  limits  of  WOB+I,  M.,B, 
when  ?i  tends  to  ao.  On  the  two  rims  of  the  region  T',  common  to 
Tj  and  TJJ,  we  have 


therefore  u"  +f  takes  the  same  values  as  u'  throughout  T',  and 
u"  +/  serves  for  the  prolongation  of  u'  over  the  boundary  of  Ta.  It 
should  be  noticed  that  the  region  formed  by  the  combination  of  T1? 
T2  is  a  closed  region,  a  result  of  importance  in  view  of  the  fact  that 
a  Eiemann  surface  may  be  closed. 


*  When  the  value  at  the  centre  is  0,  the  lower  limit  is  0  or  negative.    Therefore  the  absolute 
value  on  the  rim  must  be  equal  to  or  less  than  the  oscillation. 
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References.  Neumann  and  Schwarz  share  the  honour  of  being  the  first  math 
ematicians  to  give  a  satisfactory  proof  of  Dirichlet's  Principle.  Those  memoirs 
of  the  latter  which  relate  to  this  problem  are  to  be  found  in  his  Werke,  t.  ii.  ; 
while  Neumann's  researches  have  been  incorporated  largely  in  his  treatise  on 
the  Abelian  Functions.  Kiemann's  original  investigations  were  published  in 
his  Inaugural  Dissertation.  Picard  has  given  an  admirably  lucid  account  of  the 
methods  of  Schwarz,  Neumann,  and  Poincare  in  his  Traite  d' Analyse,  t.  ii.,  fasc. 
1.  Harnack's  method  is  expounded  in  his  work,  Grundlagen  der  Theorie  des 
Logarithmischen  Potentiales,  a  contribution  of  high  value  to  the  Potential- theory. 
Two  important  memoirs  on  the  methods  of  Schwarz  and  Poincare  have  appeared 
within  recent  years ;  one  by  M.  Jules  Riemann,  Sur  le  Probleme  de  Dirichlet, 
Ann.  de  1'Ec.  Norm.  Sup.,  ser.  3,  t.  v.,  the  other  by  M.  Paraf,  Sur  le  Probleme 
de  Dirichlet,  Paris,  1892.  The  reader  should  consult  Klein's  memoir,  Beitrage 
zur  Riemann'schen  Functionentheorie,  Math.  Ann.,  t.  xxi.,  Klein's  Schrift,  and 
Klein-Fricke,  Modulfunctionen,  t.  i.,  pp.  504  et  seq.  For  the  history  of  the  sub 
ject  he  is  referred  to  the  notes  at  the  end  of  Schwarz' s  collected  works.  The 
discussion  of  the  potentials  which  are  associated  with  Abelian  integrals  will  be 
taken  up  again  at  the  end  of  the  next  chapter. 


CHAPTER   X. 

ABELIAX  IXTEGRALS. 

§  275.  Eiemann's  classical  memoir  on  the  Abelian  Functions 
(Theorie  der  Abelschen  Functionen)  was  published  in  the  54th  vol 
ume  of  Crelle's  Journal  in  1857.  His  treatment  of  the  subject  was 
based  on  the  brilliant  conception  that  a  theory  could  be  constructed 
from  the  definition  of  Abelian  integrals  by  certain  characteristic 
properties  on  a  Eiemann  surface.  To  establish  the  existence  of 
functions  with  the  assigned  properties  he  used  Dirichlet's  principle  ; 
but  it  has  been  pointed  out  (in  Chapter  IX.)  that  Dirichlet's  prob 
lem  has  not  been  solved  satisfactorily  by  methods  drawn  from  the 
Calculus  of  Variations.  To  secure  solid  foundations  for  Eiemann's 
superstructure,  recourse  must  be  had  to  the  existence-theorems  of 
Neumann  and  Schwarz.  In  the  chapter  on  Eiemann  surfaces  every 
thing  was  referred  back  to  a  basis-equation  F(w,  z)  =  0,  the  number 
of  sheets  of  T  in  the  z-plane  and  the  distribution  of  the  branch- 
places  being  determined  by  the  equation;  but  it  was  indicated 
(§  190)  that  the  process  might  be  reversed.  One  of  the  distin 
guishing  features  of  Eiemann's  method  is  that  he  starts  with  a  sur 
face  given  independently  of  an  equation  F=0  (§  162),  and  passes 
thence  to  algebraic  functions  of  the  surface.  In  this  way  the  sur 
face  becomes  associated  with  a  whole  system  of  equations  which 
pass  into  one  another  by  birational  transformations,  and  no  one  of 
these  equations  can  claim  precedence  over  the  others.  The  surface 
being  spread  over  the  z-plane,  it  is  often  convenient  to  single  out 
from  the  algebraic  functions  of  the  surface  the  particular  function 
z,  and  to  express  the  other  algebraic  functions  in  terms  of  z  (§  154). 
Kronecker's  theory  of  the  discriminant  shows  that  amongst  these 
functions  iv  there  is  one  which  gives  rise  to  an  equation  F(ic,  z)  =  0 
with  no  higher  singularities  than  nodes ;  in  this  equation  the  branch 
points  arise  solely  from  vertical  tangents.  (See  Xother,  Eationale 
Ausfuhrung  der  Operationen  in  der  Theorie  der  Algebraischen  Func 
tionen,  Math.  Ann.,  t.  xxiii.)  There  is  no  loss  of  generality  in  selec 
ting  for  a  basis-curve  one  with  no  singularities  higher  than  nodes.* 

*  Using  the  language  of  Higher  Plane  Curves,  the  Craroer-Xother  transformations  of  Chapter 
IV.  are  one-to-one  transformations  of  the  plane  of  co-ordinates  xlf  x2,  x3,  -while  the  transforma- 

427 


428  ABELIAN   INTEGRALS. 

The  plan  of  this  chapter  is  (I)  to  find  what  discontinuities  can 
arise  when  there  is  a  basis  equation  F(ivn,  zm)  =  0;  (2)  to  find  what 
theorems  follow  from  an  assumption  of  the  truth  of  the  existence- 
theorems  for  integrals  of  the  three  kinds  on  a  surface  T  given  inde 
pendently  of  a  basis-equation  ;  (3)  to  work  out  results,  using  the 
Clebsch-Gordan  form  of  equation  fn(xlt  x.2)  a!3)  =  0,  or  F(w,  z,)  =  0, 
in  which  the  branch-points  are  simple  and  situated  in  the  finite  part 
of  the  plane,  and  the  multiple  points  are  not  higher  than  nodes  ; 
(4)  to  show  that  the  existence-theorems  for  Abelian  integrals  on  the 
surface  T  follow  from  the  theorems  of  Chapter  IX.  In  justification 
of  this  plan  we  may  observe  that  the  theorems  of  Chapter  IX.  indi 
cate  the  existence  of  the  Abelian  integrals  on  T  ;  also  that  when 
these  existence-theorems  are  known  to  hold  for  the  most  general 
case,  there  is  no  advantage  to  be  gained  by  selecting  a  basis-equation 
with  complicated  expansions,  since  the  character  of  Biemann's 
results  can  be  appreciated  adequately  by  using  one  which  gives  sim 
ple  branch-points. 

§  276.  Let  us  start,  in  the  first  place,  with  an  irreducible  equation 
F(wny  zm)  =  0  of  deficiency  p  ;  and  let  T,  T  '  have  their  ordinary 
meanings.  An  examination  of  the  nature  of  the  discontinuities  of 

/"»£,  W 

the  Abelian  integral  I       E(iv,  z)dz  will  lead  to  a  classification  of 

cA0,  WQ 

Abelian  integrals. 

Near  each  place  s  of  the  surface  T,  R  can  be  expanded  in  a  series 
of  ascending  powers  of  (z  —  c)1/r,  where  r  is  a  positive  integer  and  c 
is  the  value  of  z  at  s.  The  first  exponent  q-^/r  may  be  negative,  but 
cannot  be  infinite.  If  ql  <  0,  the  place  s  is  an  infinity,  and  if  r  >  1, 
it  is  also  a  branch-place  at  which  r  sheets  hang  together.  Since, 
near  s 


the  value  of   (  Rdz  is 


s 


(Z  _  c)«i/'{ao  +  a,(z  -  c)l/r  +  a2(z  -  c)2/'  -f  ...  \dz, 

=  b,(z-  c) <*»+">"•  +  ^  0  -  c) 

Case  I.     If  (ft  +  r  >  0,  \  Rdz  =  Pgi+r(z  —  c)l/r.    Here  s  is  a  branch- 
place,  or  an  ordinary  place,  according  as  r^  1. 

tions  of  Kronecker  are  one-to-one  transformations  of  a  curve  in  the  plane.  The  former  trans 
formations  separate  coincident  tangents,  but  do  not  resolve  a  multiple  point  with  distinct  tan 
gents  into  its  component  nodes. 
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Case  IT.     If  qi  +  r<>  0,  let  ql  +  r  =  -  t\  then 
CRdz=b()(z  _C) -'/"+&! («  -  c)(1-')/r-f  •••  +6,  log  (2  -  c)  +  P(z  -  c)1/r. 

Here  s  is  both  a  branch-place  and  an  infinity.  The  nature  of  the 
infinity  depends  on  the  values  of  the  coefficients.  When 

60  =  &!  =  b.2  =  •••  =  bt_i  =  0, 

the  infinity  is  purely  logarithmic.  On  the  other  hand,  if  bt  =  0,  the 
infinity  is  purely  algebraic  ;  but  if  b0  =  &j  =  b*  —  •••  =  bt  =  0,  we  fall 
back  011  Case  I.  For  every  other  system  of  values  the  infinity  is 
logarithmic-algebraic. 

Case  II.  shows  that  the  integral  is  infinite  at  an  infinity  of  72, 
except  when  that  infinity  is  a  branch-place  on  T  such  that  qi  +  r>  0. 
We  have  established  the  fact  that  the  integral  has  only  a  finite  num 
ber  of  infinities  which  are  algebraic,  logarithmic,  or  logarithmic- 
algebraic;  and  that  no  other  infinities  can  occur.  An  integral  is 
said  to  be  of  the  first  kind  when  it  has  no  infinity  on  T,  of  the 
second  kind  when  its  infinities  are  algebraic  solely,  and  of  the  third 
kind  when  it  has  logarithmic  or  logarithmic-algebraic  infinities. 
The  simplest  integral  of  the  second  kind  is  that  which  has  only  one 
infinity  on  T,  that  infinity  being  a  pole  s  of  the  first  order ;  the 
integral  of  the  second  kind  is  then  said  to  be  elementary.  The 
simplest  integral  of  the  third  kind  is  that  which  is  infinite  at  two 
places  of  T  like  -f-  log  (z  —  c})  and  —  log  (z  —  c2),  and  is  elsewhere 
finite ;  the  integral  of  the  third  kind  is  then  said  to  be  elementary. 
We  shall  denote  elementary  integrals  of  the  second  and  third  kinds 
by  Z  and  Q,  and  shall  indicate  by  suffixes  the  places  at  which  the 
integrals  are  infinite.  Thus  in  the  present  notation  Zs  is  an  ele 
mentary  integral  of  the  second  kind,  QSlS2  one  of  the  third.*  We 
have  had  instances  in  §  219. 

The  integrals  of  the  three  kinds  are  continuous  functions  of  the 
place  on  T,  but  are  not  one-valued.  When  the  upper  limit  of  an 
Abelian  integral  describes  a  closed  path  on  T,  the  final  value  of  the 
integral  may  differ  from  the  initial  value  by  multiples  of  periods  f 
due  to  the  cross-cuts  or  to  the  logarithmic  discontinuities. 

It  should  therefore  be  borne  in  mind  that  the  integral  of  the 
first  kind  may  become  infinite  by  the  addition  of  infinitely  many 
periods. 

*  In  cases  where  no  ambiguity  will  arise  we  shall  say  that  au  integral  is  ao  at  a  place  8  like 
(z  —  s)~1or  log  (2  —  s),  where  what  is  meant  is  that 'it  is  ao  like  (z  —  z(s))'1  or  log  («  —  «(«)), 
z(s)  being  the  point  of  the  2-plane  at  which  s  lies. 

t  The  word  period  is  used  for  shortness.  It  would  be  more  correct  to  use  modulus  of 
periodicity  and  reserve  period  for  the  Abelian  functions  whkh  arise  from  the  inversion  problem. 
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In  Case  II.,  writing  z  —  c  =  z{,  we  have 

CRdz  =  fc^r*  +  b^  +  --  +  rbt  log  z,  +  Pfa). 

If  the  path  of  integration  be  a  small  closed  curve  round  the  place 
s,  this  gives 

XRdz  =  2Trirbt. 
.  ) 

The  coefficient  rbt  is  called  the  residue  at  the  point  in  question 
(§  180).  Bound  an  ordinary  point,  and  round  a  critical  point  such 
that  in  the  expansion  of  R  no  term  (z  —  c)"1  enters, 


C 

«/(«) 


Rdz  =  0. 
) 

Let  sb  s2,  •••,  SK  be  the  logarithmic  infinities  of  j  Rdz  on  the 
surface  T.  The  surface  T  can  be  reduced  by  the  ordinary  cross 
cuts  A,  B,  C  to  T'.  As  in  §  180,  all  the  logarithmic  infinities  must 
be  cut  out;  the  surface  is  now  (ic  +  l)-ply  connected.  Let  it  be 
reduced  to  a  simply  connected  surface  T"  by  K  further  cuts.  On  T" 
the  integral  has  no  logarithmic  infinities;  hence  taken  positively 
round  the  complete  boundary  of  T"  it  vanishes.  The  parts  of  this 
boundary  which  are  traversed  twice  in  opposite  directions  contribute 
nothing  to  the  sum-total,  since  each  element  Rdz  is  cancelled  by  an 
element  —Rdz.  The  only  parts  which  are  not  of  this  category  are 
the  small  closed  curves  round  the  places  s;  these  contribute  2-n-i 
(the  sum  of  the  residues).  Hence  the  important  theorem  that  the 
sum  of  the  residues  of  J  Rdz  on  T  is  zero. 

In  the  proof  of  this  theorem  we  have  integrated  round  the 
boundary  of  a  dissected  surface.  This  method  is  used  constantly 
in  Eiemann's  theory.  It  seems  desirable  therefore  to  point  out 
explicitly  that  elements  on  opposite  banks  of  a  cross-cut  are  com 
bined  with  each  other,  *  and  that  the  cross-cuts  C  play  a  subsidiary 
part,  the  period  across  a  C  being  zero  (see  §  180).  The  theorem  with 
regard  to  the  residues  shows  why  an  integral  with  two  logarithmic 
infinities  is  chosen  as  the  elementary  integral  ;  for  an  integral  with 
only  one  logarithmic  infinity  is  non-existent. 

In  practice  use  is  made  of  a  special  equation,  and  the  results 
are  open  to  objections  on  the  score  of  incomplete  generality.  To 
meet  these  objections  it  is  necessary  to  place  the  Eiemann  sur 
face  T  in  the  fore-front  of  the  theory,  and  to  prove  that  Abelian 

*  Integration  round  the  rim  of  a  dissected  surface  is  analogous  to  integration  round  the  rim 
of  a  parallelogram  of  periods  in  the  case  of  a  doubly  periodic  function.  See  Chapter  VIT.,  §  197. 
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integrals  of  the  three  kinds  exist  upon  it.  It  is  assumed  that  this 
surface  is  spread  over  the  z-plane  in  a  finite  number  of  sheets  (say 
w),  that  its  order  of  connexion  is  "2p  +  1,  and  that  the  sum  of  the 
orders  of  its  branchings  is  2p  +  2n—2.  To  avoid  interrupting  the 
discussion  of  properties,  we  shall  assume  the  truth  of  certain  exist 
ence  theorems,  and  give  the  proofs  at  a  later  stage.  Strictly  we 
ought  not  to  speak  of  Abelian  integrals  of  the  first  three  kinds  for 
such  a  surface,  but  rather  of  functions  of  the  place  of  the  first 
three  kinds,  since  there  is,  at  first,  no  basis-equation.  But  no  con 
fusion  will  be  caused  inasmuch  as  the  functions  prove  to  be  of  the 
form  J  £(w,  z)dz,  where  w  is  an  algebraic  function  of  T  which  is 
connected  with  z  by  an  algebraic  equation. 

§  277.  The  existence  theorem  for  integrals  of  the  first  kind 
establishes  the  fact  that  there  exists  upon  T  a  function  W  with  the 
following  properties : 

(1)  TFis  continuous  on  T  ; 

(2)  TFhas  constant  periods  aK  +  ?&,  aK+p  +  ipK+py  at  the  cross 
cuts  AK,  BK,  where  the  «'s  are  assigned  arbitrarily. 

That  the  name  Abelian  integral  is  bestowed  appropriately  on  the 
function  can  be  shown  by  the  following  considerations.  On  oppo 
site  banks  of  a  cross-cut  the  difference  between  W+  and  TF_  is  con- 
'stant.  Hence 

dW+/dz  =  dW./dz, 

and  the  function  dW/dz  is  continuous  except  at  the  branch-points, 
where  it  may  have  algebraic  discontinuities.  Such  a  function  is 
necessarily  a  rational  function  R(w<  z)  of  w  and  z,  where- ,F(zcw,  z)  =  0 
is  an  irreducible  equation  associated  with  the  surface.  Thus  W  is 
an  Abelian  integral.  The  property  (1)  shows  that  it  is  an  Abelian 
integral  of  the  first  kind. 

Suppose,  to  take  a  more  general  case,  that  there  exists  on  T  a 
function  J  which  has  the  following  three  properties  : 

(1)  It  is  continuous  on  T  except  at  isolated  places ; 

(2)  Its  discontinuity  at  each  place  of  discontinuity  is  algebraic, 
logarithmic,  or  logarithmic-algebraic ; 

(3)  The  value  at  any  place  of  T  is  altered  merely  by  an  addi 
tive  constant  after  the  description  of  a  closed  path  on*!1. 

The  derivative  dl/dz  is  continuous  except  at  certain  places 
where  the  discontinuities  are  algebraic  ;  for  the  logarithmic  infinities 
are  converted  by  differentiation  into  algebraic  infinities,  and  dl/dz 
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has  no  periods  at  the  cross-cuts  which  change  T  into  T  ".     Thus  the 
function  dl/dz  is  of  the  form  R(w,  z),  and  /  is  an  Abelian  integral. 

A  special  case  of  Green's  theorem.  Let  W  be  an  integral  of  the 
first  kind;  let  W=  U+  iV,  where  U,  Fare  real.  The  only  places 
on  T '  at  which  the  first  derivatives  of  U,  V  can  become  infinite  are 
the  branch-places  of  T.  Let  these  be  cut  out  from  T '  by  small  closed 
curves.  By  an  application  of  Green's  theorem 


CudV=  C(-U 
J  J  \         s 


By 


since  tfU/Sx2  +  &U/8y*  =  0.  The  single  integral  is  taken  round  the 
boundary  of  T  '  and  round  the  small  curves  which  enclose  the  branch 
points.  The  integrals  round  the  branch-points  become  infinitely 
small  when  the  curves  become  infinitely  small;  therefore  we  have 
the  theorem  that 


where  the  single  integral  is  taken  round  the  rim  of  Tf.     [See  Ch. 
IX.,  §  255,  and  Ch.  VI.,  §  176.] 

By  integrating  round  the  lines  A,  5,  C,  we  get,  since  U+  —  U.,  is 
equal  to  aK  along  AK  and  to  aK+p  along  BK, 


for  each  cross-cut  is  traversed  twice  in  opposite  directions  and 
dV+  =  dV_.  The  integrals  on  the  right-hand  side  are  equal  to 
/8K+J,,  —  (3K  ;  hence  the  expression 


=  a  positive  quantity,  or  0      •     (2). 


In  particular,  W  reduces  to  a  constant  when  all  the  «'s  or  all  the 
/5's  vanish.  That  is,  an  integral  of  the  first  kind  with  periods  all  real, 
or  an  integral  with  periods  all  purely  imaginary,  is  a  constant.  Re 
ferring  to  what  was  said  at  the  beginning  of  this  paragraph,  we 
can  now  see  that  the  conditions  imposed  upon  W  determine  it  to 
a  constant  term.  For  let  W  be  an  integral  of  the  first  kind  whose 
a's  are  the  same  as  those  of  W.  The  function  W—  W  is  an  inte 
gral  of  the  first  kind  which  has  purely  imaginary  periods  at  the 
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cross-cuts ;  therefore,  by  the  theorem  which  we  have  just  proved, 
TF—  W  is  a  constant.  If  the  ratios  of  the  periods  be  all  real,  the 
periods  themselves  are  of  the  form  JcaK,  kctK+p,  where  k  may  be  com 
plex  ;  W/k  is  now  a  function  whose  periods  are  all  real,  and  there 
fore  W/k  and  W  are  constant. 

Example.  An  integral  whose  periods  at  the  curves  AK  (or  BK) 
are  all  zero,  is  a  constant. 

§  278.  It  is  of  great  importance  to  determine  how  many  integrals 
TFcan  be  linearly  independent.  Let  there  be  q  linearly  independent 
integrals  TFA,  (A  =  1,  2,  •••,  q)  ;  and  consider  the  expression 


A=l 


where  the  coefficients  fcA  are  constants.  The  expression  is  continuous 
on  T  and  has  constant  differences  2  A;AG>AJC,  2  £Ao>Ai  K+p  at  the  cross 
cuts  AK,  BK,  where  a>A;c,  WA,  K+p  are  the  periods  ofTFA  at  these  cross-cuts. 
It  is  therefore  an  integral  of  the  first  kind.  Denote  it  by  TFand  its 
periods  by  <OK,  o>K+p ;  also  let  w/c,  O>AJK,  £A  be  resolved  into  their  real 
and  imaginary  parts  «,  +  «&,  «A/C  -f- 1'/?^,  /*A  +  iVA.  We  have  the 
system  of  2p  equations 


.  .-  ,  ._        AK;    •    K      PK» 

(3), 


K  =  l,  2,  ••.,  p.  By  equating  the  real  parts,  we  get  2p  equations, 
from  which  the  2q  quantities  /XA,  VA  can  be  eliminated,  provided 
q<p\  and  there  remain  relations  between  the  quantities  «A/e, /3A/t, 
«A,K+J»  /3A,  ,,+p,  «K,  aK+p-  Choosing  a  set  of  values  for  aK  which  do  not 
obey  these  relations,  we  have  an  integral  of  the  first  kind  which  is 
not  linearly  related  to  the  TFA's.  If  q  +  1  <  p,  we  can  by  the  same 
argument  obtain  q  +  2  linearly  independent  TF's,  and  so  on  until  p 
is  reached.  Hence  there  are  not  less  than  p  linearly  independent 
integrals  of  the  first  kind.  Suppose  that  Fi,  TF,,  ••.,  Wp  are  p 
linearly  independent  integrals  of  the  first  kind;  then  every  other 
integral  W  of  the  first  kind  is  expressible  in  the  form 

P 

'°+A=l*A        A   *  ^' 

a  theorem  of  fundamental  importance.  In  proof  of  this  theorem 
observe  that  whatever  be  the  real  parts  of  the  periods  of  TF  it  is 
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always  possible  to  assign  such,  values  to  /^A,  VA  as  will  make  the  real 
parts  of  the  periods  of  the  linear  combination  2  A'ATF"A  identical  with. 
the  real  parts  of  the  periods  of  W.  And  when  this  has  been  done, 
W—  SfcJ^is  an  integral  of  the  first  kind  whose  periods  are  all 
purely  imaginary,  and  is  therefore  a  constant. 

The  theorem  which  has  just  been  enunciated  cannot  be  regarded  as  proved 
until  it  is  shown  that  the  determinant  formed  by  the  coefficients  of  the  quantities 
.OA|£,  etc.,  in  the  equations  for  aK  and  aK+p,  does  not  vanish.  Neumann  shows  by 
considerations  drawn  from  determinants  that  the  vanishing  of  this  determinant 
is  inconsistent  with  the  linear  independence  of  TF^  JF2,  •••,  Wp.  Neumann, 
Abel'sche  Integrale,  2d  ed.,  p.  243. 

Corollary.     When  p  =  0,  there  is  no  integral  of  the  first  kind. 
The  theorems  of  this  and  the  preceding  paragraph  are  the  ones 
referred  to  at  the  end  of  §  220. 

§  279.  The  bilinear  relations  for  integrals  of  the  first  kind  The 
integral  C  WxdW^  taken  over  the  complete  boundary  of  1',  is  zero. 
The  cross-cut  AK  is  described  twice  in  opposite  directions,  and 


I W  =J> 
-J> 

*/AK 

f 


Similarly, 
f 

JBK 

Also,         f 
Jo* 

Therefore,  after  addition, 


see  Fig.  74,  §  180. 


=  0 


(5). 


In  the  most  general  case  when  7,  /'  are  two  Abelian  integrals  on  T, 

Xp 
=  i 
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where  w,  a/  stand  for  periods  of  /,  /';  and  each  side  of  the  equation 
is  equal  to  the  integral  round  the  infinities  of  both  /and  /'.  This 
may  be  called  the  general  bilinear  relation.* 

Theorem.     The  determinant 

AEE 


formed  by  the  p-  periods  of  the  p  linearly  independent  integrals 
TF^  at  the  cross-cuts  AK)  cannot  vanish, 

For  if  A  ==  0,  the  theory  of  determinants  enables  us  to  assign 
constants  k^  not  all  zeros,  such  that 


The  integral  2A\TFA  has  now  no  periods  at  the  cross-cuts,  and  is 
therefore  a  constant.  Hence  the  TFA's  are  not  linearly  independent, 
contrary  to  hypothesis, 

§  280.  Normal  integrals  of  the  first  kind.  An  integral  W  may 
have  the  period  1  at  the  cross-cut  AL,  and  the  period  0  at  all  the 
other  cross-cuts  AK.  For  the  equations 


determine  the  p  quantities  fcA  without  ambiguity.     Hence  W  is  com 
pletely  determinate,  save  as  to  an  added  constant. 

Such  an  integral  is  called  a  normal  integral  of  the  first  kind.  We 
shall  denote  it  by  ut  and  its  period  at  BK  by  rlK.  Corresponding  to  the  p 
cuts  AK  there  are  p  such  integrals,  whose  periods  form  the  scheme 

1   A         A  A     i   7?         7?  72 

-"-1       -tl-2  '"  -A-p     -Ol       -£>2  '"  -&P 


U2 

1 

0 

o  ... 

1  ... 

0         TU 
0       Tfl 

Tl2 
T22 

—  rlp 

1 

*  Other  relations  besides  the  bilinear  one  connect  the  periods  of  two  Abelian  integrals  of 
the  first  kind.    See  Clebsoh,  t.  iii.,  p.  185. 
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The  p  normal  integrals  are  linearly  independent.     For,  if  possible, 


let 


4-  2fclwl  =  0. 


Then  at  A. 


and  the  vanishing  of  the  coefficients  implies  that  there  is  no  linear 
relation. 

The  bilinear  relation  becomes,  in  the  case  of  the  normal  inte 


grals,  u,,  UK, 


0 


or 


TKI  =  rlK. 


In  virtue  of  this  relation  the  array  formed  by  the  T'S  is  sym 
metric.     The  simple  character  of   the  properties  of   the  p  normal 


integrals  u^ 


makes  them  specially  suitable  for  use  as  the 


elements  in  terms  of  which  all  integrals  W  are  expres&ed  linearly. 
In  §  277  it  was  proved  that 


*=i    &      (3p+K    = 

If  we  apply  this  result  to  the  integral 

7i1w1  +  w2w2H \-npup, 

where  nw  n2,  ~-,np  are  real,  we  have,  if  rtK  =  aiK  4- 


ft     =0, 


""s^. 

and  therefore  2  2  nKnL/3LK>  0; 

K=l  1=1 

that  is,  /?n%2  4-  2  ft2w1n2  -f  •  •  •  +  ft^n/  ^  0. 

The  sign  of  equality  obtains  only  when  the  integral  2  wtwt  is  con 
stant,  a  case  which  implies  the  vanishing  of  nb  w2,  •••,  wp. 


§  281.  The  functions  $.  The  derivative,  dTT/d^,  of  an  integral  of 
the  first  kind  belongs  to  a  system  of  algebraic  functions  on  the 
surface  which  is  of  paramount  importance.  We  shall  denote  such 
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a  function  by  <$>.     Thus   fWz  is  always  an  integral  of  the  first  kind. 

These  functions  are  (2p  +  2n  —  2)-plaeed.  For  near  a  place  s  at 
which  z  =  c  let 

W=P(z-c)1* 

=  W(s)  +  a^(z  —  c)1/--  +  a,(z  —  c)2/r  +  .... 
If  ax  =£  0,        O  =  b,(z  -  cyl-r)"  +  -.-, 
and  4>  is  x7""1  at  s. 

Therefore  <£  is  /J-placed,  where 

/3=2(H-l)  =  2p-f  2(n-l),  (§170). 

Of  the  2p  +  2(n—l)  zeros  of  3>  we  can  at  once  account  for  2n, 
For  by  supposition  there  is  no  branching  at  cc,  and  accordingly, 
when  c=  oc, 


Therefore  each  of  the  n  places  at  <x>  is  a  zero  of  the  -second 
order.  There  remain  2p—2  zeros,  which  are  said  to  be  moveable, 
inasmuch  as  they  are  different  for  different  3>'s.  That  this  is  the 
case  will  appear  in  §  288. 

It  has  been  assumed  in  the  proof  that  al5  and  therefore  b^  does 
not  vanish.  When  ?•  =  1,  the  vanishing  of  aa  evidently  means  that 
the  place  s  is  itself  a  zero  of  3>,  and  in  this  way  also  we  account  for 
the  vanishing  of  ^  when  r  >  1,  by  saying  that  then  a  zero  of  the  3> 
in  question  happens  to  be  at  a  branch-point.  And  similarly  when 
in  the  expansions  at  oc  the  coefficient  of  1/z  in  the  series  for  W  is 
missing,  one  of  the  moveable  zeros  happens  to  coincide  with  a 
fixed  zero. 

This  proof  is  from  Klein-Fricke,  t.  i.,  p.  544. 

The  ratio  of  two  functions  $  is  evidently,  at  most,  (2p  —  2)-placed. 

There  can  be  chosen  p  functions  $  between  which  there  is  no 
homogeneous  linear  relation  ;  but  between  these  and  every  other  3> 
there  must  be  a  homogeneous  linear  relation.  This  is  proved  at 
once  by  differentiating  (4).  From  this  again  it  follows  that  half 
the  moveable  zeros  of  a  $  can  be  assigned  arbitrarily.  For,  if  s^ 
s.2,  •••,  sp_!  be  the  assigned  zeros,  the  constants  k  can  be  chosen  so  as 
to  satisfy  the  p  —  1  equations. 


where 
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p 
that  is,  we  can  make  2&A3>A,  which  is  the  general  expression  of  a  <£, 

A=l 

vanish  at  the  p  —  1  places. 

It  appears  at  first  sight  as  if  the  p  —  1  assigned  zeros  determine 
the  other  p  —  1  zeros  ;  but  this  is  not  necessarily  the  case,  for  the 
above  p  —  1  equations  need  not  be  independent.  For  example,  when 
the  surface  is  two-sheeted  the  basis-equation  can  be  written 

2p+'2 

itf  =  II  (z  —  aK), 


we  can  take  (§  182)  for  the  p  independent  3>'s  z*/iv,  A  =  0,  1,  •  •  •,  p  —  1, 
and  for  any  <£,  ^k^/w.  The  2p  —  2  moveable  zeros  form  p  —  1 
pairs  of  places,  say  ss,  each  pair  having  the  same  z.  Now  pro 
vided  that  among  the  assigned  zeros  there  are  no  pairs,  the  remain 
ing  zeros  are  all  determined,  for  they  are  slt  &2,  •••,  sp_1-J  but  when 
among  the  assigned  zeros  there  are  t  pairs,  and  therefore  p  —  1  —  2  L 
unpaired  places,  of  the  remaining  zeros  p  —  1  —  2  L  are  determined, 
and  2  1  form  pairs  unspecified  in  position. 

The  case  of  a  two-sheeted  Eiemann  surface,  or  surface  which  can 
be  rendered  two-sheeted,  is  called  the  hyperelliptic  case. 

The  surface  depends  on  the  2p  +  2  branch-points,  which  we  can 
regard  as  arbitrary  points  of  the  z-plane.  By  a  bilinear  transforma 
tion,  3  of  these  can  be  made  to  take  assigned  positions.  Therefore 
the  number  of  independent  co-ordinates  of  such  a  surface  is  2p  —  1. 

An  important  property  of  the  functions  <l>  is  that  the  ratio  of  two  such 
functions  is  an  invariant  with  regard  to  birational  transformations.  This  arises 
from  the  fact  that  in  such  transformations  an  integral  of  the  first  kind  remains 
an  integral  of  the  first  kind.  See  Weber,  Abelsche  Functionen  vom  Geschlecht 
3:  and  Klein-Fricke,  t.  i.,  p.  546. 

§  282.  Integrals  of  the  second  kind.  It  is  a  consequence  of  the 
existence-theorems  that  on  the  arbitrary  Biemann  surface  T  there 
is  a  function  Zs,  which  has  the  following  properties  :  — 

(1)  It  is  continuous  on  T  except  at  a  single  place  s; 

(2)  It  is  infinite  at  s  like  l/(z  —  c);* 

(3)  It  has  constant  periods  at  the  cuts  AK)  BK,  whose  real  parts 
are  assigned  arbitrarily. 

Such  a  function  must  be  an  Abelian  integral.  For  dZs/dz  is 
everywhere  continuous  except  at  s,  and  possibly  certain  branch- 
places.  At  the  places  at  which  it  is  discontinuous,  it  is  algebraically 

*  If  s  be  a  branch-place  at  which  r  sheets  hang  together,  Zs  is  infinite  like  l/(z  —  c)1/r. 
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infinite.  It  is  therefore  an  algebraic  function  of  the  surface,  and  is 
of  the  form  R(u\  z).  The  conditions  (1),  (2),  (3)  determine  the 
integral  to  a  constant  term.  For  if  ZB,  Z,  be  two  functions  with 
these  conditions,  Zs  —  Zs'  is  nowhere  infinite,  and  has  at  the  cross 
cuts  purely  imaginary  periods.  Accordingly  Zs  —  Zs'  is  a  constant. 
We  shall  denote  the  period  of  Z.  at  AK  by  rjK,  and  that  at  BK  by 
rjp+K.  The  expression 


satisfies  the  conditions  (1).  (2),  (3);  and  since  the  p  constants  fcA 
can  be  so  chosen  as  to  make  the  real  parts  of  the  periods  of  Zg(Q)  take 
assigned  real  values,  while  c  is  at  our  disposal,  Z,(0)  is  the  most 
general  elementary  integral  of  the  second  kind. 

The  normal  integrals  of  the  second  kind.  Let  —  A\  =  the  period 
of  Z^}  at  the  cross-cut  AK,  (A=l,  2,  —  ,p).  This  choice  of  the 
constants  makes  all  the  periods  of  ZS(Q)  at  the  curves  AK  equal  to 
0.  Denote  the  integral  so  defined  by  £„  and  call  it  the  normal 
integral  of  the  second  kind  icith  an  infinity  at  s.  To  obtain  the  periods 

of  £8  at  the  cross-cut  .BA,  observe  that  the  integral   I   £,dwA  must  be 

Jr 

equal  to        £.e?wA  (§  178). 
•/(•) 


the  integral  being  taken  once  along  BK  and  in  the  positive  direction. 


/-* 

But  di«A  =  0  or  —  1  according  as  K  ^  A  or  =  A. 

JBK 

Hence 


On  the  other  hand,  we  have  in  the  neighbourhood  of  s  (which  we 
assume  to  be  an  ordinary  place) 

£s=l/(z-c)  +  P(2-c), 
and  therefore, 

foK-ft^*-feO  f  — 

w  JU     d2;  \dzJsJ(S)Z-c 
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o 
Hence  =  _2 


Let  du^/dz  be  denoted  by  <£A.     Then  the  scheme  of  periods  for 
is 


A1    A2-"AP 
0       0   ...  0 


B.2 


§  283.  Algebraic  functions  on  a  Riemann  surface.  We  are  now 
in  a  position  to  prove  that  upon  an  arbitrary  Riemann  surface  T 
there  exist  algebraic  functions  which  have  simple  poles  at  /x,  distinct 
but  otherwise  arbitrary  places,  whenever  /x  >  p. 

Let  s1?  s2,  •  ••,  s^  be  any  ^t  places  011  T  which  are  subject  to  the 
restrictions  that  no  two  coincide  in  the  same  sheet  or  lie  in  the  same 
vertical;  and  assume  that  there  is  an  algebraic  function  w  of  z, 
which  is  infinite  like  &A/(2  —  CA)  at  the  place  SA,  (A  =  1,  2,  ••-,/&). 
Construct  the  integrals  £,A  and  call  them,  for  shortness,  £A.  The 
expression  ^ 


is  a  function  of  2  which  is  continuous  on  T.  It  is  therefore  an  inte 
gral  of  the  first  kind.  As  w  and  the  £A's  experience  no  discontinu 
ities  at  the  cross-cuts  AK,  such  a  function,  if  existent,  must  reduce  to 
a  constant.  Hence,  the  form  of  w  is 


It  remains  for  us  to  find  out  when  the  last  expression  is  an 
algebraic  function  on  the  surface.  The  necessary  and  sufficient  con 
dition  is  that  it  has  no  periods  at  the  cross-cuts  BK.  This  condition 
is  expressed  by  the  p  equations 


These  equations  may  or  may  not  be  linearly  independent. 
When  the  former  is  the  case,  p  of  the  constants  &A  are  determined  as 
linear  functions  of  the  other  ^—p.  Thus  there  remain,  including 
&0,  ju,  —  p  +  1  arbitrary  constants  in  w.  But  if  the  equations  be  not 
all  linearly  independent,  there  will  be  a  certain  number  T  of  linearly 
independent  relations 
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in  this  case  the  places  sit  «2,  •••,  s^  are  said  to  be  r-ply  tied,  and  there 
remain  yu,  —  p  +  r  4- 1  arbitrary  constants  which  enter  linearly.  The 

T  equations  in  j£  show  that  r  is  the  number  of  linearly  independent 

P 
combinations    j§  6K4>K  which  vanish  at  the  places  s.     This  theorem 

K=l 

was  given  by  Koch  (Crelle,  t.  Ixiv.)  as  the  extension  of  a  result  of 
Riemann's,  and  is  known  as  the  Riemann-Rocli  theorem. 

It  is  clear  that  if  /x>p,  there  is  a  solution  of  the  p  equations 
which  is  distinct  from  fcj  =  &>=•••=  k^  =  0 ;  that  is,  there  is  an 
algebraic  function  of  z  which  is  infinite  only  at  the  /x,  places  or  (if 
some  of  the  &A's  be  zero)  at  some  of  these  places.  When  w  is 
infinite  at  ^  of  the  p.  places,  it  is  a  ^-placed  function  of  z  and 
satisfies  an  algebraic  equation  F(wn,  zui)  =  0.  In  this  way  the  exist 
ence  of  an  algebraic  function  of  the  arbitrary  Riemann  surface  T 
follows  from  the  existence  theorems  for  the  Abelian  integrals.  It 
is  especially  worthy  of  note  that  in  Riemann's  theory  the  integrals 
come  first  and  algebraic  functions  second. 

From  the  Riemann-Roch  theorem  we  can  infer  that  the  poles  of 
algebraic  functions  are  necessarily  tied  when  /x  <_p  -f-  1.  For  when 
f»<p  +  lj  T  is  necessarily  greater  than  1,  unless  the  function  is 
itself  a  constant.  A  function  whose  poles  are  tied  is  called  a  special 
function,  and  thus  any  function  for  which  p,  <  p  -f- 1  is  a  special 
function.  Further,  the  theorem  is  the  basis  of  our  knowledge  of 
what  values  of  //,  are  permissible.  Rieniann  proved  in  his  memoir 
(Werke,  p.  101)  that  in  general  /ot<£p+l,  but  for  particular 
surfaces  smaller  values  of  //,  may  occur;  for  instance,  the  hyper- 
elliptic  case  is  characterized  by  the  presence  of  two-placed  functions. 
Weierstrass  has  proved  that  there  is  no  function  which  is  oc**  at  a 
single  arbitrary  place  when  /*  <p  +  1.  At  a  finite  number  of  special 
places  there  may  be  exception. 

See  Klein-Fricke,  t.  i.,  p.  554 ;  Brill  and  X  other,  Math.  Ann.,  t. 
vii. ;  Xother,  Crelle,  t.  xcii.,  p.  301. 

§  284.    The  class-moduli. 

When  p,  >  2p  —  2,  the  function  cannot  be  special,  as  there  are 
only  2p  —  2  moveable  zeros  of  a  $  (§  28.1).  Let  the  /x  poles  be 
moveable;  then  there  are  on  the  whole  /x  + /x  —  p  +  \.  independent 
constants,  or  x2^+1  functions  with  p.  poles.  Each  of  these  maps 
the  surface  T  into  a  ^-sheeted  surface  TM,  so  that  the  correspond 
ence  of  T  and  TM  is  (1,1).  Let  there  be  ccp  transformations  of  T 
(and  therefore  of  TJ  into  itself.  Then  the  number  of  surfaces 
TM  is  xV-^+i-p.  These  are  all  in  a  (1,  1)  correspondence.  Let 
P  =  2p  +  2n  —  2,  then  (§  128)  ft  is  the  number  of  branch-places 
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(supposed  simple).  When  the  branch-points  are  assigned,  there  is 
only  a  finite  number  of  possible  surfaces,  for  the  number  of  ways 
in  which  the  sheets  can  hang  together  at  these  points  is  finite.  Thus 
there  are  ao/3  /x-sheeted  surfaces;  and  on  each  of  them  algebraic 
functions  exist.  These  considerations  show  that  the  number  of 
essentially  distinct  surfaces  is  cc^~2^+p~l+p  or  cc3^3fp. 

Hence  the  number  of  characteristic  constants  of  a  surface  is 
3p  —  3  4-  p>  These  must  all  be  equal  for  two  surfaces  which  can 
be  mapped  on  each  other. 

These  characteristic  constants  are  called  by  Eiemann  the  class- 
moduli. 

When  j9  =  0,  we  can  take  for  the  surface  the  z-plane  itself,  and 
the  birational  transformation  is  bilinear,  say  w  =  (az  +  b)/(cz  -f  d). 
There  are  therefore  three  quantities  at  our  disposal  when  we  seek 
to  transform  the  plane  into  itself,  and  p  =  3.  Hence  there  is  no 
modulus. 

It  can  be  proved  that  when  p  =  1,  p  =  1 ;  and  that  when  p  >  1, 
p  =  0.  Hence  when  p  =  1,  there  is  one  modulus,  and  this  can  be 
taken  as  the  absolute  invariant  g2s/gs2  of  the  quartic  which  occurs 
when  the  surface  is  reduced  to  the  standard  form  (§  218).  When 
p  >  1,  there  are  3 p  —  3  moduli.  In  the  hyperelliptic  case  we  found 
that  there  are  2p  —  1  characteristic  constants  (§  281).  Now 
3p  —  3  >  2p  —  1  when  p  >  2.  Hence  when  p  >  2,  there  must  be 
relations  between  the  moduli  when  the  surface  can  be  brought  to 
the  two-sheeted  form.  In  this  paragraph  we  have  followed  Klein's 
tract  Ueber  Biemann's  Theorie,  to  which  (pp.  64-72)  the  reader  is 
referred  for  more  information.  The  proof  is  similar  to  the  one 
given  by  Eiemann  (Werke,  p.  113).  Proofs  drawn  from  the  theory 
of  curves  are  given  in  Clebsch,  t.  iii.,  ch.  1,  and  by  Cayley,  Math. 
Ann.,  t.  viii.  On  the  relation  of  the  hyperelliptic  case  to  the  gen 
eral  one,  when  p  >  2,  see  Klein-Fricke,  t.  i.,  p.  571. 

§  285.  The  integrals  of  the  third  kind.  The  most  general  Abelian 
integral  has  logarithmic  infinities  which  may  be  cb  c2,  •••JcK.  For 
simplicity,  assume  c^  c.2)  ••-,  CK  to  be  ordinary  places  of  the  surface. 
After  cutting  out  these  points  we  must  render  the  surface  simply 
connected  by  a  further  cut  D  which  extends  from  cl  to  c2,  from  c2 
to  Cg,  •••,  and  finally  from  CK  to  some  point  of  the  boundary,  as  for 
instance  the  point  where  AI,  Bx  meet.  When  this  cut  has  been  made, 
the  surface  may  be  named  T".  Let  aA  be  the  residue  at  CA 
(X  =  l,  2,  •-.,  K).  The  part  DK  which  extends  from  CK  to  the 
boundary  furnishes  no  period,  for  the  integral  along  a  path  on  T" 
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which  encloses  all  the  points  c1?  c2,  •••,  CK,  and  leads  from  one  side  of 
DK  to  the  other,  is  equal  to  2ir*2aA,  =  0.  Hence  there  is  no  discon 
tinuity  at  DK,  which  behaves  in  this  respect  like  the  cuts  CK.  That 
part  DK_i  of  D  which  leads  from  clt_l  to  CK  furnishes  a  period  2iriaK, 
the  part  DK_Z  a  period  2  TTZ  («•*  +  «*_!),  and  so  on.  This  may  be 
illustrated  by  J  rf  log  7?,  where  7?  is  a  ^-placed  function  of  the  sur 
face.  If  CA  be  the  zeros,  CA'  the  poles  of  R,  where  A  =  1,  2,  ...,  /A,  the 
cut  Z>  may  be  drawn  from  c/  to  c^  from  q  to  c2',  from  c2'  to  c^  and 
so  on.  Across  a  cut  from  cAf  to  CA  there  is  a  period  2  TT?',  and  across 
a  cut  from  CA  to  c'A+1  there  is  no  period. 

Let  us  assume  that  there  exists  on  the  arbitrary  Eiemann  surface 
T  a  function  which 

(1)  is  continuous  on  T  except  at  two  arbitrary  places  cl5  c2; 

(2)  is  infinite  at  Cj  like  log  (z  —  d)  and  at  c2  like  —  log  (z  —  c2)  ; 

(3)  has  constant  periods  at  the  cross-cuts  of  T  ",  with  arbitrary 
real  parts. 

By  the  same  reasoning  as  before  we  can  prove  that  the  function 
in  question  is  an  Abelian  integral. 

Denote  it  by  Qc^.  If  there  be  a  second  function  with  the  same 
properties  and  whose  periods  have  the  same  real  parts  as  those  of 
Q,  reasoning  similar  to  that  already  used  shows  that  the  two  func 
tions  differ  merely  by  a  constant.  As  an  elementary  integral  of  the 
third  kind  remains  of  the  same  kind  after  the  addition  of  any  inte 
gral  of  the  first  kind,  the  most  general  elementary  integral  of  the 
third  kind  is 

Qc  c  +  AO  +  2  A-A«A  ; 

A=l 

for  the  A\'s  can  be  so  chosen  as  to  ensure  that  the  real  parts  of  the 
periods  of  this  expression  take  values  which  are  assigned  arbitrarily. 
By  a  proper  choice  of  the  A*A's  we  can  make  the  periods  at  the 
cross-cuts  AK  all  vanish.  The  resulting  integral  is  the  normal 
integral  of  the  third  kind  with  the  prescribed  logarithmic  infinities, 
and  may  be  denoted  by  nc  . 

The  remaining  periods  of  H^.  In  the  general  bilinear  relation 
write  I—  TJr,  I'=Qccj 

and  denote  the  periods  by  the  scheme 

T)  T) 

I  jDo     •«•   X>n 


w 


A— 4, 


0>2 


VH 
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We  have 


p 

K  =  l 


"Vfc, 


)  +  D+(c2) 


where  the  path,  as  in  Fig.  77,  describes  both  sides  of  a  line  D 
which  runs  on  T'  from  a  place  near  cx  to  a  place  near  c2,  and  describes 
small  circles  (cj,  (c2)  round  the  places  c1?  c2.  Now  the  integral 

JWdQClC2,  taken  along  both  sides  of  D,  is  zero,  since  W  has  no  dis- 
0 

continuity  across  D.     Near  Cj, 


and  therefore  f   WdQClCi  =  +2iriW(c1). 

«/(ei) 

Similarly,  f  TFSQCC,  =  —  2iriW(c2). 

*/(ca) 


Therefore 


'«  ™p+K 


It  is  now  an  easy  matter  to  find  the  periods  of  the  normal  integral 
IICC9  at  the  cross-cuts  BK,  (/<  =  !,  2,  •••>p).  In  the  bilinear  relation 
just  established,  let  W  and  Q  be  replaced  by  the  normal  integrals 
uk  and  nCiV  Then  WK  =  0  when  K  ^=  A,  and  <OA  =  1 ;  also  eK  =  0, 
(K  =  1,  2,  •••,#).  The  bilinear  relation  becomes 


1      eo, 

0         €, 


or 


Hence  the  scheme  of  periods  of  IIC  c  is 

D       A^  A2  •  •  •  ^ 


.     /»«!  .     /»«!  .     /*Ct 

2  Trl  I      ttlii    2  Trl  i      du%  ".    ZTTI  \      ttUp 
«yc,  »/c,  «/c, 


0       0  ...  0 

'c2  c/c2  ^/c2 

where  the  path  of  integration  from  d  to  c2  lies  on  T'. 
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For  two  elementary  integrals  of  the  third  kind  QClCi  and  QCi 

the  bilinear  relation  takes  the  form 


the  integral  being  taken  along  a  closed  curve  which  surrounds  the 
infinities  c]?  c2,  c/,  c2'.  By  contraction  the  path  of  integration  can 
be  replaced  by  two  double  loops  (q)  +  D  +  (c2),  (c/)  +  Z)'  +  (c2'), 
and  the  integral  becomes 


The  first  of  these  is  zero  since  Q^2=  Q~C2-,  the  second  is 
+  Sirift^c/);  and  the  third  is  -  2WQeiei(c2').  The  integrand  in  the 
remaining  terms  may  be  changed  to  -  ft^dft^,,  since  for  a  closed 
path  on  T"  the  product  QCl-C2-QClCt  is  one-valued.  The  values  of  the 
last  three  integrals  are  now  obtained  in  the  same  way  as  those  of 
the  former  three,  and  we  have 


-  2  »f  r'd 

*/Cl 

When  the  relation 


2 

K=l 


=  0 


is  satisfied,  the  equation  becomes 


or,  in  words,  the  interchange  of  limits  and  parameters  is  permissible. 
In  particular  this  is  the  case  for  normal  integrals  for  which 

£l  =  e2=  ...  =  ^  =  0,  and  €i'  =  e2f  =  —  =  cp'  =  0. 
In  the  case  of  IIC1CJ  the  theorem  may  be  stated  in  the  form 


or,  in  a  notation  often  convenient, 
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The  difference  of  two  elementary  integrals  of  the  third  kind  with 
the  same  infinities  is  an  integral  of  the  first  kind.  Hence  in 
particular 


The  differential  quotient  of  QC1C9  with  regard  to  c2  is  infinite  at 
c.2  like  l/(z  —  c2),  arid  is  elsewhere  finite.  It  is  therefore  an  ele 
mentary  integral  of  the  second  kind.  When  Q  is  replaced  by  II, 
the  interal  of  the  second  kind  is  normal. 


§  286.  The  most  general  Abelian  integral  By  §  276  the  most 
general  Abelian  integral  /derived  from  the  basis-equation  F(w,  2)  =0 
has  infinities  which  are  logarithmic  or  algebraic,  and  has  periods 
due  to  the  cross-cuts  on  T  and  to  the  logarithmic  infinities.  It  can 
be  found  by  addition  from 

(1)  Integrals  w1?  w2,  •••,  up,  which  are  everywhere  finite; 

(2)  Integrals  Q^  with  two  logarithmic  infinities  ; 

(3)  Integrals  Z,,  dZs/dzQ,  d2Zs/dz(2,">,  which  are  co  at  s  like 

(Z  -  ZQ)  ~\     (Z  -  ZQ)  ~2,    2l(Z~  ZQ)  ~"  ',   •  •  ',    WllCl'S    ZQ  =  Z  (s)  . 

For  suppose  that  /  is  infinite  like 

allog(z-c1),  a2log(z  —  c,),  •••,  aK  log  (z  —  CK), 
where          cii  +  a-H  -----  h^  =  0  (§276). 

Then      I,  =  I-  [%QC1C  +  a2QC2C  +  ...  +  a.QJ, 

where  c  is  any  place  whatsoever  on  the  surface,  is  an  integral  which 
is  nowhere  logarithmically  infinite.  The  integral  /  has  been  robbed 
of  its  logarithmic  infinities  at  c1?  c2,  •••,  CK,  by  the  subtraction  of 
the  expression  in  brackets,  and  no  new  infinity  has  been  introduced 

at  c  because  2  aL  =  0.     The  algebraic  infinities  can  be  removed  by 

the  subtraction  of  integrals  of  the  second  kind  and  of  their  differential 
quotients.  Suppose,  for  example,  that  Jj  is  infinite  at  a  place  s  at 
which  z  =  Z  like 


(z  -  Z0)~^b0  +  bL(z  -  ZQ)  +  b.2(z  -  z0)2  +  •••  +  ViO  -  Zo)*-1] 
and  that  accents  denote  differentiations  with  regard  to  z0  ;  then 


-  - 

VA  ~~  ±)  • 

is  an  integral  which  has  no  algebraic  infinity  at  s.  By  proceeding 
in  this  way  we  can  remove  from  I  every  infinity  ;  what  is  left  must 
be  an  integral  which  is  everywhere  finite  on  T,  and  is  therefore  a 
linear  combination  of  the  w's,  plus  a  constant. 
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§  287.  In  Chapters  IV.  and  VI.  the  general  equation  F(ic,  z)  =  0 
was  simplified  by  various  processes  of  transformation.  To  avoid 
difficulties  connected  with  the  presence  of  higher  singularities, 
Clebsch  and  Gordan  use  throughout  their  treatise  one  of  these 
simplified  forms  for  their  basis-equation  ;  their  results  are  therefore 
lacking  in  complete  generality.  Let  f(xl}  x2,  x3)  =  0,  or  shortly 
/=  0,  be  a  curve  of  order  n  derived  from  F=0  by  considering  w,  z 
as  parameters  of  two  pencils  of  rays  (Chapter  VI.,  §  189);  and  let 
/=  0  be  a  curve  which  has  no  singularities  higher  than  nodes* 

•We  shall  assume  (as  in  §  189)  that  the  centres  of  the  two  pencils 
have  no  specialty  of  position  with  regard  to  the  curve  /=  0.  Hav 
ing  indicated  the  consequences  of  the  existence-theorems,  we  shall 
simplify  our  work  by  using  a  curve  /=  0  with  no  singularities  other 
than  nodes,  and  an  equation  F  =  0,  all  of  whose  branch-points  are 
simple  and  situated  in  the  finite  part  of  the  plane  ;  F  or  /  will  be 
used  as  occasion  demands. 

Since  /=  0  is  homogeneous,  we  have  by  Euler's  theorem 


where  fK  denotes  the  partial  derivative  with  regard  to  XK  ;   and  also 
we  have 

f1dx1  +f2dx.2  +  f3dx3  =  0. 
Hence 

(x2dx3  - 


Clfl  +  C2/2 

where  the  numerator  stands  for  the  determinant 


.T!       X2       X3 
dxi    dx2    dx3 

CD  c2,  c3  being  arbitrary  constants  which  can  be  regarded  as  the 
co-ordinates  of  an  arbitrary  point.  It  is  customary  to  replace  the 
expression 


Clfl  +  C2/2  +  £3/3 

by  dw.f 


*  Clebsch  and  Gordan  allow  /=0  to  have  cusps,  but  this  is  an  unnecessary  complication  (see 
§  189).  It  may  be  added  that  the  work  of  Chapter  IV.  shows  that  multiple  points  with  separated 
tangents  cause  no  difficulties  as  regards  algebraic  expansions. 

t  This  differential  expression  da  is  called  by  Cayley  the  displacement  of  the  current  point 
on  the  curve  /=  0.  See  Cayley'e  memoir  on  the  Abelian  and  Theta  Functions,  Am.  Jour.,  t.  v., 
p.  138. 
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The  general  Abelian  integral  is  now  J  ^dw,  where  x  is  a  homo 
geneous  form  in  xlf  x2,  a?3,  the  degree  of  whose  numerator  must 
exceed  that  of  its  denominator  by  n  —  3,  in  order  that  the  integral 
may  not  be  altered  when  xly  x2,  xs  become  kx^  kx2,  kx3. 

Clebsch  and  Gordan  assume  that  w  and  z  in  F(w,  z)  =  0  are  the 
parameters  of  two  pencils 


w 


+  |  afi2x3   =  0, 


where  the  constants  are  the  coefficients  in  the  homographic  trans 
formation  denned  by  the  equations 

\x1  =  ajt  H-  b^z  +  CiW  1 

\x2  =  a2t  -f-  b.2z  -f  c2w  I 
\xs  =  ost  +  b3z  +  c3w  J 

which  connect  o^,  x2,  a?3,  with  t,  z,  w,  and  which  change  F(w,  z,  t) 
into  Xnf(xl)  x2,  x3).  To  pass  to  the  non-homogeneous  form  of  an 
Abelian  integral,  use  the  relations 

=  F(w,  z,  t), 


1?  x2, 


c2/2 


=  (w,  z,  t) 


n_3, 


A2 


(tdz  — 


then  the  Abelian  integral 


passes,  when  f  =  1,  into 


Here  it  should  be  observed  that  ^=0  is  of  order  n  in  the 
quantities  w,  z  combined.  This  is  Clebsch  and  Gordan's  F,  and  not 
Riemann's. 

The  process  used  by  Clebsch  and  Gordan  for  the  classification  of  Abelian 
integrals  is  purely  algebraic.  (See  their  treatise,  pp.  5  to  8.)  The  result  at 
which  they  arrive  is  that  every  Abelian  integral  is  expressible  linearly  in  terms 
of  the  following  kinds  of  integrals  :  — 

(1)  Integrals  of  rational  functions  of  z  ; 


order 


(2)  Integrals  of  the  form      rnrp 
er  n  —  3  in  to,  z  ;  ' 


rlnr       where  H  is  an  integral  polynomial  of 
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(3)  Integrals  of  the  form   f  -  -  —i—  —  ,  where  H  is  an  integral  polynomial 
of  order  n  -  2  in  «•,  z  ;  J  (^  ~  •)«*/*• 

(4)  Integrals  which  are  derived  from  (3)  by  differentiations  with  regard  to  a. 
They  then  proceed  to  an  examination  of  the  nature  of  the  discontinuities  of 

these  integrals,  and  to  a  discussion  of  the  integrals  of  the  first,  second,  and 
third  kinds. 


§  288.    The  adjoint  curves  <£n_3.     The  integral    f-^U  where  H 

J  8F/8iv 

is  a  polynomial  of  order  n  —  3  in  ic,  z,  can  be  finite  for  all  values  of 
z,  ic.  To  see  that  this  is  the  case,  observe  that  the  integral  can 
become  infinite  (if  at  all)  only  when  8F/Sw  =  0  ;  that  is,  at  the 
branch-points  and  nodes  of  F  =  0. 

(1)  Xear  a  branch-point  (a,  b) 


and  the  integrand  is 

Hdz  Hdz 


hence  the  integral  is  PK(z  —  «)1/2.  where  *  >  1.     This  proves  that 
the  integral  is  finite  at  a  branch-point. 

(2)  Xear  a  node  (a,  b), 

ic  —  b  =  P^z  —  a), 
and  the  integrand  is 

Hdz.  P0(z-a) 
z-a 

hence  the  integral  is  infinite,  like  log  (z  —  a),  except  when  H=  0  at 
the  node. 

It  appears  that  the  integral    L  cannot  be  everywhere  finite 

J  bF/Sw 

unless  #=0  passes  through  all  the  8  double  points.     When  this 
happens,  the  number  of  arbitrary  constants  in  H  is 

|(n  _!)(„_  2)  -S,  =p. 

That  is,  the  number  of  linearly  independent  integrals  which  are 
finite  for  all  values  of  z  is  equal  to  the  deficiency  of  the  basis-curve. 
These  p  integrals  are  Abelian  integrals  of  the  first  kind.  As  H  is 
of  order  n  —  3,  n  is  at  least  equal  to  3.  If  p  =  0,  there  is  no  curve 
H=0  which  passes  through  all  the  double  points.  But  in  this  case 
v:  and  z  can  be  expressed  as  rational  functions  of  a  parameter  t  ;  and 
every  Abelian  integral  becomes  the  integral  of  a  rational  function 
oft. 
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In  the  homogeneous  form  the  integral  becomes 


where  <£n_3=0  is  an  adjoint  curve  of  order  n  —  3,  i.e.  a  curve  of 
order  n  —  3  which  passes  through  all  the  double  points  of  /=  0.  If 
<£n_3  =  0  were  not  an  adjoint  curve,  the  nodes  would  make  /1?  /2,  f3 
vanish,  but  not  <£n_3;  they  would  therefore  be  infinities  of  the 
integral.  The  only  other  points  of  /=0  at  which  the  integral 
•could  possibly  become  infinite  are  the  points  at  which  tangents  from 
(c'i?  C2?  cs)  touch  /=  0.  These  points  are  points  of  intersections  of 
/=  0  with  the  first  polar  of  c.  The  integral  must  be  finite  at  these 
points,  for  its  value  does  not  depend  on  c1?  c2,  c3,  and  consequently 
the  position  of  its  infinities  cannot  be  dependent  in  any  way  on  the 
position  of  the  point  c. 

The  curve  <£B_3  =  0  is  to  pass  through  the  8  double  points  of 
/=0;  the  number  of  the  remaining  intersections  with  /=  0  is 
n(n  —  3)  _  28,  or  2p  —  2  ;  i.e.  the  curve  <£  =  0  has  2p  —  2  moveable 
points  of  intersection  with  /=  0.  Since  there  are  p  arbitrary  con 
stants  in  a  curve  ^3  =  0,  it  can  be  made  to  pass  through  p  —  1 
arbitrary  points  ;  in  general  p  —  1  of  the  intersections  of  a  curve 

<f>  =  0  with/=  0  determine  the  remaining  points  of  intersection. 

ftP1 

A  function  H/ —  whose  integral  is  always  finite  is  evidently 
ow 

identical  with  a  function  $  of  §  281.  And  the  2p  —  2  moveable 
zeros  of  a  <$  are,  on  the  curve,  the  intersections  of  an  adjoint  curve 
<A»i-3  with/=  0.  More  generally  the  points  at  which  $/<$'  takes  a 
given  value  X  are,  on  the  curve,  the  moveable  points  at  which  the 
adjoint  curve  <j>  —  \4>'  =  0  cuts  /=  0.  There  are  2p  —  2  such  points 
unless  <f>  =  0  and  <£'  =  0  intersect  on  the  curve. 

Let  any  rational  function  R(w,  z)  become,  in  homogeneous 
co-ordinates,  M(x±,  x%  xs)/N(xl)  x2,  #3).  The  points  at  which  the 
function  takes  the  value  X  are  the  points  in  which  the  curve 
M—  \N=  0  cuts  the  curve  /=  0,  exclusive  of  the  common  inter 
sections  of  M  =  0,  N=  0,  /=  0.  At  such  a  point  the  value  of  M/N 
is  easily  seen  to  be  X',  if  M—\'N—0  be  that  curve  of  the  pencil 
which  touches  /=0  at  the  point  (§  217). 

Of  the  moveable  points  how  many  are  arbitrary  ?  The  question 
is  answered  by  the  theorem  of  Riemann  and  Eoch.  Namely,  if  there 
be  /A  moveable  points,  and  if  through  them  r  independent  adjoint 
curves  <£n_3  can  be  drawn,  there  are  /x  —  p  -f-  r  +  1  arbitrary  con 
stants  in  the  expression  of  a  function  which  is  nowhere  infinite 
except  at  these  /x  points.  If  MK/N  be  such  a  function,  the  p  points 
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are  those  intersections  of  X=Q  with  /=  0  which  are  not  double 
points  or  basis-points  of  the  pencil  ;  and  the  most  general  function  is 


where  the  a's  are  arbitrary  constants. 

For  example,  let  p  =  4,  and  let  the  curve  be  a  quintic  with  two 
nodes  ;  the  curves  <£  are  conies  through  the  nodes.  Let  /z  =  2. 
Through  the  two  points  and  the  two  nodes  we  can  draw  oc1 
conies,  of  which  two  are  linearly  independent.  Therefore  T  =  2  ; 
ft—  _p  +  T-fl  =  l;  and  the  function  reduces  to  a  constant,  which 
need  not  be  oo  at  the  two  points.  This  does  not  stultify  the  theorem, 
which  refers  to  functions  which  are  not  infinite  at  other  than  the 
ft  points  without  asserting  that  they  are  infinite  at  the  ft  points. 
Xext  let  JJL  =  3.  The  3  points  and  the  2  nodes  determine  a  conic  ; 
therefore  T  =  1,  ft  —  _p  +  T  -f  1  =  1.  There  is  no  algebraic  function 
which  is  cc  at  the  3  points.  But  if  the  3  points  be  in  a  line 
L  with  a  node,  the  conic  becomes  this  line  and  any  line  L'  through 
the  other  node.  Xow  T  =  2,  ft—  ^  4-  T  +  1  =  2  ;  and  there  exists  a 
function  of  the  form  («o^7"+  a^TQ/jy,  which  is  x  at  the  three  points, 
and  there  only.  We  can  take  as  N  the  line  L  itself,  and  as  Ml  any 
other  line  through  the  same  node.  Lastly,  let  fi  =  4.  Here  r  =  0, 
ft—  p  +  T  +  l  =  2,  and  the  function  required  is  still  of  the  form 
(«oJV"4-  a^M-^/N.  Let  J^be  an  adjoint  cubic  through  the  4  points; 
the  cubic  cuts/=  0  again  at  7  points,  and  we  take  for  MI  an  adjoint 
cubic  through  the  7  points. 

The  reader  is  referred  for  an  exhaustive  account  of  Eiemann 
and  Eoch's  theorem  to  Clebsch,  t.  Hi.,  Chapter  1,  §  2. 

The  system  of  points  on  the  curve  or  on  the  Kiemann  surface, 
at  which  an  algebraic  function  takes  a  given  value,  is  said  to  be 
coresidual  *  or  equivalent  with  the  system  of  points  at  which  the 
function  takes  any  other  given  value  (§  217). 

Before  leaving  the  subject  of  the  adjoint  curves  <£n_3,  it  should 
be  mentioned  that  they  are  employed  by  Clebsch  (t.  iii.,  ch.  1,  §  3)  in 
the  problem  of  selecting,  from  the  class  of  curves  which  arise  from 
a  given  curve  by  birational  transformations,  that  of  the  lowest  order. 
The  result  is  that  when  p  >  2  a  curve  of  deficiency  p  can  be  trans 
formed  into  a  normal  curve  of  order  p  —  T?  +  2,  where  p  =  3-,  STT  +  1, 
or  37T  +  2.  Forp  =  0,  1,  2  the  normal  curves  are  respectively  a 


*The  word  coresidual  has  the  same  meaning  as  in  the  theory  of  residuation,  explained  in 
Salmon's  Higher  Plane  Curves,  Chapter  V.  The  theorem  of  Riemann  and  Roch  is  fundamental 
in  this  theory. 
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line,  a  non-singular  cubic,  and  a  nodal  quartic.  [Clebsch  and 
Gordan,  §  3;  Salmon's  Higher  Plane  Curves,  §  365;  Brill  and 
No'ther,  Math.  Ann.,  t.  vii.,  p.  287;  Poincare,  Acta  Math.,  t.  vii.] 

§  289.    Homogeneous  form  of  Q*     Consider  the  integral 

dcu. 


2*2  + 

Its  possible  infinities  are  those  points  of /=  0  at  which 

(1)  /!,  /2,  /3  vanish  simultaneously.     These  are  double  points  of 
/=0,  and  make  the  integral  infinite  unless  ^=0  passes  through  them ; 

(2)  cj\  4-  c2/2  4-  c3/3  =  0,   without  /i,/2,/3  being   all   separately 
equal  to  0.     These  are  branch-points  and  do  not  contribute  infinities 
to  the  integral ; 

(3)  «!«?!  4-  a2x2  4-  «3aj3  =  0.     The  number  of  intersections  of  this 
straight  line  with/=  0  is  ?i;  at  each  of  these  n  points  the  integral 
will  be  infinite  unless  \]/  =  0  happens  to  pass  through  the  point. 

To  get  rid  of  the  infinities  due  to  double  points,  make  \}/n_2  =  0 
pass  through  the  double  points.  The  curve  \j/n_2  =  0  cannot  be  made 
to  pass  through  more  than  n  —  2  points  of  intersection  of 


with  /=  0,  except  when  i/^_2  =  0  degenerates  into  the  straight  line 
and  an  adjoint  curve  <£n_3=0  of  order  n—3.    In  this  exceptional  case 


|  V"  2   do>=   |  < 

J  «!#!  +  «2072  +  a3a?3          J 


that  is,  the  integral  is  of  the  first  kind.     Ruling  out  this  case,  the 

number  of  infinities  of   (  -  ^^  -  du  is  two,  and  these  are 
J  aLXi  --  a2x2  +  a$x3 


due  to  those  two   points  of   intersections  of   a^  4-  «2#2  4-  ^3^3  =  0 
with/=  0,  through  which  \j/n_2  =  0  does  not  pass. 

To  determine  shortly  the  nature  of  these  two  infinities,  we  have 
in  the  non-homogeneous  form 


/; 


Let  ZQ,  w0  be  one  of  the  infinities  ;  then 

aw0  4-  J3z0  -f  y  =  0, 

and  w  —  w0  =  PI  (z  —  z0) , 

the  point  being  assumed  to  be  an  ordinary  point. 

*  Clebsch  and  Gordnn,  p.  17. 
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Hence  aw  +  pz  -f  y  =  a  ( w  —  i^)  +  ft  (z  —  z0)  =  P:  (z  —  z0) , 

while  i/fn_2  and  SF/8w  are  both  finite. 
Therefore  the  integral  is  of  the  form 
dz 


and  is  oo  like  A;  log(z  —  z0),  where  fc  is  a  constant. 

Hence  the  integral  is  an  elementary  integral  of  the  third  kind, 
multiplied  by  a  constant  factor. 

§  290.  TJie  adjoint  curves  ^H_2.  The  elementary  integral  of  the 
second  kind  can  be  derived  from  the  integral  of  the  third  kind  by 
letting  the  infinities  coincide,  so  that  the  line  afa  +  a&2  -\-  a^c3  is 
now  the  tangent  of  the  curve  /  at  the  one  infinity.  The  nature 
of  the  infinity  can  be  seen  from  the  fact  that  now  dw/dz  at  the  place 
z0,  ivQ  is  the  same  for  the  line  aw  +  j3z  +  y  =  0  and  the  curve  /=  0 ; 
whence  it  follows  that 


a(w  -  MO)  -f  /?(z  -  «0)  =  J°2(2  -  «o) ; 
and  the  integral  is,  near  the  point,  of  the  form 

r     dz 

T, 

that  is,  it  is  oc  like  . 


The  adjoint  curve  i/rn_2  which  appears  in  the  numerator  in  Clebsch 
and  Gordau's  form  of  an  integral  of  the  second  kind  meets  the  curve 
at  the  nodes  and  at  the  points  where  the  tangent  at  the  infinity 
meets  the  curve  again.*  It  therefore  contains 

(n  -  2)  (n  +  l)/2  +  1  -  (n  -  2)  -8,  or  p  +  1 
arbitrary  constants.     It  meets  the  curve  /  again  at 

n(n  -  2)  -  (n  -  2)  -  28,  or  2p 
moveable  points. 

The  p  ratios  of  constants  of  the  adjoint  curve  «/rn_0  are  sufficient 
to  enable  the  2p  moveable  points  in  which  it  meets  /  to  coincide  in 
pairs.  In  point  of  fact  the  problem  admits  of  2^  solutions.  The 
curve  \l/  has  then  p-tuple  contact  with  /,  and  is  spoken  of  as  a 

*  These  points  will  be  meant  when  mention  is  made  of  the  residuals  of  the  infinity. 


454  ABELIAN   INTEGRALS. 

contact  curve.  For  the  complete  discussion  of  this  problem,  which 
is  of  great  importance  in  the  sequel  (see  §  299),  we  refer  to  Clebsch 
and  Gordan,  and  to  Clebsch's  Geome'trie.  The  points  of  contact  will 
be  denoted  by  «!,  «2,  •  •  .,  ap. 

§  291.  Abel's  theorem  for  integrals  of  the  first  kind.  Let 
R(WJ  z)  be  a  /^-placed  function  of  the  surface  T  whose  zeros  are 
xs  and  poles  ys  (s  =  1,  2,  •••,  //,).  Let  us  apply  the  extension  of 
Cauchy's  theorem  to  the  integral 

f  WdR/R, 
where  TPis  any  integral  of  the  first  kind.     We  have 

f  WdR/R  =  5   f    WdR/R  +  S    f    WdR/R. 

JT  8=1  J(x.)  s=lJ(ys) 

R  =  Pl(z-zs), 
dR/R  =  dz/(z  -  zs)  +dzP0(z  -  z.), 

f    WdR/R  =  27riW(xs), 

*/(»«) 

Cx 
where  W(xs)  is  an  abbreviated  expression  for  an  integral   I     Wdz 

Jx0 

whose  path  of  integration  lies  wholly  on  T'.     Similarly, 
f   WdR/R  =  -2iriW(ys). 

i/(Hr) 

On  the  other  hand,  precisely  as  in  §  279, 

f  WdR/R  =  o>   f  dR/R  =  2  TT^, 

*/AK  *J&K. 

where  27rfcV/e  is  the  increment  of  log  R  due  to  the  description  of  AK. 
Here  VK  must  be  an  integer.  In  the  same  way  it  can  be  shown  that 


Near  xs, 


and  therefore 


where  VK+P  is  some  integer.     Collecting  these  facts,  we  have 
%  \W(x.)  -  W(ys)  \  =  2  (v^K  +  VK+PO>K+P). 

S=l  K=l 

The  places  a;,  y  have  been  defined  as  zeros  and  poles  of  a  func 
tion  R(tu,  z)  ;  it  might  therefore  appear,  at  first  sight,  that  a  dis- 
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tinction  is  to  be  made  between  0,  cc  ,  and  ordinary  constant  values 
k,  A:'.  That  no  such  distinction  is  inherent  in  the  nature  of  the  case 
will  be  apparent  from  the  consideration  that  we  have,  if 


R  =  A-,  k'  when  R  =  0,  vo. 

The  places  xtj  ya  are  characterized  adequately  by  affirming  that 
they  are  the  points  of  T  at  which  the  //.-placed  function  R'  takes 
given  values  k,  k'.  Two  such  systems  of  places  have  been  called 
equivalent  systems  (§  217).  As  R1  changes  continuously  from  k' 
to  k,  we  may  regard  the  system  y8  as  changing  continuously  into 
the  system  xt,  and  may  say  that  the  ^  paths  are  equivalent.  The 
paths  are  supposed  subject  to  the  restrictions  that  no  path  passes 
through  a  branch-place,  and  that  no  two  paths  intersect.  Suppose 
that  in  the  above  equation  the  system  xs  shifts  into  the  equivalent 
system  ys  -f  dys.  On  the  supposition  that  none  of  the  places  con 
cerned  lie  near  a  cross-cut,  the  equation  holds  equally  for  the  new 
system,  j  and  therefore,  by  subtraction, 


or 

« 

Integrating  from  the  system  y,  to  the  system  xs,  we  have 


M-       /**, 

2   I      d  W(x8)  =  a  constant, 

•*U/0j 


where  the  paths  of  integration  are  equivalent  paths.  So  long  as  no 
path  crosses  a  cross-cut,  the  constant  is  zero  ;  but  each'  time  that  the 
path  crosses  a  cross-cut,  the  constant  must  include  the  period  at  that 
cross-cut.  Generally  the  constant  may  be  written 


where  VK,  VK+P  are  the  numbers  of  positive  crossings  of  A^  BK,  less 
the  number  of  negative  crossings.  Comparing  this  result  with  the 
equation  of  §  285,  we  infer  that  the  value  of  log  R  taken  round  a 
cross-cut  is  to  be  obtained  by  considering  the  points  at  which  that 
cross-cut  is  crossed  by  a  system  of  equivalent  paths  which  lead  from 
the  poles  to  the  zeros  of  R  ;  in  fact,  -  —  :  \  d  log  R  is  the  excess  of 

the  number  of  these  positive  crossings  over  the  number  of  negative 
crossings.  [Neumann,  ch.  xi.] 
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§  292.  Abel's  theorem  for  normal  integrals  of  the  third  kind.  Let 
11^  be  a  normal  integral  of  the  third  kind.  Cut  out  from  the  sur 
face  a  dumb-bell-shaped  double  loop  formed  by  two  small  circles 
(£),  (rj)  round  £  and  77  and  by  a  connecting  line  D  whose  direction 
is  from  £  to  rj ;  to  reduce  the  resulting  surface  to  simple  connexion 
a  second  line  D'  must  be  drawn  from  c2  to  the  boundary  of  T1.  Let 
R  have  the  same  zeros  and  infinities  as  before  and  let  these  2  ^ 
places  be  cut  out  from  the  surface  by  2/x,  small  circles  and  by 
connecting  lines  L12,  L.2Z,  •••,  L^^-i,  2^ ;  the  last  circle  can  be  connected 
with  the  boundary  of  T'  by  a  line  D".  On  the  simply  connected  sur 
face  T"  which  results  from  these  various  cuts,  D'  and  D"  play  a  part 
similar  to  that  played  by  the  (7's  ;  they  may  therefore  be  neglected.* 
By  applying  the  extension  of  Cauchy's  theorem  to  the  integral 


U^dR/R, 

we  find  that 


f  IltflR/R  =  I   C   U^dR/R  +  S   f   Tl^dR/R 
•/«"  •=!•/(*«)    '  *d«/(ft)    ' 

+  f  U^dR/R. 

J(£)+D+(r,) 


The  last  integral  can  be  transformed  into 
-  f  log  R 

»/(£ 


because  11^  log  R  is  one-valued  on  the  surface  T"  ;  the  value  of 
the  integral  is  —  2  vi  Jlog  R(£)  —  log  E(r))\,  since  dn+  =  dn~  and 
dR+  =  dR~  along  the  cut  Z>.  The  reduction  of  the  other  integrals 
can  be  effected  as  in  the  preceding  paragraph  ;  and  there  results 


.=1 


.)  {  +  log 


where  VK,  VK+J,  have  the  same  meanings  as  before  and  eK,  €K+P  are  the 
periods  of  Qj,  at  ^1^,   J5K.     If  we  substitute  for  R  the  function 

r»  T, 

f  which  takes  the  value  k'  at  the  points  ?/A  and  the  value  k  at 

-/t/  —  AJ 

the  points  XM  the  formula  becomes 


*  The  lines  D,  L  are  supposed  not  to  cross  themselves,  each  other,  or  the  cross-cuts  A,  B,  C 
It  must  be  borne  in  mind  that  the  cross-cuts  A,  B,  C  admit  of  deformation. 
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§  293.  These  proofs  of  Abel's  theorems  for  integrals  of  the  first 
and  third  kinds  are  taken  from  Neumann's  Abel'sche  Integrale, 
Chapter  XL  We  shall  next  give  Kiernann's  proof. 

Let  r?!,  z2,  •*•>  x&  y\3  y&  •••>  y^  have  tne  same  meanings  as  before; 
namely,  let  them  be  places  at  which  a  rational  function  R  takes 
values  0,  no.  By  means  of  the  /x-placed  function  It,  map  the  sur 
face  T  which  is  spread  in  n  sheets  over  the  z-plane,  upon  a  surface 
T^  which  is  spread  in  xi  sheets  over  the  .K-plane.  The  /x  places 
(z,  R)  on  T  at  which  R  takes  an  assigned  value  map  into  /A 
places  x  in  the  same  vertical  line  on  TM.  We  have  to  connect  the  /A 
places  x  with  the  /A  places  y  in  a  determinate  manner.  To  do  this, 
draw  in  the  surface  T^  a  path  for  which  the  initial  value  of  R  is  0 
and  the  final  value  oo,  this  path  being  supposed  not  to  pass  through 
any  branch-place  of  TM.  Call  the  initial  place  x1  and  the  final  place 
yv  Through  this  path  draw  a  vertical  section  of  the  surface  TM  and 
thus  cut  out  /A  —  1  other  paths ;  let  the  initial  and  final  places  for 
these  paths  be  (z2,  #,),  (x3,  ys),  ...,  (a?M,  yj.  Returning  to  the  surface 
T  on  the  z-plane,  these  /x  paths  map  into  paths  on  T  which  connect 
the  two  systems  of  places  x^  x.2J  •••,  x^  and  y^  y^  •••,  y^. 

Suppose  that  /  is  an  Abelian  integral  on  T,  we  have  to  form  the 
sum 


where  the  paths  from  ys  to  xs,  (s  =  l,  2,  •••,  tt),  are  those  just 
described.  Change  to  the  new  variable  R  ;  hence  we  have  to  find 
the  value  of 


where  (  --  )  is  the  value  of  —  on  that  path  which  starts  from  the 
\dRj,  dR 

place  xt  in  TM.     The  sum  of  the  tt  values  obtained  by  making  s  pass 

from  1  to  /u,  is  equal  to  the  sum  of  the  /n  values  —  which  lie  in  a 

dR 
vertical  line  on  TM,  and  is  therefore  a  rational  function  of  R.     Hence 

S    C*sdl=  C  l  Ja  rational  function  of  R\dR 

»=i%/y«  */^0 

=  a  combination  of  logarithmic  and  algebraic  terms. 

For  supposing  that  the  indefinite  integral  on  the  right-hand  side 
becomes 

r(R)  +  log  r'(R)  +  a  constant, 
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where  r  and  r'  denote  rational  functions,  the  above  equation  becomes 


This  is  the  general  form  of  Abel's  theorem.  It  is  evident  that  if 
we  keep  the  limits  fixed  but  vary  the  paths  from  the  lower  to  the 
upper  limits,  periods  may  be  added  to  the  right-hand  side  of  the 
equation;  again,  if  a?1}  x.2)  •••,  x^  be  associated  with  y1}  y%  •••,  y^  in  a 
new  order,  periods  may  be  added. 

Suppose  that  /  is  an  integral  W  of  the  first  kind  ;  when  lower 
limits  ys  are  assigned,  it  is  impossible  to  find  an  equivalent  system  xs 
which  will  make  the  sum  of  the  p  integrals  infinite.  Therefore  the 
expression  in  Rl  on  the  right-hand  side  cannot  become  infinite  for 
any  value  of  R±.  This  requires  that  r(R),  r'  (R)  shall  reduce  to  con 
stants.  In  the  simplified  equation 


I 

J  ys 


*d  W=  a  constant, 


the  constant  must  be  zero,  for  when  the  equivalent  systems  tend  to 
coincidence,  the  paths  which  connect  a?s,  ys  vanish.  This  proof  was 
given  originally  by  Eiemann  in  his  memoir  on  the  Abelian  functions 
as  already  pointed  out,  but  the  mode  of  presentation  is  that  of  Klein- 
Fricke  (Modulfunctionen,  t.  ii.,  pp.  481  to  484).  We  have  not  given 
a  separate  statement  of  Abel's  theorem  for  normal  integrals  of  the 
second  kind ;  remembering  that  £f  is  derived  from  H^  by  diffentia- 
tion  with  respect  to  £,  the  theorem  for  the  normal  integrals  of  the 
second  kind  can  be  derived  at  once  from  the  theorem  for  normal 
integrals  of  the  third  kind. 

The  following  remarks  may  assist  the  reader  in  arriving  at  a  clear 
understanding  of  what  is  involved  in  these  statements  of  Abel's 
theorem;  for  simplicity  we  shall  take  a  normal  integral  %  of  the 
first  kind  and  consider  the  theorem 


^        Cxs 

S    I     du,= 

s—l  */ys 


0 (A). 


(1)  Attention  must  be  paid  to  the  number  //,,  to  the  composition 
of  the  integrand,  and  to  the  situation  of  the  places  on  T,  or  points 
on/=0,  which  are  associated  with  the  limits. 

(2)  By  giving  to  X  the  values  1,  2,  •••,_/>  we  can  derive  p  equa 
tions  ;  the  equation  for  an  integral  W  is  derivable  from  these  by 
linear  composition. 
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(3)  In  order  that  the  right-hand  side  of  (A)  may  be  0,  the  sys 
tems  of  places  (a?),  (y)  must  be  equivalent;  also  attention  must  be 
paid  to  the  paths. 

(4)  For  arbitrary  paths  between  the  limits  the  sign  of  equality 
in  (A)  must  be  replaced  by  a  sign  of  congruence. 

(5)  The  number  /x  is  determined  by  a  //.-placed  function  R(w,  z) 
and  not  by  the  integrand. 

On  the  subject  of  Abel's  theorem  see  Abel's  Works,  p.  145,  MSinoire  sur 
une  propriete  g6n£rale  (Tune  classe  6tendue  de  fonctions  transcendantes ; 
Riemann,  §  14  of  the  memoir  on  Abelian  Functions  ;  Clebsch  and  Gordan, 
Abelsche  Functionen,  Chapter  II.,  also  pp.  124  to  127  ;  Cayley,  a  memoir  on 
the  Abelian  and  Theta  Functions,  Amer.  Journ.  of  Math.,  tt.  v.,  vii. ;  Rowe,  a 
memoir  on  Abel's  Theorem,  Phil.  Trans.  R.  Soc.,  1881. 


§  294.    Properties  of  special  p-tuple  theta-f  unctions.     Let 

6(vu  v2,  •  ••,  vp) 
be  the  theta-function 

ro   o-.-on 

with  the  mark  and  the  moduli  rn,  r12,  •••,  rpp.     Write 


where  uxis  a  normal  integral  (§  280),  and  eA  is  constant ;  and  let  the 
coefficients  of  (*)  (n1}  n.2,  •  ••,  nPY  be  the  r's  of  the  w's.  The  functions 
are  special  theta-functions,  since  the  number  of  moduli  T  is  greater 
than  the-  number  of  class-moduli  of  the  surface  T.  The  T'S  are 
admissible  as  moduli  of  the  theta-function,  since  they  satisfy  the 
conditions  for  convergence  of  the  theta-series  (§  280).  The  theorems 
which  will  be  proved  in  the  next  few  paragraphs  will  be  needed  in 
the  discussion  of  the  Inversion  Problem. 

Theorem  I.     O(VH  v.2,  •••,  vp)  is  a  one- valued  function  which  admits 
p  zeros  on  T'. 

The  integral   —  I  d  log  0,  taken  over  the  boundary   of   T'   is 

equal  to  the  number  of  zeros  of  6  upon  T'.  The  value  is  found  by 
considering  each  line  .J..  JB,  C  in  turn,  and  by  noticing  that  each 
of  these  lines  is  traversed  twice  in  opposite  directions.  Along  a 
cross-cut  AK)  u^+  —  u^~  =  0  or  1,  according  as  K  is  or  is  not  equal  to  X, 
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and  along  a  cross-cut  BK  we  have  WA+  —  u~  =  T/cA.     Hence,  along  AK, 
0K+)  =  0(  V)>  and>  along  BK,  <?(V)  =  0(<Y~  +  T*A)  ;  or  more  shortly, 

0+  =  0_  along  AK\  0+  =  exp  -  2iri(v-  +  rKJC/2)  •  0_  along  J3,,.* 
Hence  d  log  0+  =  d  log  0_  along  X, 

d  log  0+  =  —  2  7ridMK  -f  d  log  0_  along  BK. 
Also  d  log  0+  =  d  log  0_  along  CK. 

In  the  second  formula  duK  means,  indifferently,  duK+,  or  du~. 
These  relations  show  that  the  lines  A,  C  contribute  nothing  to  the 
integral  ;  —  •  \  d  log  0  ;  there  remain  the  lines  B.  The  part  of  the 

2i  TTlts 

integral  which  is  contributed  by  BK  is 


this  expression  =  the  period  across  AK)  namely  1. 
Thus  on  the  whole 


Now  0  cannot  become  infinite  on  T"  ;  therefore  -i  C d  log  6  = 

2  TTltJ 

the  number  of  zeros  of  B  in  Tf,  and  we  have  the  theorem  that  0  has 
p  zeros  on  Tf. 

Let  the  p  places  on  T'  at  which  B^  —  e^  u2  —  e2,  •••,  up  —  ep) 
vanishes  be  named  xl}  x2)  ••-,  xp.  In  what  follows  the  determination 
of  suitable  lower  limits  for  the  integrals  which  make  their  appearance 
is  of  great  importance.  Clebsch  and  Gordon  allow  different  lower 
limits  for  the  same  integral ;  for  instance, 


\   " 

*/«! 


Eiemami  uses,  for  a  definite  UK,  one  and  the  same  lower  limit 
whatever  be  the  upper  limit ;  while,  for  different  values  of  *,  the 
lower  limits  may  be  different.  This  difference  of  notation  should 
be  borne  in  mind  in  comparing  the  results  of  Kiemann  with  those 


*  Hera  use  is  made  of  a  theorem  for  the  addition  of  periods  to  the  arguments  of  a  p-tuple 
theta-f unction.  This  theorem  is  stated  in  formula  (5),  §  232,  when  r  is  allowed  to  mean  any  of 
the  integers  1,  2,  ...,p;  and  the  proof  is  precisely  analogous  to  the  one  there  given. 
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of  Clebsch  and  Gordan.  When  the  lower  limit  is  not  specified  for 
J  duK,  where  K  has  a  definite  value,  it  is  to  be  understood  that  this 
lower  limit  is  the  same  however  x  may  vary. 

§  295.    Theorem  II.     The  p  zeros  xlt  x2,  ...,  xp  satisfy  the  relations 


where  the  quantities  #,  7i  are  integers  and  where  &A  stands  for  a 
quantity  independent  of  the  #'s,  fc's,  aj's,  and  e's. 

% 

When  the  lower  limits  of  the  p  normal  integrals  of  the  first  kind 
are  left  undetermined,  these  p  quantities  are  determined  on  T'  save 
as  to  additive  constants.  By  making  a  suitable  choice  of  these 
lower  limits  it  is  possible  to  simplify  the  work.  Let  definite  lower 
limits  be  assigned  to  wb  u*,  •  ••,  u  p,  and,  in  accordance  with  Riemann's 

Cx 
notation,  let    I    efwA  have  the  same  lower  limit,  for  a  definite  A,  what- 

*J  M 

ever  be  the  upper  limit  x. 

The  theorem  which  has  been  enunciated  above  can  be  proved  by 
means  of  the  integral 

JLJ^jlqgj     (A  =  1,2,  ..-,!>), 

taken  over  the  boundary  of  T'.  Knowing  that  «A  is  everywhere 
finite  on  T'  and  that  log  0  is  finite  except  at  the  p  places  a?b  x2,  ...,  a?p 
at  which  it  is  simply  infinite  with  residues  1,  we  derive  at  once  the 
equation 

1     C 
-  —  I  MAC£  log  0  =  the  sum  of  the  residues  of  the  integrand, 

=  WA(*I)  +  WA(O?S)  -f  •••  +  MA(a?,). 

The  integral  on  the  left-hand  side  of  the  equation  can  be  treated 
as  the  sum  of  2p  integrals  over  the  2p  lines  AK,  BK,  each  line  being 
described  twice  in  opposite  directions.  Along  AK,  B<  we  have,  as 
before,  d  log  (0+/0_)  =  0,  «A+  -  MA-  =  0  or  1,  according  as  A  ^  K  or 
=  K  ;  d  log  (0+/0_)  =  -2  TT^WA,  V  =  »A"  +  r,A. 

A  Hue  AK  contributes  the  part  J-   f(t^+  _  u^-)d  log  ^+  ;    the 

value  of  this  part  is  0  when  A  =£  *,  and  —   f  d  log  0  when  A  =  *. 

x»  2  irljAK 

But  J^^log^  =  log  (0+/0_),  where  the  signs  refer  to  5A,  and  we 
know  from  the  values  of  0  along  £A  that 

log  (<9+/0_)  =  2  ;r*>A(Cl)--eA  4-  rAA/2  +  AJ, 
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^A(CI)-  being  the  value  of  MA  at  the  point  GI  of  Tr  (see  Fig.  74,  p.  254). 
Thus  the  p  lines  A  contribute  a  part 


The  sum  of  the  p  integrals  over  the  lines  BK 

f  K+cZ  log  0+  -  u,~d  log  0_ 
Js 


To  find  the  value  of  this  sum,  consider  separately  the  integrals 


The  first  of  these  is  equal  to  log  (0_/0+)  along  AK  ;  that  is,  its 
value  is  gK  •  2?ri.  The  second  integral  is  equal  to  UK~  —  UK+  along  AK  ; 
that  is,  its  value  is  —  1.  The  third  integral  may  be  written 


f  [  (V  +  V)  -  (V  - 

«^5 


Thus  the  sum  of  the  2p  integrals  over  the  lines  AK,  BK  is 


4-irtf  K+ 
»/^ 

Hence, 


-i-.  f  w,cZ  log  0  =  ex  -  wx  (Cl)  .  +  h,  -  rAA/2  4- 

JTTlc/T' 


and 

5  %(^K)  =  eA  +  fcA  4-  ^  +  &TU  H-  ^2r2A  +  —  4-  g^      -     (A), 

Kt=l 

where 

&A  =  -  ^(ci)-  -  W2  H-  I  f-  r.A/2  +  i  f  (V  +  w^dt* 

K=1L  •^•B/e 
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Theorem  III.     The  lower  limits  of  ul}  u.2,  •  ••,  up  can  be  so  chosen 
as  to  make  all  the  quantities  &A  vanish,  and  then 

WA(*I)  +  u\(x-2)  H  -----  h  WA(£,)  =eA  +  /'A  +  </iTU  +  </2r2A  H  -----  h  &TAP. 
Eiemann  proves  this  by  the  following  argument  :  — 
The  fact  that  u^  possesses  at  A^  the  period  1  and  at  the  other 
cross-cuts  A  the  periods  0,  determines  WA  only  to  an  additive  con 
stant.  Let  definite  values  be  assigned  to  the  quantities  WL.  u.,,  •  ••,  up, 
and  let  us  still  use  Biemann's  lower  limits  for  these  integrals.  A 
simultaneous  increase  of  u^  eA(A  =  1,  2,  •••,!?),  by  aA  leaves  the  func 
tion  6(v-i  —  e^  u.2  —  e*,  •  ••,  up  —  ep)  unaffected  and  produces,  accord 
ingly,  no  change  in  the  positions  of  a?],  x2,  •••,  xp,  or  in  the  values  of 
</A,  AA.  The  left-hand  side  of  the  equation  (A)  increases  by  pa^  the 
right-hand  side  by  aA  -h  the  increment  of  fcA.  Hence  the  increment 
of  £A  is  (p  —  1)«A.  Choose  aA  so  as  to  make  the  new  fcA  =  0.  This 
will  be  effected  if  the  increment  of  &A  be  —  fcA,  that  is,  if 


When  the  lower  limits  of  the  integrals  are  changed  by  the  inclu 
sion  of  the  constants  aA  just  defined,  the  quantities  e^  e.,,  •-,  ep  must 
be  congruent  to 

ui(xi)  +  Ui(x2)  H  -----  h  MI  (OP),  w^ajj)  +  M2(^)  H  -----  h  «,(^)»  '--j 

with  respect  to  the  array  of  periods 
1  O...0jrn 
0  l.-0:r 


§  296.    The  function  ^(MJ  -  ^1;  w2  -  e2,  •-.,  ?/p  -  ep)  differs  from 

^(— >  ^W-  wA(a?i)-  MA(ar2) «A(^)>  — ) 

by  an  exponential  factor.  Owing  to  the  length  of  the  p  arguments  it 
is  usual  to  print  only  one  of  them,  and  in  order  to  show  more  clearly 
the  exact  character  of  these  arguments  and  the  position  of  the  p 
zeros,  Clebsch  and  Gordan,  Weber,  and  others  write  the  theta- 
function  in  the  form 
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where  c,  c1?  c2,  •••,  c^  are  fixed  places  which  are  assigned  arbitrarily  on 
T'.  Owing  to  the  arbitrariness  of  the  lower  limits,  an  expression 
&A  must  be  reintroduced.  Denoting  by  xly  x2,  ->,xp  arbitrary  places 
on  T",  it  is  possible  to  determine  the  quantities  k1}  k2,  •••,  7cp,  inde 
pendently  of  x,  Xu  x2,  -..,  xp,  so  that  the  theta-f  unction  shall  vanish 
at  the  p  places  x^  x2,  •  ••,  xp.  It  should  be  observed  expressly  that 
we  have  assumed  that  the  theta-function,  considered  as  a  function 
of  the  co-ordinates  z,  w  of  oj  does  not  vanish  identically.  See  §  300. 

§  297.  Having  established  those  properties  of  the  theta-function 
which  will  be  needed  in  the  sequel,  we  shall  now  prove  the  converse 
of  Abel's  theorem  for  integrals  of  the  first  kind.  Suppose  that 
XH  x2,  •  ••,  x^  and  yly  y2,  •  ••,  y^  are  two  systems  of  places  on  T  at 
which  a  //.-placed  function  R(w}  z}  takes  two  assigned  values  j  then 
by  Abel's  theorem 

dux  =  0     (A  =  1,  2,  ...,J>) 

where  the  sign  of  congruence  means  that  the  right-hand  sides  are 
of  the  form 


the  g's  and  7i's  being  integers. 

TJie  converse  of  Abel's  theorem.     Suppose  that  the  p  congruences 
u^  +  u£#*  -\  -----  h  uffJf.  =  0 

are  satisfied,  and  that  a  function  B(w,  z)  takes  one  and  the  same 
value  RQ  at  the  /x  places  y^  y2,  ••-.  y^.  Then  R  must  take  one  and 
the  same  value  R1  at  the  /x  places  aj1?  x2,  •••,  x^. 

To  prove  the  theorem  we  shall  construct  a  function  R(w,  z) 
which  is  oo1  at  the  places  ylf  y2j  -•-,  y^  and  O1  at  the  places  #1?  x2,  ««•,  x^. 
The  method  for  constructing  such  a  function  has  been  described 
by  Weber,  Zur  Theorie  der  Umkehrung  der  Abelschen  Integrale, 
Crelle,  t.  Ixx. 

The  building  up  of  algebraic  functions  on  T,  with  assigned  zeros 
and  assigned  infinities,  can  be  effected,  whenever  the  problem 
admits  of  solution,  by  the  use  of  methods  closely  analogous  to  those 
employed  in  the  construction  of  the  general  elliptic  function  with 
the  o--f  unction  as  element.  In  the  latter  case  au  is  one-valued  and 
continuous  throughout  the  w-plane,  has  one  zero  and  no  infinity 
within  the  parallelogram  of  periods,  and  is  quasi-periodic  (see  Ch. 
VII.,  §  206).  When  the  quotient  of  suitably  chosen  o--products  was 
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multiplied  by  a  suitably  chosen  exponential,  the  one-valuedness 
remained,  the  quasi-periodicity  was  converted  into  the  periodicity 
of  the  whole  function,  and  the  zeros  and  infinities  of  the  function 
were  the  zeros  of  the  elements  in  the  numerator  and  denominator 
respectively.  In  the  present  case  the  p-tuple  theta-f  unction  and  the 
surface  T'  take  the  place  of  the  cr-f  unction  and  the  parallelogram  of 
periods,  while  the  single  zero  of  a  o--f  unction  is  replaced  by  the  p 
zeros  of  a  theta-function.  These  p  zeros  are  denoted  by  the  upper 
limits  #D  o-2,  •  ••,  xp  of  the  arguments 

f'du,-  fXldu,-   fX  -----  rPdu,  +  k,  (A  =  1,2,.  .-,!>), 

*/  e  «ycx  ±/c2  i/fp 

or,  (as  they  are  often  written  for  shortness) 


here  it  is  to  be  understood  that  &A  is  supposed  to  be  related  to  the 
lower  limits  in  such  a  way  that  the  zeros  shall  be  x^  x*  --,  xp,  and 
also  that  these  p  zeros  are  not  so  situated  as  to  make  the  theta- 
function  vanish  identically. 

Suppose  that  /x  is  an  exact  multiple  of  p,  say  /*  =  sp.  If  the 
number  of  integrals  be  not  an  exact  multiple  of  p,  add  on  the 
required  number  of  integrals  with  coincident  limits.  It  is  required 
to  construct  a  quotient  Q  of  theta-f  unctions  which  shall  be  O1  at  sp 
places  XH  a?2,  •••,  xv,  and  cc1  at  sp  places  yb  y^  •••,  yv.  Separate  the  sp 
places  afc  x,,  •••,  xsp  into  s  sets  of  p,  (^  x2,  .-..,  Xp),  (xp^  xp+2,  ...,  a^,), 
—i  (^(.-DJH-U  x(*-i)p+*  •*-!  XSP);  and  the  sp  places  yl}  y.2,  ...,  ysp  into  s  sets 
of  P,  Gfo  2/2,  —j  y,),  fe+i,  %,+2,  •-,  y2p),  •••,  (y(_u*.i,  y(._i^»  ••«,  ^). 

The  factors  of  the  numerator  of  the  quotient  Q  are 


where  the  places  c,  Cj,  Cg,  •••,  cp  are  arbitrary  but  fixed.  The  factors 
of  the  denominator  are  obtained  from  those  of  the  numerator  by 
replacing  x's  by  i/'s. 

The  theta-functions  in  question  are  discontinuous  at  the  cross 
cuts  B  and  continuous  at  the  cross-cuts  A.     At  B^. 

00C  -  ^A)  =  0(MA-  -  eA)  -  exp  -2«I(V  -  e.  -h  r<K/2), 
hence  Q.  =  Q.  .  exp  2  ^  |~  I    pdM(c  _  1    C'dujl 

\_r=lJcr-  r=\Jc^ 

where  r'  is  the  remainder  after  r  is  divided  by  p. 
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sp        S+xr 

Thus       Q+  =  Q-  •  exp  2iri  2    J     dwK. 
Now,  by  supposition, 

sp       f*xr 

^      I         dUK  =  m     -f-  iliTlK  -f-  W9T9K  -}-•••+  Wo" 
r=ljyr 

therefore     Q+  =  Q_  •  exp  2  TTI'  (WITIJC  +  n2r2<  -f  •  •  •  +  nprKP) . 

/          /»x  /»z  /»a 

Let         P  =  exp  2  ?ri  f  %  I    dttj  +  ^2  I    du2  -\-  •  •  •  +  np  I 
then  along  a  cross-cut  u4K  we  have  P+  =  P_ ;  while  along 


Kp 


P+  =  P--  exp  27ri  (^T^  +  n2T2K  +  ----  h  V^). 

Hence  Q/P  is  a  function  of  the  place  x  on  T,  which  is  not  affected 
with  a  discontinuity  by  a  passage  over  any  of  the  lines  AK,  BK,  and 
which  possesses  the  same  zeros  and  infinities  as  Q.  This  proves 
that  Q/P  is  one-valued  throughout  T  and  continuous  at  the  cross 
cuts,  therefore  Q/P  is  a  function  R(w,  z).  Thus  we  have  proved 
the  converse  of  Abel's  theorem  by  constructing  synthetically  the 
algebraic  function  R(w,  z),  which  is  O1  at  the  upper  limits  and  oo1  at 
the  lower  limits.  It  may  appear,  at  first  sight,  as  if  too  much  had 
been  proved  ;  for  the  theorem  appears  to  imply  that  the  number 
and  position  of  the  infinities  y  being  assigned  arbitrarily,  there  exists 
an  algebraic  function  R(w,  z}  which  is  infinite  at  these  places  and 
nowhere  else.  The  proof,  however,  ceases  to  be  valid  if  some  of  the 
theta-functions  in  Q  vanish  identically.  This  is  a  case  which  always 
arises  when  i*.^.p.  [Weber,  loc.  cit.,  p.  317.] 

The  identical  vanishing  of  a  theta-function.     We  have  seen  that 

a-*X  /-»*!  /»*„  \ 

-f   -----  )     <*«A  +  *A) 
C  ^/Ci  c/Cp  J 

vanishes  at  the  places  x^  x2,  •••,  xp,  when  the  constants  k  are  prop 
erly  chosen.  Make  the  place  x  coincide  with  xp  ;  then,  noticing  that 
the  theta-function  is  even, 


must  vanish  identically  whatever  be  the  positions  of  the  places 
#!,  aj2,  •••,  a?p_i.  We  shall  return  later  on  to  this  question  of  the 
identical  vanishing  of  a  theta-function ;  but  for  full  information  we 
must  refer  the  reader  to  the  memoirs  of  Biemann,  and  the  treatise 
of  Clebsch  and  Gordan. 
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§  298.   Weber  has  shown  how  to  deal  with  the  case  p<p,  when 
the  congruence 

u*^  +  Ui*&  + ...  4.  MAW*  =  0     (A  =  1,  2,  -  -  -, p) 

is  satisfied  by  the  two  systems  x,  y. 

It  is  always  possible  to  give  such  a  position  to  x1  that 


shall  not  vanish  for  all  values  of  x,  t,2,  t&  •••,£,;  for  the^>  arguments 
of  this  theta-function  can  be  made  congruent  to  an  arbitrarily 
assigned  system  of  periods  by  a  proper  choice  of  x  and  the  t's.  In 
proof  of  this  statement,  observe  that  the  p  normal  integrals  of  the 
first  kind  are  linearly  independent,  and  that  therefore  the  p  argu 
ments  can  be  made  to  receive  arbitrarily  assigned  increments  when 
thep  places  x,  £2,  ?3,  •••,  tp  are  subjected  to  independent  translations 
on  T.  In  the  fraction 


j  rx    rr    r*(r)         ctp(r) 

6  (I    "I     ~  I        -----  1 

\Jc          Jct  Jc,  Jcp 


it  is  possible  to  arrange  the  quantities  t  so  that  the  theta-functions 
in  the  numerator  and  denominator  shall  not  vanish  identically. 
This  being  done,  the  t's  in  the  numerator  neutralize  those  in  the 
denominator;  there  are  left  /*,  zeros  xl}  x2,  •••,  a;,  and  //,  infinities 
y\>  y*  '"•>  y^'  Multiplying  Q,  as  before,  by  an  exponential  factor  P, 
and  assuming  the  existence  of  the  p  congi-uences,  we  have  an  algebraic 
function  Q/P  with  the  upper  and  lower  limits  of  the  /u  integrals  as 
zeros  and  infinities. 

§  299.  When  we  replace  the  lower  limits  c1?  c2,  •••,  cp,  which  have 
not  been  specialized  as  yet,  by  the  places  a1?  0%,  •••,  ap,  which  made 
their  appearance  in  Clebsch  and  Gordan's  theory  as  the  points  of 
contact  of  a  contact-curve,  we  can  determine  the  values  of  the  added 
constants  fcx  very  conveniently.  When  we  pass  to  the  non-homo 
geneous  form,  let  the  integral  of  the  second  kind  become 

\l/dz 


Here  \j//(aw  +  bz  +  c)  is  cc2  at  one  place  a  of  the  surface,  at 
which  aw  -f  bz  +  c  =  O2,  and  O1  at  the  p  places  «K.     Let  any  integral 
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of  tlie  first  kind  be    (  -  -  j^2  ,  where  <£  =  0  is  what  the  equation  of  an 
J  bf/oio 

adjoint  curve  <£n_5  becomes  in  the  non-homogeneous  form.     Then  <£ 
is  O1  at  2p  -  2  places.     Hence  R,  =  Qw  +  frz  +  c)^  hag         ^ 

$ 
among  which  a  is  counted  twice,  and  2p  poles,  namely,  the  places  aK 

each  counted  twice. 
Given  that  0 


f  f  *—  I    f^^A  +  O    .......     (A) 

y«/a  K=l  «/  aK  / 


vanishes  at  a^,  a?2,  •••?  <*>?  we  have,  making  x  coincide  with  x1} 


ff 

\c/a1 


+i 


for  all  positions  of  a;2,  a;3,  •  ••,  a?p.  Now  let  <£  =  O1  at  %  a;8,  •••,  a^;  and 
let  the  remaining  zeros  be  x'%  x'5,  •••,  a;^.  Abel's  theorem  gives, 
when  applied  to  the  equivalent  systems  cc,  a,  se2t-*-,xp,  x'2)'"jx'p 
and  a^  alt  a2,  ••>,  ap,  a2,  •-,  ap, 


Thu& 


Hence,  on  inserting  this  value  in  the  expression  (A),  we  find 
that 


vanishes  identically.  Since  the  p  —  1  points  x2,  xs,  •••Jxp_l  were 
chosen  perfectly  arbitrarily,  the  p  —  1  residuals  o/2,  xr3,  ...,  a;^!  must 
be  perfectly  arbitrary.  We  may  therefore  suppress  the  accents 
in  (B).  When  this  has  been  done,  we  have  two  theta-f  unctions 

P          f*XK  \  /       l"*X  P          f*X*  \ 

-si    rf»A-t-»A  Ml    -si  "d«A-*A 

/c^lt/a  \t./a  K=\Ja 


which  vanish  at  the  same  places  xlt  x2,  •••,  xp.  But  this  means  that 
the  arguments  are  congruent.  Hence  the  differences  of  the  argu 
ments  must  be  congruent  to  0,  or 

2^,  27c2)  ...,2^  =  0. 

This  gives    Aa  =  7^/2  +  ^rn/2  +  ^2r12/2  +  •  ••  +  ft,rlp/2, 

2  +  .  ..  4-  flrpT^/2, 


=  hp/2  +  gr^/2  +  <72r2,/2  +  . . .  +  gpTffp/2, 
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where  g*  and  hx  are  integers.  That  is,  the  constants  fcA  are  a  system 
of  half-periods  of  the  theta- function.  Allowing  x1}  x2,  •••,  xp  to 
coincide  with  «b  a.2)  •••,  «p,  we  find  that 


'(JO-**) 


vanishes  in  general  at  the  p  places  «1?  «2,  •  ••,  t^,  and  only  at  these 
places.     If  the  function  vanish  when  x  is  at  a,  then 


is  oc?d.     But  this  occurs  only  when  one  of  the 
,  «p'  coincides  with  «.     Xow  recurring  to  the  theory 


and  the  mark 

places  a.i3  a.^  •  • 

of  §  290,  a  contact  curve  \l/n_.2  passes  through  the  n  —  2  residuals  of 
the  point  «,  and  if,  in  addition,  it  touch  the  basis-curve  at  «,  it  has 
more  than  n  —  2  intersections  with  the  tangent  at  «.  Therefore  it 
breaks  up  into  this  tangent,  and  an  adjoint  curve  <£n  3  which  touches 
the  curve  at  p  —  1  points.  Thus,  of  the  22p  non-congruent  marks, 
we  are  led  to  associate  the  2y-1(2*  —  1)  odd  marks  (§  229)  with 
improper  contact  curves,  formed  of  the  tangent  at  a  and  an  adjoint 
curve  <£n_3;  and  the  2p-\2p  +  l)  even  marks  with  proper  contact 
curves  \j/n_2.  When  p  =  3,  the  normal  curve  is  a  non-singular 
quartic,  and  the  improper  contact  curves  are  an  arbitrary  tangent 
and  the  28  double  tangents.  [See  Clebsch,  Geometric,  t.  iii.,  Chap 
ter  L,  §  9.] 

The  method  followed  is  that  of  Weber  iu  his  memoir  on  the 
Inversion  Problem  to  which  reference  has  alreadv  been  made.  In 
a  different  form,  it  is  to  be  found  in  Clebsch  and  Gordan.  -  To  these 
authors,  and  to  Fuchs,  Crelle,  t.  Ixxiii.,  the  reader  is  referred.  In 
Weber's  memoir  will  be  found  the  proof  that  to  each  system  of  half- 
periods  there  corresponds  a  system  of  lower  limits  «D  «.,,  •••,  ap 
(points  of  contact  of  a  contact  curve),  when  the  theta-function  has 
the  prescribed  zeros  arD  x.2,  •••,  xp. 

We  shall  suppose,  for  the  rest  of  the  chapter,  that  such  a 
canonical  dissection  of  the  surface  has  been  selected  that  all  the 
constants  &A  are  zero. 

§  300.     TJie  identical  vanishing  of  a  theta-function. 
The  theta-function  whose  arguments  are 

XX  p  /»*„. 

tf*A-2    I     dux  ....          ....     (1) 
K=\  »JaK 
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vanishes  at  all  places  x  when  the  function 

e(-   fX-'s    PX) (2), 

\     ^ap          . K=l  ^a«        J 

whose  arguments  are  obtained  by  allowing  x  to  coincide  with  xp, 
vanishes  for  an  arbitrary  choice  of  the  p  —I  places  xlt  #2,  •••,  xp_^. 

Let  the  p  places  xlt  x.2,  •••,xp  be  tied  by  a  function  </>,  and  let  the 
remaining  mo veable  zeros  of  <£  be  xp+l,  xp+2,  -~,x2p_  2.  Then  Abel's 
theorem  when  applied  to  the  function  J?  of  §  299  gives 

P       S*xK  P~2     f*xp+K  f*°-  /»a 

K=l  «Ja        '      A         *=1  J  a  ^         <J  a  ^         t)  a  *  ==      ' 

Therefore  the  arguments  (1)  are  congruent  to 
/**  p-2  /**/»+«  /»o 

I  "      A    •  1  A  ~     I  A* 

•yap— 1  /£=!«/  aK  is  ap 

As  ^  is  an  even  function,  the  sign  of  each  argument  can  be 
changed,  and  we  then  have  arguments  of  the  form  in  (2),  in  which 
x  and  xp+1)  xp+2,  >•-,  x2p_2  can  be  chosen  arbitrarily. 

Hence  we  have  the  important  theorem  :  when  thep  zeros,  which  0 
must  have,  are  tied  by  a  function  <£,  Q  vanishes  identically.  [Clebsch 
and  Gordan,  p.  211 ;  Clebsch,  Geometric,  t.  iii.,  ch.  i.,  §  8 ;  Kiemann, 
Crelle,  t.  Ixvi.,  or  Werke,  p.  198.] 

With  the  aid  of  §  283,  this  may  be  stated  as  follows :  all  the 
zeros  of  an  algebraic  function  of  the  surface  cannot  be  included 
among  the  zeros  of  a  theta-function  unless  the  theta-function 
vanishes  identically. 

JacobVs  Inversion  Problem. 

§  301.  Introductory  remarks.  The  importance  of  the  inversion 
problem  in  such  simple  cases  as 

dx       ^Av=C'  dx 


V 1  -  x2  o   V(l  -  x2)  (1  -  k2x2) 

is  well  known.  It  permits  the  passage  from  many-valued  integrals 
to  one-valued  functions.  In  §  193  we  indicated  that  the  problem 
is  altered  as  soon  as  the  quantity  under  the  radical  is  assumed  to  be 
of  higher  order  than  4 ;  for  when  we  pass  from  elliptic  to  hyper- 
elliptic  integrals  x  becomes  a  function  of  v  with  more  than  two  inde 
pendent  periods,  and  therefore  cannot  be  a  one-valued  or  a  finitely 
many-valued  function  of  v.  The  essential  distinction  between  the 
function  of  one  variable  with  two  distinct  periods  and  the  function 
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of  one  variable  with  more  than  two  distinct  periods  is  to  be  sought 
in  the  theorem  that  m^  +  tn.2(a.2  cannot,  and  ??i1<o1  -{-  m.^-2  +  •••  -f-  wgo>7 
can,  be  made  less  than  any  assigned  quantity.  Jacobi  pointed  out 
in  his  memoirs  (Crelle,  tt.  ix.,  xiii.)  that  one-valuedness  could  be 
secured  by  introducing  functions  of  p  variables  in  the  place  of  func 
tions  of  one  variable. 

A  theta-function  affords  an  illustration  of  a  one-valued  function 
of  p  variables.  Expressions  involving  0  can  be  constructed,  on  a 
plan  analogous  to  that  of  §  297,  which  reproduce  themselves  exactly 
when  the  variables  v  are  altered  as  in  the  scheme  (B)  below ;  they 
are  then  2p-tuply  periodic  in  the  strict  sense,  whereas  0  itself  is 
quasi-periodic.  [It  should  be  recalled  that  2p  is  the  maximum 
number  of  independent  systems  of  periods  of  a  one-valued  function 
of  p  variables  (§  193).]  The  expressions  in  question  arise  in  the 
solution  of  Jacobi's  inversion  problem.  This  problem  is  always  sol 
uble,  and  in  general  the  solution  is  unique.  It  consists  in  finding 
the  system,  of  p  places  x^  x%  •••,  xp  from  the  p  equations 


(A), 


where  the  lower  limits  are  any  fixed  places,  and  the  v's  are  arbitrary 
variables. 

The  paths  in  any  one  column  are  supposed  to  be  the'  same.  We 
may,  if  we  like,  suppose  initially  that  all  the  paths  are  drawn  on 
T';  then,  removing  the  restriction  that  the  paths  are  not  to  pass 
over  cross-cuts,  we  have  for  the  most  general  values  of  the  right- 
hand  sides  in  (A),  the  system 


J»*l               /**, 
dUi+i   ^-f  ••• 
;1                           *^C2                                    4 

/*xl                 /**•> 

1    du2+  \    du2  +  ••• 

%/Cj                »y  e2 

Cxp 

c/Cp 
+    f  Pt?«2  =  i*2, 

«/Cp 

p^+rx+- 

%/Cj                               »/C2 

£ZP 
Ctitp  —  t^j    I 
J 

v',  =  v.2  +  7i 

^.1  +  ^.0  +-4-  /*. 
:i.O  +  7i2.lH  hft 

r  0  +  ps 

,-o  +  r/: 

^.2  +  g,T.,2  +  - 

•r+ft 

**  4"  9^ 

0  +  /«2  •  ^  +  •"  +  ^  •  1  +  0iTiP  +  grorop  +  —  4-  gp 


The  difficulty  which  arises  in  the  case  of  functions  of  one  variable  with 
more  than  two  periods  does  not  present  itself  when  we  consider  a  function  of 
p  variables,  t^,  v2,  •••,  vp  with  2p  independent  periods.  It  can  be  proved  by 
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algebraic  work  that,  when  the  p  differences  v'K  —  VK  are  resolved  into  their  real 
and  imaginary  parts,  2p  —  I  of  the  2p  resulting  expressions  can  be  made 
arbitrarily  small  by  a  proper  choice  of  the  integers  g,  h  ;  but  when  this  has 
been  done,  the  remaining  expression  is  not  infinitely  small.  The  algebraic  lemma 
upon  which  this  theorem  is  based,  will  be  found  in  Clebsch  and  Gordan  (pp. 
130  et  seq.). 

In  passing  from  one-valued  functions  of  one  variable  to  one-valued  functions 
of  many  variables,  a  new  phenomenon  presents  itself.  The  one-valued  function 

x  ~  IJ~  is  completely  indeterminate  when  x  =  0,  y  =  0,  its  value  depending  on 
x2  +  yl 

the  mode  of  approach  of  x,  y  to  0,  0.  More  generally  the  one-valuedness  of  a 
function  of  p  variables  which  belong  to  a  ^-dimensional  space  is  not  necessarily 
affected  by  the  circumstance  that  it  may  take  infinitely  many  values  in  a  space 
of  p  —  2  dimensions  (Clebsch  and  Gordan,  p.  186). 

Definition  of  Abelian  functions.  Let  R  be  any  algebraic  function 
of  T.  Construct  the  symmetric  products  of  R(x^),  JR(x2),  •••,  JK(xp) 
r  at  a  time,  and  let  it  equal  (  —  l)rMr.  Then  the  functions  M-^ 

virtue   of  the    equations    (A)   as 
to    be    Abelian   functions    of   v1} 


M2,'~,MP,  when   considered   in 
functions    of    the   v's    are    said 


This  definition  of  Abelian  functions  is  based  on  that  in  Clebsch 
and  Gordan  (p.  139).  Eiemann's  definition  is  altogether  different. 
See  Riemann,  Werke,  1st  ed.,  p.  457  ;  Clebsch,  Geometric,  t.  iii.,  p. 
222. 

Inasmuch  as  for  the  same  system  of  upper  limits,  the  right-hand 
sides  of  the  equations  (A)  are  capable  of  the  values  given  by  the 
scheme  (B),  the  Abelian  functions  are  unaltered  when  vly  v2,  •••)vp 
are  changed,  as  in  (B),  by  simultaneous  periods  compounded  from 
the  scheme 


1     0     0  —  0 
0     1     0-0 

0     0     0  —  1 


T22       T23 


Tip       T2p 


(C), 


and  are  therefore  2p-tuply  periodic. 

Among  the  many  memoirs  dealing  with  Jacobi's  inversion  problem 
we  shall  only  mention  those  of  Weierstrass  (Crelle,  t.  xlvii.),  H. 
Stahl  (Crelle,  t.  Ixxxix.),  and  Nother  (Math.  Ann.,  t.  xxviii.).*  For 
the  inversion  problem  when  the  number  of  integrals  in  each  of  the 


*  The  history  of  the  problem  is  given  in  the  introductory  part  of  Casorati's  valuable  work, 
Teorica  delle  Fuuzioni  di  Variabili  Coraplesse,  Pavia,  1868. 
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equations  (A)  is  other  than/>,  as  well  as  for  Jacobi's  problem,  see 
Klein-Fricke,  t.  ii. 

§  302.  Clebsch  and  Gordan  solve  Jacobi's  Inversion  Problem 
with  the  help  of  integrals  of  the  third  kind.  We  shall  state  their 
solution  in  terms  of  the  Bieniann  surface  as  is  done  by  Weber 
(Crelle,  t.  Ixx.)  and  Neumann. 

Let  the  equations  be 

tt/A  +  M/^+.-.  +  i^p^.      ...'...;    (1), 
K=l,  2,  >~,p. 

The  quantities  VK  are  assigned  arbitrarily,  and  therefore  the 
lower  limits  CD  Co,  •••,  cp  can  be  taken  and  will  be  taken  at  the  places 
«D  «2>  •••,  «p  of  §  290.  It  is  assumed  that  the  places  x1}  x.2,  •••,xp  are 
iiot  tied  by  a  function  <f>  ;  and  the  problem  is  to  express  these  places, 
or  symmetric  combinations  of  them,  as  functions  of  VL,  V&  •••,  vp. 

Take  any  algebraic  function  of  the  surface,  say  R.  Let  it  be 
/A-placed,  and  let  £t  and  ^,  where  t  =  1,  2,  •  ••,  ^  be  equivalent  systems 
of  places.  Let  them  be  associated  in  pairs  so  that  when  ^  moves 
into  the  position  &,  773  moves  to  £>,  and  so  on  ;  and  further  let  none 
of  the  fji  equivalent  paths,  which  begin  at  rjL  and  end  at  £t,  pass  over 
a  cut  B^. 

By  Abel's  theorem  for  integrals  of  the  third  kind  we  have 


For  simplicity  let  the  places  r)K  be  poles  of  JR;  then  the  right- 
hand  expression  is 


Using  the  law  of  interchange  of  parameters  and  arguments,  we 
have 

log  !K(x,)  -  X(£)  I  -  log\R(a,)  -  R(£)  }  =\m          -      (2). 


The  paths  of  integration  in  this  equation  are  assigned  to  suit 

Abel's  theorem  (§  291).     The  path  of  the   integral     C^du^  which 

Ja\ 
occurs  in  (1)   has  not  been  assigned,  and  will  be  taken  to  be  the 

same  as  in  (2).  This  may  require  the  addition  of  periods  to  the 
arbitrary  quantities  VK  in  (1),  but  it  will  be  proved  later  that 
the  periods  so  added  will  disappear  from  the  final  formula. 
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In  equation  (2)  we  let  A  =  1,  2,  •  ••,  p;  there  results,  if  we  add  the 
p  equations  and  take  the  exponentials  of  both  sides, 


The  problem  is  reduced  to  the  finding  of  an  expression  for  the 
right-hand  side,  in  terms  of  v^  v2,  •••,%• 


Let 


XZA  /*| 

eZII^,  or  I    tm.xfx,  regarded  as  a 

function  of  £,  is  infinite  at  x^  like  -f-  log  (£  ~~  XA)  an(^  a^  wx  ^-^e  ~~  l°g 
(£  —  «A),  it  follows  that  the  exponential  of  this  integral  is  O1  at  CCA 
and  is  co1  at  «v  Therefore  K(g)  is  O1  at  ^  x.2)  •••,  ^  and  oc1  at 
«u  «2>  ••*?  «P-  ^ne  function  If(^)  has  the  same  zeros  and  poles. 
The  functions  have  no  discontinuities  at  a  cut  AM  while  at  opposite 
places  of  a  cut  J5A  each  of  the  ratios  H(£+)/H(Q  and  K(t+)/K(S-) 

is  equal  to  exp  2^2  f**d«A.    (See  §  297.) 

*J  aK 

Hence  the  ratio  H(g)/K(£)  is  one-valued  and  continuous  every 
where  on  T;  that  is,  it  is  a  constant. 
Thus, 

"nf      .....     (4). 


A=l 


From  (1),  #(£)  = 


therefore,     exp " 


and  from  (3), 

(  C*1          \  (  r^     N 

Tf(<*.\—TKt\       n  ^          du^  —  vx]0(    I      duK 

-.    .   (5). 
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When  the  product  of  the  numerators  on  the  left  is  multiplied  out, 
the  coefficients  of  the  powers  of  R(£)  are  Abelian  functions  of 
Xj,  X2,»;xp;  and  by  giving  p  different  values  to  R(£)  we  get  sufficient 
equations  to  determine  these  Abelian  functions  in  terms  of  the  pp 
places  £t,  and  the  quantities  i\. 

The  algebraic  function  R  is  at  our  disposal.  Neumann  points  out 
that  the  simplest  supposition,  namely  R  =  z,  is  sufficient  and  con 
venient.  The  equivalent  system  £,  is  then  of  course  a  system  of 
places  in  the  same  vertical,  and  //,  is  the  number  of  sheets. 

It  remains  to  show  that  the  expression  on  the  right  hand  of  (5) 
is  not  altered  by  the  addition  of  periods  to  VA. 

Let  the  periods  added  be  given  by  (B),  §  301. 

Then  the  expression  in  question  acquires  the  factor 

*., 


2rt£&A  C 

A=l     Jr)L 

2*tf,§   f 

1=1 


or 


Inasmuch  as  no  path  of  integration  has  been  allowed  to  cross  a 
cut  BK)  Abel's  theorem  shows  that  the  factor  is  1. 

§  303.  The  case  p  =  2.  It  will  be  well  to  indicate  how  some 
of  the  preceding  general  theory  can  be  brought  to  bear  in  the  case 
p  =  2,  which  is  next  in  order  to  the  elliptic  case  already  considered. 
Following  Clebsch  and  Gordan's  method,  we  take  as  normal  curve  a 
nodal  quartic  /.  An  adjoint  curve  <£n_3  is  a  line  through  the  node  ; 
so  that  to  places  x,  x  in  the  same  vertical  on  the  surface  T  (§  281) 
there  correspond  points  #,  x  collinear  with  the  node  on  the  curve  /. 
From  the  node  6  tangents  can  be  drawn  ;  their  points  of  contact  cor 
respond  to  the  coincident  tied  places  ;  that  is,  to  the  branch-points. 
We  call  these  points  ax,  a.2,  •  •  •  ,  a6. 

An  adjoint  curve  ^n_2  is  one  of  a  system  of  conies  through  the 
node  and  the  points  where  the  tangent  at  «  meets  /  again.  The 
remaining  4  points  in  which  a  conic  of  the  system  meets  /  are 
coresidual  with  a,  a,  x,  x  •  and  the  points  «1?  «,  of  §  290  are  the 
points  of  contact  of  a  conic,  of  the  system,  which  touches  /  twice. 
Clebsch  and  Gordan's  theory  shows  that  there  are  24  such  bitangent 
conies,  corresponding  to  the  16  non-congruent  pairs  of  half-periods. 
Of  these  6  are  improper,  and  consist  of  the  tangent  at  «  and  one  of 
the  6  tangents  from  the  node  ;  these  can  be  shown  to  correspond  to 
the  6  odd  pairs  of  half-periods. 
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For  the  sake  of  simplicity,  let  a  coincide  with  a  branch-point  alt 
Then  the  bitangent  conic  passes  twice  through  the  node,  and  becomes 
a  pair  of  tangents  from  the  node.  Hence  a1?  a2  are  also  branch 
points,  say  at  and  aK.  The  arguments  of  0^  are  now 


sdux-   f  ldu^- 

,/a 


and  the  zeros  are  a^  and  x2.     Let  s  =  Xj  ;  then 


for  all  values  of  x.2,  and  in  particular,  letting  x2  coincide  in  turn 
with  at  and  aK, 


U*  aK\ 
)  = 
i  / 


We  can  determine  t  and  K  as  follows : 

In  the  canonically  dissected  surface  (Fig.  68),  let  a2  be  that 
branch-point  which  lies  within  Al  and  B^  and  let  a2,  a3,  a4,  a5,  a6,  % 
lie  in  negative  order,  so  that  for  example  a5  and  aG  lie  within  A2,  a± 
and  a2  within  A^J* 

The  periods  across  the  cross-cuts  are  given  by  the  scheme 

A, 


T12 


«»  I    0    |    1    |  ru  |  r22, 

and  the  integrals  from  each  branch-point  to  the  next  are  found,  as 
in  §  182,  to  be 


r 


1/ 


r 


'2  I  - 1/5 


On  the  other  hand,  the  pairs  of  half-periods  which  make  0^ 
vanish  are  given  in  §  236,  and,  on  comparison  with  the  preceding 
scheme,  prove  to  be  congruent  with 


r,  r,  r,  r,  r,  r 

«/«!  *ya3  c/a-  «ya2  *J  a^  c/a6 


*  Any  other  arrangement  of  names  for  the  branch-points  would  suit  our  immediate  purpose, 
but  the  selected  arrangement  is  in  harmony  with  the  notation  of  Chapter  VIII. 
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s+a  x*»  a 

Among  these  the  arguments    I    l  and   I    *  are  to  appear.     There- 

Jat  J^ 

fore  i,  K  =  3,  5  ;  and  finally  the  arguments  of  #00  can  be  written 


/*s  /*zi  Cx* 

dui-  1     dwA-  I    <fo*. 

»/a1  */a3  «/a6 

We  see  that,  corresponding  to  the  selected  canonical  system  of 
cuts,  0oo  is  associated  with  the  separation  of  the  six  branch-points 
into  the  two  triads  (c^  a3,  a5)  and  (a2,  a4,  a6). 

The  arguments  of  the  other  theta-functions  are  now  readily  de 
termined  by  the  addition  of  half-periods  (§  232).  For  example,  the 
half-periods  pdwx  are  (rn  +  r^/2,  (1  +  Tlo  +  TO,)^;  from  §  232 

3  1  1  1 

the  mark  of  the  new  function  is       A  or  (35);  hence  the  arguments 

of  035  are  obtained  by  adding   J    5  to  the  arguments  of  0<x»  and  are 

«/a3 

£«  ^  s.x2 

-     i        Jav          J*! 


In  this  way  the  duad  notation,  which  in  Chapter  VIII.  appeared 
merely  as  an  algebraic  artifice,  begins  to  acquire  a  vital  significance 
in  its  connexion  with  the  surface. 

Each  of  the  ten  even  theta-functions  is  associated  with  one  of  the 
ten  pairs  of  triads  into  which  the  branch-points  can  be  separated  ; 
each  of  the  six  odd  functions  is  associated  with  a  branch-point. 

§  304.  We  shall  proceed  to  show  in  the  case  p  =  2  frhat  a  theta- 
function,  with  arguments  f'du^  where  x  and  y  are  arbitrary,  can 
be  expressed  in  terms  of  algebraic  functions  of  x  and  y,  and  of  a 
single  integral  of  the  third  kind. 


then  equation  (4)  of  §  302  gives 
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Here  £,  77,  xlt  x.2  are  arbitrary  places.     If  we  replace  sclt  x2  by  yly 
2/2  and  divide,  we  have 


-f  -rx  r-r- 

l  *^«3  «^a5      /       \«^al  *^a3  «-^a5 


.    __ 

'   ' 


Let 


^^A  =  f  cfaA  +  r 

l  ^  a3  ^a5 


where  A  =  1,  2. 

Let  s  denote  as  before  the  place  in  the  same  vertical  with  s  ;  re 
calling  that   I    4-1    =  0,  we  see  that  the  conditions  just  imposed 

c/dj          *Jav 

make  f,  x1}  x2  and  ^,  ?/i?  2/2  coresidual  Avith  a1?  a3,  a3. 

Now    let   JB(s)    be    (g  -  qi)  (g  ~  as)  (g  ~  «g)      the   fundamentai 

w 
equation  being  6 


J?(s)  is  O1  at  au  03,  a5  and  oo1  at  a2,  a4,  «6;  and  (§  291)  must  take 
the  same  values  at  f,  o^  oj2  (or  at  rj,  yl}  y2).  Therefore  by  Abel's 
theorem 


=  log  r^j 
since  R(s)  =  — R(s). 

Thus  while  the  left  side  of  (6)  has  become     t//^x,  the  right 

side  has  become        ~ 
Therefore,  finally, 


H 
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If/  and/,  be  the  two  cubics 

z  —  «!  •  z  —  «3  •  z  —  «5, 
the  algebraic  factor  in  the  result  is 


For  other  even  thetas  we  have  merely  to  substitute  the  appropri 
ate  cubics  into  which  the  sextic  divides  (§  303). 

The  important  theorem  of  this  paragraph  is  taken  from  Klein's 
first  memoir  on  Hyperelliptic  Sigma-Functions  (Math.  Anu.,t.xxvii.). 

§  305.  For  an  odd  6,  with  which  is  associated  a  single  branch 
point  a,  or  a  determinate  division  of  the  sextic  into  a  linear  factor 
z  —  a  and  a  quintic,  we  replace  each  of  the  lower  limits  of  the  argu 
ments  of  9  on  the  left  of  equation  by  a. 


Let 

•  ••--.•'      £d**=£'att*+£"duu 

a;  being  very  near  to  £,  and  y  to  rj. 

Then  x,  x^  x2  and  y,  ylf  y2  are  coresidual  to  a,  a,  a.  There  is  no 
algebraic  function  of  T  which  is  O3  at  a  and  not  zero  at  all  other 
places ;  but  we  can  satisfy  the  above  equations  by  letting  x.2  =  y.2  =  a, 
xl  =  x,  yl  =  y ;  the  algebraic  function  R(s)  which  is  O2  at- a  is  simply 
z  —  a,  a  function  which  takes  the  same  value  at  x,  x  (or  at  y,  y). 
We  have  then  by  Abel's  theorem 


f' 

J 


or  if  the  values  of  z  at  £,  77,  x,  y  be  z,  z1,  z  +  dz,  2'  +  dz', 


Therefore 


ctxn 


exp  " 
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whence        Q2 


Let  the  value  of 


if1' .  lim 


dz-  dz' 
*'  V*  ,  when  Vi  =  v2  =  0,  be  denoted  by  c(A). 


Then 
and  therefore  the  required  limit  is 


efe, 


Now  the  normal  integrals  w1?  w2  are  linear  combinations  of  the 
two  integrals    (zdz/w,    idz/w  (§  281),  and  therefore  the  required 

limit  can  be  written 

cz  +  c'   cz'  +  c' 


where  c  and  c'  are  constants. 


a»£\ 
)  has  its  two  zeros  at  the  point  a, 
1  / 
we  obtain  ca  -f  c'  =  0.     Therefore 


a  factor  2  being  introduced  to  make  the  denominator  on  the  right 
agree  with  that  in  (6). 

The  connexion  of  the  thetas  with  the  surface  is  not  completed 
until  the  constants  which  appear  on  the  left  of  equations  (6)  and 
(7)  are  expressed  in  terms  of  the  sextic.  This  has  been  done  by 
Thomse  (Schlomilch's  Zeitschrift,  t.  xi.,  p.  427)  for  the  present  case.* 

But,  while  it  is  beyond  our  purpose  to  go  further  into  the  matter, 
we  can  recognise  the  determinability  of  these  constants  ;  and  it  is 


*  The  general  problem,  as  stated  by  Riemann  (Werke,  p.  331),  is  to  determine 
log  0(0,  0,  •••,  0)  in  terras  of  the  3p  —  3  class-moduli  (§  284).  The  problem  is  reduced  to  one 
of  integration  by  Thcmse  in  Crelle,  t.  Ixvi.,  and  the  integration  is  effected,  in  the  general  hyper- 
elliptic  case,  by  the  same  writer  in  Crelle,  t.  Ixxi.  Fuchs  (Crelle,  t.  Ixxiii.)  obtains  the  same 
results  as  Thomas  more  simply  by  the  use  of  the  system  of  lower  limits  introduced  by  Clebsch 
and  Gordan.  Klein  (Abel'sche  Functionen,  Math.  Ann.,  t.  xxxvi.,  p.  68)  considers  the  case 
p—  3,  using  the  coefficients  of  the  normal  curve  (the  plane  non-singular  quartic)  as  class-moduli; 
whereas  previous  writers  on  the  problem  have  assumed  a  knowledge  of  the  branch-places. 
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found  that  when  they  are  incorporated  with  the  thetas,  there  results 
the  same  advantage  as  was  gained  when  Jacobi's  thetas  (Chapter 
VII.)  were  replaced  by  Weierstrass's  sigma-f unctions.  In  fact,  the 
left  sides  of  equations  (6)  and  (7)  are  sigma-functions  in  the 
case  p  =  2 ;  but  they  are  not  yet  in  their  final  form,  for  which  the 
reader  is  referred  to  Klein's  memoirs,  already  cited. 

The  introduction  of  the  higher  sigma-functions  was  due  to  Weier- 
strass.  See  Schottky's  Abriss  einer  Theorie  der  Abel'schen  Func- 
tionen  dreier  Variabeln ;  Staude,  Math.  Annalen,  t.  xxiv.  The 
above  definition  of  a  sigma-function  agrees  with  that  of  Staude. 

§  306.  Existence  theorems  for  the  Riemann  surface  T.  It  is 
assumed  that  the  surface  is  spread  in  a  finite  number  of  sheets 
(say  n)  over  the  z-plane,  that  the  sum  of  the  orders  of  its  branchings 
is  2p-f  2  n— 2,  and  that  its  order  of  connexion  is  2_p  +  l  (see  §  275). 
A  potential  function  of  the  first  kind  is  everywhere  continuous  on  T 
and  its  values  at  any  point  differ  merely  by  periods  due  to  the 
description  of  periodic  paths  on  the  surface  T.  We  have  stated  in 
§  277  the  properties  of  Abelian  integrals  on  T ;  let  each  integral  be 
expressed  in  the  form  £  -f  irj,  where  £,  rj  are  real  functions  of  x,  y. 
The  functions  £,  rj  are  called  potential  functions  of  the  first,  second, 
or  third  kinds,  according  as  they  arise  from  integrals  of  the  first, 
second,  or  third  kinds.  The  potentials  £,  rj  are  conjugate ;  when  £ 
is  given,  77  is  determined  save  as  to  an  additive  constant  which  arises 
from  the  description  of  periodic  paths. 

The  following  simple  example  shows  how  £,  ?/  behave  at  a  discontinuity. 
Regarding  £  as  a  velocity- potential  for  a  fluid  motion  in  the  plane  of  z,  y,  the 
equations  £  =  a  constant,  77  =  a  constant  give  lines  of  level  and  lines  of  flow. 
When  the  combination  £+  it] =A  log  (z  — c),  where  A  is  real  and  z— c=pexpi'0, 

we  have 

£  =  A  log  p,  y  =  A0; 

the  lines  of  level  are  circles  with  centre  c,  and  the  lines  of  flow  are  straight  lines 
which  radiate  from  c.  The  motion  is  due  to  a  source  of  strength  2  IT  A.  The 
function  77  is  many-valued.  When  A  is  purely  imaginary  and  equal  to  iB, 

£  =  —  BO,  ~n  =  B  log  p, 

and  the  motion  is  that  of  a  liquid  whirling  round  a  point  c  in  concentric  circles. 
For  a  general  discussion  of  the  potentials  which  arise  from  logarithmic  and 
algebraic  discontinuities,  see  Klein's  Schrift,  Section  I. 

A  potential  of  the  second  kind  is  continuous  on  T,  except  at  a  finite 
number  r  of  places  z<  at  which  it  is  infinite  like  the  real  part  of  a 
function 
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and  possesses  the  usual  periodic  properties  at  the  cross-cuts.  In 
the  case  of  an  elementary  potential  of  the  second  kind,  r  and  A  equal  1 
[Klein-Fricke,  p.  506]. 

A  similar  definition  applies  to  potentials  and  to  elementary  poten- 
'tials  of  the  third  kind* 

The  materials  for  establishing  the  existence  on  T  of  potentials  of  the  first 
kind,  and  of  elementary  potentials  of  the  second  and  third  kinds,  lie  ready  to 
hand.  For  instance,  we  have  explained  in  Chapter  IX.  Schwarz's  solution  for 
a  doubly  connected  region  when  the  discontinuity  along  a  cross-cut  was  an  arbi 
trarily  assigned  real  period.  By  an  extension  of  this  method  there  exists  a  func 
tion  on  a  (2p  +  l)-ply  connected  Riemann  surface  with  a  puncture  at  a  point, 
which  has  arbitrarily  assigned  periods  at  the  2p  cross-cuts  which  reduce  T  to 
simple  connexion,  and  has  an  assigned  value  at  the  puncture.  In  this  way 
Schwarz's  solution  of  §  266  establishes  the  existence-theorem  for  potentials  of  the 
first  kind.  The  proofs  in  the  text  are  those  given  in  Klein-Fricke,  t.  i.,  p.  504 
et  seq. 

Proof  of  the  existence  on  T  of  one-valued  elementary  potentials  of  the 
second  kind.  Let  F  be  a  circular  region  on  any  sheet  of  T,  and  let 
it  contain  no  branch-place  of  T  in  its  interior  or  on  its  rim.  The 
investigation  of  §  271  sho\vs  that  there  exists  on  F  a  function  which 
is  harmonic  in  the  interior,  and  which  takes  an  assigned  system  of 
values  on  the  rim  ;  and  by  §  273  there  exists  on  F  a  potential  function 
gc  which  has  all  the  usual  properties  of  the  harmonic  function  except 
that  at  one  place  of  the  interior  it  is  infinite  like  the  real  part  of 
a0/(z  —  c).  The  exclusion  of  a  branch-place  is  not  necessary ;  for  a 
branch-place  at  which  r  sheets  hang  together  can  be  enclosed  by  a 
region  bounded  by  an  r-f old  circle,  without  affecting  the  solvability  of 
Dirichlet's  problem  (§  260).  Kecalling  the  fact  that  the  method  of 
combination  leads  to  the  solution  of  Dirichlet's  problem  for  composite 
regions,  it  is  easy  to  prove  the  existence  on  T  of  £c.  For  the  surface 
T  can  be  covered,  without  leaving  any  gaps,  by  a  finite  number  of  over 
lapping  regions  with  boundaries  which  are  1-fold  or  r-f  old  circles. 
In  the  process  of  construction  of  the  composite  region  there  are  two 
stages.  During  the  first  stage  the  initial  region  is  continued  over  T 
without  including  c,  and  the  corresponding  potential  function  is 
continuous  throughout  the  interior  of  the  composite  region.  The 
second  stage  begins  with  the  inclusion  of  c,  and  the  potential  func 
tion  has  now  the  added  property  that  it  is  discontinuous  at  c  in  the 
assigned  manner. 


*  Attention  must  of  course  be  paid  to  the  additional  periods  due  to  the  logarithmic  disconti 
nuities  of  the  integral  of  the  third  kind. 
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To  derive  general  existence-theorems  for  potentials  of  the  kind 
met  with  in  considering  the  integrals  of  algebraic  functions,  we  can 
use  two  principles :  the  principle  of  superposition  and  the  principle 
of  juxtaposition.  The  latter  of  these  is  due  to  Klein  (Math.  Ann., 
t.  xxi.,  pp.  161,  162,  and  Klein-Fricke,  pp.  518-522).  The  principle 
of  superposition  can  be  explained  immediately.  Let  £.  be  infinite  at 
c  like  the  real  part  of  l/(z— c);  then  d£e/dc,  d-£c/dcr,  •••,  are  oo2,  cc3,  ••• 
at  c.  The  potential  function 


where  the  A's  are  constants,  is  a  potential  function  with  an  algebraic 
infinity  of  order  r  at  the  place  c.  We  proceed  to  show  how  Klein 
derives  potentials  of  the  first  and  third  kinds  from  £.. 

Let  £  be  a  one-valued  elementary  potential  of  the  second  kind 
which  is  infinite  at  z0  like  the  real  part  of  c0/(z  —  zfl).  Multiply  c0  by 
an  arbitrarily  small  real  number  dc,  and  let  the  result  be  the  stroke 
c?z0.  There  exists  on  T  a  one-valued  elementary  potential  of  the 
second  kind  £ZQ  which  is  infinite  at  z0  like  dzQ/(z—z{)}  ;  to  this  Klein 
applies  a  process  which  amounts  to  integration.  Let  z0  move  from 
a  place  a  to  a  place  b  along  a  chain  of  strokes  dzQ,  and  to  each  stroke 
let  there  be  attached  the  corresponding  potential  £,9  5  tne  potential 
which  arises  from  the  juxtaposition  of  these  potentials  is 

\,  =  ^6  (say). 

As  regards  its  discontinuities  £,|6  must  behave  like  the  real 
part  of 


Preserving  the  chain  of  strokes  from  a  to  b.  construct  for  each 
stroke  dz  an  elementary  potential  £',o  which  is  one-valued  and  contin 
uous  and  which  behaves  at  z0  like  the  real  part  of  ?'c/z0/(z—  20)  .  Write 


:.  _  - 1  r 

"•>-  27 J. 


Regarding  the  chain  of  strokes  as  a  barrier  on  T,  the  function  ^ 
is  one-valued  and  continuous  on  the  surface  which  results  when  a 
cut  is  made  along  the  barrier.  The  values  on  opposite  sides  of  the 
barrier  differ  by  1,  for  £'ab  behaves  along  the  barrier  like  the  real 
part  of 

-i  -. 

0=«    Z-Z0  2*-         2-6 
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When  the  restriction  is  removed  that  the  barrier  is  not  to  be 
crossed,  £'ab  ranges  itself  as  one  branch  of  the  system  £'ab  ±  m, 
where  m=l,  2,  3,  •••. 

Suppose  that  the  chain  of  strokes  begins  and  ends  at  z0  =  a,  and 
that  the  corresponding  cut  does  not  sever  the  surface. 

The  potential  ab  loses  its  discontinuities  on  T  and  has  no  periods ; 
therefore  it  degenerates  into  a  constant;  but  £'ab  passes  into  a 
potential  which  is  one-valued  and  continuous  on  the  surface  T  after 
a  retrosection  has  been  drawn  along  the  chain  of  strokes,  and  which 
has  a  period  1  along  this  retrosection. 

Let  us  now  consider  the  surface  T  and  construct  with  reference  to 
the  cross-cuts  A^  A2,  •••,  Ap,  JB1?  B2,  •••,  Bp,  2p  normal  potentials  of 
the  first  kind,  t/i,  U2,  •••,  U2p  which  have  the  property  that  UK 
(UK+P)  has  the  period  1  at  AK  (BK)  where  K  =  1,  2,  •••,£>,  and  the 
period  0  at  the  remaining  2p  —  1  cross-cuts.  These  potentials  are 
determined  completely  save  as  to  additive  constants ;  since  the 
co-existence  of  two  distinct  potentials  of  the  first  kind  UK,  U'K  with 
the  period  1  at  the  Kth  cross-cut  and  the  periods  0  at  the  remaining 
cross-cuts  involves  the  existence  of  a  potential  U  of  the  first  kind 
which  is  one-valued  and  continuous  throughout  T,  i.e.  the  difference 
UK  —  UfK  is  a  constant.  From  the  2p  potentials  UK  it  is  possible  to 
construct  the  most  general  real  potential  of  the  first  kind.  For  the 
expression 

in  which  the  A/s  are  supposed  real,  is  one -valued  and  continuous  on 
T'  and  has  the  real  periods  \K,  \K+P  at  AK,  BK  which  can  be  assigned 
perfectly  arbitrarily ;  and  by  the  preceding  reasoning  the  periods 
determine  the  function,  a  potential  of  the  first  kind,  save  as  to  an 
additive  constant.  To  see  that  the  potentials  t/i,  U2,  —,  {7$,  must  be 
themselves  linearly  independent,  assume  a  relation 

^, 

Since  the  non-vanishing  periods  of  aKUK,  aK+pUK+p  are  aK,  aK+p, 
it  follows  that  the  expression  on  the  left-hand  side  of  (ii.)  has 
periods  a,K,  aK+p;  therefore  the  equation  (ii.)  requires  that  all  the 
coefficients  aK,  aK+p  shall  vanish,  and  consequently  the  potentials 
UH  U%  '")  U2p  cannot  be  connected  by  a  linear  relation. 

By  associating  with  each  of  the  potentials  C/i,  U2,  •••,  U2p  its  con 
jugate  potential,  we  can  construct  a  system  of  2p  integrals  of  the 
first  kind 
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and  the  preceding  work  shows  that  every  integral  of  the  first  kind 
can  be'  expressed  in  one  way,  and  in  one  way  only,  as  a  linear 
combination 


with  reed  coefficients  X.     [Klein-Fricke,  t.  i.,  p.  526.] 

When  combinations  with  complex  coefficients  are  admitted  it  is 
possible  to  express  all  integrals  W  of  the  first  kind  as  linear  com 
binations  of  p  linearly  independent  integrals.  That  it  is  impossible 
to  express  all  integrals  W=U-\-iV,  in  terms  of  fewer  than  p 
integrals,  follows  from  the  consideration  that  this  would  involve  the 
theorem,  that  all  potentials  U  of  the  first  kind  can  be  expressed  as 
linear  combinations  of  fewer  than  1p  selected  potentials  of  the  first 
kind.  It  is  possible  to  express  all  integrals  W  in  terms  of  more 
thanp  integrals  of  the  first  kind,  but  the  representation  will  then 
be  no  longer  unique  ;  for  assuming  such  a  representation,  each 
integral  of  the  first  kind  can  be  resolved  into  its  real  and  imaginary 
parts,  and  as  a  necessary  consequence  there  results  the  erroneous 
theorem  that  every  potential  {Jean  be  expressed  uniquely  in  terms 
of  more  than  2p  potentials.  [Klein-Fricke,  t.  L,  p.  527.] 

Enough  has  been  said  to  indicate  Klein's  mode  of  passage  from 
the  theorems  of  Chapter  IX.  to  the  Riemann  surface. 

§  307.  The  existence-theorem  for  the  general  Abelian  integral 
on  the  Riemann  surface  T  can  be  proved  by  synthesis  from  the 
potentials  whose  existence  on  T  has  been  established,  use  being 
made  of  conjugate  potentials  and  of  differentiation  with  regard  to 
parameters.  It  can  also  be  established  on  Schwarz's  line's  (Schwarz, 
Ges.  Werke,  t.  ii.,  p.  163).  Suppose  that  the  integral  is  £-{-  n/  and 
that  £  is  to  be  infinite,  like  the  real  part  £'•  of  a  sum  of  algebraic 
functions 

J3  I  (z-O~M«o-{-«i(z-cJ  +  -  +  «A/c-iO-OA*-1)  +bK  log  0-cJ  |  ; 

suppose  further  that  £  has  assigned  periods  at  the  cross-cuts  AK,  BK, 
and  at  the  further  cross-cuts  made  necessary  by  the  excision  of  the 
places  with  logarithmic  discontinuities.  The  function  £  —  £'  is  free 
from  discontinuities  on  T"  other  than  the  periods  due  to  the  cross-cuts, 
and  is  therefore  one-valued  and  continuous  on  T"  (for  the  meaning 
of  T"  see  §  285).  The  unique  existence  of  a  function  with  these 
properties  has  been  established  ;  hence  also  the  existence  of  £.  By 
combining  £  with  its  conjugate  77,  we  get  the  Abelian  integral  £  +  iy. 


486  ABELIAN  INTEGRALS. 

This  brief  sketch  of  the  existence-theorems  of  Schwarz  and  Neumann  is,  we 
hope,  sufficient  to  show  the  bearing  of  the  theorems  of  Chapter  IX.  on  Riernann's 
theory  of  the  Abelian  integrals.  It  must  not  be  supposed  that  this  is  the  sole 
application  which  can  be  made  of  existence-theorems. 

In  verification  of  this  remark  the  reader  may  consult  a  memoir  by  Hitter  on 
automorphic  functions  (Math.  Ann.,  t.  xli.).  The  discussion  of  Abelian  integrals 
on  an  n-sheeted  (2_p  +  l)-ply  connected  closed  surface  spread  over  a  plane  forms 
but  a  small  part  of  the  programme  drawn  up  by  Riemann  and  elaborated  by 
Klein,  Poincare,  and  others. 

Mention  may  be  made  of  two  directions  in  which  extensions  have  been 
sought.  Without  altering  the  surface  T  it  is  possible  to  establish  the  existence 
upon  it  of  functions  which  have  properties  different  from  those  of  Abelian  inte 
grals  or  algebraic  functions ;  examples  of  this  kind  are  Appell's  Fonctions  a 
multiplicateurs,  Acta  Mathematica,  t.  xiii  *  The  other  extension  consists  in 
removing  the  restriction  that  a  Riemann  surface  is  to  be  a  surface  spread  over 
a  plane  ;  passing  to  the  sphere  with  p  handles,,  Klein  has  discussed  the  properties 
of  the  associated  potentials  and  has  indicated  under  what  conditions  a  doubly 
extended  manifoldness  in  hyper-space  can  be  used  as  a  Riemann  surface. 

References.  —  The  materials  for  this  chapter  have  been  drawn  mainly  from 
the  memoirs  of  Riemann,  and  from  the  treatises  of  Clebsch  and  Gordan,  Fricke, 
and  Neumann. 

The  importance  of  Riemann' s  work  in  the  field  of  Abelian  functions  cannot 
readily  be  overestimated,  but  unfortunately  it  is  expressed  in  too  concise  a  form 
to  be  easily  intelligible  without  the  use  of  commentaries.  The  works  of  Neumann 
and  Prym  (Neue  Theorie  d.  ult.  Funet.),  mentioned  below,  will  be  found  useful 
helps  to  the  acquisition  of  a  working  knowledge  of  Riemann's  methods.  The 
standard  treatise  on  Abelian  functions  is  that  of  Clebsch  and  Gordan. 

Books  on  hyperelliptic  and  Abelian  functions.  —  Abel's  Works,  p.  145, 
Memoire  sur  une  propriete"  gen&rale  d'une  classe  tres-6tendue  de  fonctions 
transcendantes ;  Briot,  Fonctions  ab&liennes ;  Clebsch  and  Gordan,  Abel'sche 
Functionen  ;  Jacobi's  Works  ;  Klein,  Ueber  Riemann's  Theorie  der  Algebra- 
ischen  Functionen ;  Klein-Fricke,  Modulfunctionen ;  Konigsberger,  Ueber  die 
Theorie  der  Hyperelliptischen  Integrals ;  Neumann,  AbePsche  Integrale ;  Prym, 
Neue  Theorie  der  ultraelliptischen  Functionen,  2d  ed.,  and  Zur  Theorie  der 
Functionen  in  einer  zweiblattrigen  Flache  ;  Schottky,  Abriss  einer  Theorie  der 
Abel'schen  Functionen  vom  Geschlecht  3 ;  Weber,  Theorie  der  Abel'schen 
Functionen  vom  Geschlecht  3. 

Memoirs.  —  The  memoir-literature  on  Abelian    integrals  and  functions  is 
very  extensive.     The  following  short  list  is  added  solely  with  the  view  of  direct 
ing  the  reader's   attention   to   a  few  of  the  numerous   developments  of  the 
subject :  — 
(1)  Memoirs  based  on  Weierstrass's  work. 

Weierstrass,  Zur  Theorie  der  Abelrschen  Functionen,  Crelle,  tt.  xlvii.,  Hi. 

Henoch,  De  Abelianarum  functionum  periodis  (Berlin  dissertation,  1867). 

Forsyth,  On  Abel's  Theorem  and  Abelian  Functions.     PhiL  Trans.,  1882. 

*Prym  stated  in  his  memoir  (Crelle,  t.  Ixx.)  the  existence  of  functions  of  the  class  discussed 
by  Appell;  the  values  of  these  functions  on  opposite  banks  of  a  cross-cut  are  connected  by  lineo- 
Viuear  relations. 


ABELIAX   INTEGRALS.  487 

(2)  Transformation. 

Hermite,  Sur  la  thSorie  de  la  transformation  des  f  onctions  abeliennes,  Comptes 

Kendus,  t.  xl.     Paris,  1855. 
Konigsberger,  Ueber  die  Transformation  der  Abel'schen  Functionen  erster 

Ordnung,  Crelle,  t.  Ixiv.     This  memoir  is  written  on  Weierstrass's  lines. 

(3)  Memoirs  based  on  Klein's  work. 

Klein,  Ueber hyperelliptische  Sigmafunctionen,  Math.  Ann.,  tt.  xxvii.,  xxxii. 
Burkhardt,  Beitragen  ziir  Theorie  der  hyperelliptischen  Sigmafunctionen, 

Math.  Ann.,  t.  xxxii. 

Klein,  Abel'sche  Functionen,  Math.  Ann.,  t.  xxxvi. 
Thompson  (H.  IX),  Hyperelliptische  Schnittsysteme  und  Zusammenordnung 

der  algebraischeu  und  transcendentalen  Thetacharacteristiken. 

(4)  Memoirs  on  special  systems  of   points  on  a  basis-curve,  class-moduli,  ex 

ceptional  cases  in  the  theory  of  Abelian  Functions,  reality  considera 
tions,  etc. 

Brill  and  Neither,  Math.  Ann.,  t.  vii. 

Schwarz,  Ueber  diejenigen  algebraischen  Gleichungen  zwischen  zwei  veran- 
derlichen  Grossen,  welche  eine  Schaar  rationaler  eindeutig  mnkehrbarer 
Transformationen  in  sich  selbst  zulassen,  Crelle,  t.  Ixxxvii.,  p.  140. 

Poincare',  Sur  un  theoreme  de  M.  Fuchs,  Acta  Math.,  t.  vii. 

Painleve,  Sur  les  equations  differentielles  du  premier  ordre,  Ann.  Sc.  de  1'Ec. 
Norm.  Sup.,  Ser.  3,  t.  viii.,  p.  103. 

Weber,  Ueber  gewisse  in  der  Theorie  der  Abel'schen  Functionen  auftretende 
Ausnahmefalle,  Math.  Ann.,  t.  xiii. 

Nother,  Ueber  die  invariante  Darstellung  algebraischer  Functionen,  Math. 
Ann.,  t.  xvii. 

Pick,  Zur  Theorie  der  Abel'schen  Functionen,  Math.  Ann.,  t.  xxix. 

Hurwitz,  Ueber  Riemann'sche  Flachen  mit  gegebenen  Verzweigungspunkten, 
Math.  Ann.,  t.  xxxix. 

Klein,  Ueber  Realitatsverhaltnisse  bei  der  einem  beliebigen  Geschlechte 
zugehorigen  Xormalcurve  der  <£,  Math.  Ann.,  t.  xlii. 


EXAMPLES. 


(1)  Prove  that   z  +  Vz2-c-  +  \z  -  Vz2  —  c2|  =  \z  +  c  +  |z-c|. 

(2)  The  condition  of  similarity  of  two  triangles  abc,  xyz  is 

1     1     1  =  0.     [§  10.] 


x    y 

(3)  Given  a  triangle  abc,  points  x,  y  can  be  found  such  that  the 
triangles  axy,  ybx,  xyc,  abc  are  similar. 

(4)  In  the  preceding  question,  the  triangles  abc,  xy<x>  have  the 
same  Hessian  points.     [§  33.] 

(5)  In  §  25,  show  that  when  a  and  b  are  complex  the  question 
is  reduced  to  the  one  considered  by  proper  rotations  of  the  two  real 
axes. 

(6)  If  w  =  2z  +  z2,  prove  that  the  circle  \z\  =  1  corresponds  to  a 
cardioid  in  the  w-plane,  and  that  an  equilateral  triangle  in  the  cir 
cle  corresponds  to  the  points  of  contact  of  parallel  tangents  of  the 
cardioid. 

(7)  The  three  points  of  contact  of  parallel  tangents  of  a  fixed 
cardioid  have  one  fixed  Hessian  point. 

(8)  Prove  that  the  Brocard  points  of  a  triangle  zfifo  are  the 
Hessian  points  of  the  triangle  h+hjc.     [§§  31,  33.] 

(9)  The  middle  points  of  the  strokes  zJK(K  =  l,  2,  3)  of  §  31 
have  the  same  Hessian  points  as  the  triangles  z^  z2,  zs  and  j1}  j2,  js- 

(10)  Prove  that  the  polar  pair  of  the  point  oo  with  regard  to  a 
triangle  are  the  foci  of  the  maximum  inscribed  ellipse.     [§  35.     See 
Quarterly  Journal,  June,  1891.] 

(11)  Show  how  to  invert  a  triangle  and  its  centroid  into  a  tri 
angle  and  its  centroid.     [Ib.] 
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(12)  A  convenient  way  of  introducing  homogeneity  is  to  name 
any  point  x  by  the  ratio  x^x2  of  the  strokes  to  it  from  two  fixed 
points   of  the   plane.      Show  that  the   point    (xx  +  \yi)/(x*  +  \y2) 
divides  the  stroke  from  x  to  y  in  the  ratio  A/1.     Here- A  may  be 
complex.     [§  35.] 

(13)  The  points  z^  z2,  z3,  z±  are  concyclic  if,  a,  /?,  y  being  real, 

111 


ft 


21*2  +  % 


(Beltrami.) 


(14)  Through  any  three  of  four  points  Zj,  z.2,  z3,  z4  a  circle  is 
drawn.     Prove  that  an  anharmonic  ratio  of  the  inverses  of  any  fifth 
point  with  regard  to  the  four  circles  is  equal  to  the  corresponding 
anharmonic  ratio  of  Zj,  z.2,  z3,  z4. 

(15)  Let  aK,  bK  (K  =  1  to  4)  be  quadrangles  having  a  common 
Jacobian.     Prove  that,  when  the  points  are  suitably  paired, 

«/(at,.--6J«a     [§39.] 

K 

(16)  The  four  points  whose  first  polars  with  regard  to  a  quartic 
U  have  a  double  point  are  the  zeros  of 

g3U-g,H, 

where  H  is  the  Hessian  of  U.     [§  36.     See  Clebsch,  Geometrie,  t.  i., 
ch.  3,  sec.  5.] 

(17)  In  the  preceding  question,  the  first  polar  points  which  do 
not  coincide  are  given  by 

3g3U+g.2H=Q. 

The  quartic  having  the  same  Hessian  as  U  is 
3g3U-2g,H. 

(18)  The  intersections  of  three  mutually  orthogonal  circles  are 
the  Jacobian  points  of  a  system  of  quartics.     [§  40.] 

(19)  Show  how  to  invert  a  harmonic  quadrangle  into  a  square. 
[Laisant,  Theorie  des  fiquipollences.] 

(20)  If  u  -f-  ie  be  a  one-valued  function  of  z,  and  if  normals  be 
drawn  to  the  z-plane  at  each  point  z,  of  lengths  u  and  v,  the  two 
surfaces  so  formed  have  the  same  curvature  at  points  on  the  same 
normal.    [§  17.     See  Briot  et  Bouquet,  Fonctions  Elliptiques,  §  10.] 
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(21)  A  convex  polygon  which  includes  all  the  zeros  of  a  rational 
polynomial  f(z)  must  also  include  the  zeros  of  the  derived  poly 
nomial  f'(z).     [This  generalization  of  Kolle's  Theorem  in  the  Theory 
of  Equations  was  given  by  F.  Lucas,  Journal  de  1'Ecole  Polytech- 
nique,  1879.] 

(22)  Discuss  the  amount  of  truth  in  Siebeck's  paradox,  that 
when  ?/=/(x),  to  an  arbitrary  curve  in  the  ic-plaiie  corresponds  a 
curve  in  the  ?/-plane  with  fixed  foci,  namely  the  finite  branch-points. 
[Siebeck,  Crelle,  t.  lv.,  p.  236.] 

(23)  The  series  %anzn2,  where  a  is  positive  and  <  1,  is  convergent 

o 
in  and  on  the  circle    z   =  1 ;  and  the  same  is  true  of  the  series 

formed  by  the  7-th  derivatives  of  the  terms.  But  the  function 
defined  by  the  series  cannot  be  extended  beyond  the  circle.  [§  104. 
See  Freedholm,  Comptes  Eendus,  1890.] 

(24)  The  deficiency  of  the  equation  w5  +  z5  —  5tcz2  =  0  is  p  =  2. 
[Kaffy.      In  his  thesis,  Eecherches   algebriques   sur  les  integrates 
abeliennes,  ch.   3,  M.  Raffy  shows   how  to  find  the  number  p  by 
means    of    divisions    and    eliminations,    without    the    solution   of 
algebra  equations.] 

(25)  The  terms  of  a  series  2/n(z),=  F(z),  are  holomorphic  in 
any  region  F  and  are  continuous  on  its  boundary  (7,  and  the  series 
F(z}  converges  uniformly  on  (7.     Prove  that 

(i)  The  series  F(z)  converges  in  every  region  T'  which  lies 
wholly  within  T  (i.e.  which  has  no  point  in  common  with  (7); 

(ii)  The  series  formed  by  the  successive  derivatives  of  the  terms 
fn(z)  converge  uniformly  in  T'  and  represent  the  successive  deriva 
tives  of  F(z).  [See  Painleve,  sur  les  lignes  singulieres  des  fonctions 
analytiques,  p.  11.] 

(26)  The  integral  -i_  Cff(z^dz  js  equai  to  g^  or  Q  according  as 

2-rrlJ c   z  —  t 

t  is  within  or  without  the  contour  C.  Hence,  write  an  expression 
which  is  equal  to  g^t)  within  <71?  to  g2(t)  within  <72,--,  an(i  to  #*(0 
within  CK,  where  the  contours  d,  C2,  •••,  CK  lie  exterior  to  one  another. 
[§  139.  Compare  §  103.  An  important  theory,  based  on  this  method 
of  introducing  lines  of  discontinuity  is  given  in  Hermite's  Cours.] 

(27)  Let       ax2  +  2  hxy  +  by2  +  2  gx  +  2fy  +  c  =  0. 

If  x  describe  an  ellipse  whose  foci  are  the  branch-points  in  the 
oxplane,  the  two  points  y  describe  ellipses  whose  foci  are  the  branch 
points  in  the  y-plane. 
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(28)  Let  F(x,  y)  =  0  be  an  algebraic  equation,  and  let  the  planes 
of  x  and  y  be  covered  with  the  liiemann  surfaces  which  belong  to 
the  equation.  On  either  surface  a  non-critical  place,  at  which 
d-y/dxr  =  0,  is  such  that  to  a  line  through  it  corresponds  on  the  other 
surface  a  curve  with  an  inflexion  at  the  corresponding  place. 

Also  a  non-critical  place  at  which  the  Schwarzian  Derivative 
vanishes  (that  is, 


where  accents  denote  differentiations  for  a-)  is  such  that  to  a  line  or 
circle  through  it  corresponds  a  curve  which  has  maximum  or  mini 
mum  curvature  at  the  corresponding  place. 

(29)  The   necessary   and   sufficient   condition  that   the    region 
bounded  by  two  confocal  ellipses  can  be  mapped  on  a  circular  ring 
is  that  the  sums  of  the  axes  of  the  ellipses  are  proportional  to  the 
diameters  of  the  circles.     [Schottky,  Crelle,  t.  Ixxxiii.] 

(30)  Let  F(x,  y)  become  \<J>(x,  y)\K  by  means  of  a  transforma 
tion  x  =  Rl(x,  y),  y=R.2(x,y).      When  th'e   deficiency  of  F=ih& 
deficiency  of  <£,  >1,  then  K  =  1.     [§  183.    See  Weber,  Crelle,  t.  Ixxvi.] 

(31)  The  expression  dx/^/Uis  transformed  by  means  of  z=  —H/U 
into  lc?z/V42r3  —  g2z  —  g.^  where  H  is   the   Hessian,   g.2  and  g3  the 
invariants,  of  the  quartic  U.     [§  203.     This  theorem,  which  brings 
the  elliptic  integral  into  Weierstrass's  form,   is  due  to  Hermite. 
See  Halphen,  t.  ii.,  p.  360.] 

(32)  If  K  +  t>  +  «  =  0, 

then  a-U(j-3Va-2iv  -f-  o-gWo-Vo-^u  +  o-.->iuriV<rlv  =  0.      [§  211.] 

(33)  If  o+6  +  c  +  d^O, 

then 

(e2  —  ?>)<r1€kr1&<r]C(r|(i  -f-  (e3  —  &\}<r&trJHr£<r&  ~\~  (ei  —  e2)°"3acr3( 
=  —  (e0  —  e3)  (e3  —  61)  (e{  —  e.^a-cicrba-ca-d.     [Cayley.] 

(34)  With  the  notation  of  §  212, 

[Weierstrass.] 
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(35)     If  f(u)  =  <r(u  —  ul)a-(u  —  u.2)~>  a-(u  —  un), 

g(u)  =  <r(u  -  V1}a-(u  -  v.2)~-  <r(u  -  VB), 

n  n 

and  ^UK  =  *%VK, 

K=l  K=l 

then  *-|£H<-ft 

«-i/'(wJ 

[Frobenius  and  Stickelberger,  Crelle,  t.  Ixxxviii.] 


<r(3  u)  5^(3  w)  -  3  CM  j  =  o-^'3w.     [Ib.] 

?ri   SloffA  ?ri  „„  _. 

(37)  Prove  that  Wl  =  —  -gy-,  ^  =  -  ^  -gr^     L§  214-] 

(38)  The  Jacobian  of  g2,  gs  with  regard  to  tou  o>2  is 

=      8*,.     r§214>     See  Klein-Fricke,  t  i.,  p.  120.] 


6(00^0)2) 


(Wl,  W2)  -      12 
(40)    *</*  logA)  =  ^L.     [Klein-Fricke,  t.  i,  p.  120.] 

O((l>u    OJ2)  TTl 


=          3_ 

O(W1;    0>2)  TTt 

(42)  The  Hessian  of  log  A  with  regard  to  o^,  w2  is 

48^2/7r2.     [Ib.     p.  123.] 

(43)  The  Hessian  of  log  A  with  regard  to  ^1}  rj2  is 


(44)  In  §  219,  show  that 

Z+W 


[Weierstrass-Schwarz,  p.  89.] 

(45)  In  §  221,  show  that  the  lines  which  bisect  opposite  edges 
of  the  rectangle  of  periods  in  the  w-plane  map  into  circles  in  the 
2-plane.  [Weierstrass-Schwarz,  p.  75.] 
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(46)  Let  w  be  an  analytic  function  of  z,  such  that  lines  parallel 
to  a  zc-axis  are  mapped  into  algebraic  curves  in  the  z-plane.     Then 
either 

(1)  iv  is  an  algebraic  function  of  z  ; 

(2)  p.w  is  the  logarithm  of  an  algebraic  function  of  z,  where  /a  is 
either  real  or  pure  imaginary  ;  or 

C*  dt 

(3}   ULIC  =  I    —  ,  where   k  is   real,  and  t  is  an 

J°  vo-mi-^) 

algebraic    function    of    z.       [Schwarz,    Ueber    ebene    algebraische 
Isothermen,  Werke,  t.  ii.,  p.  260.] 

(47)  The  orthogonal  trajectory  of  the  system  of  algebraic  curves 
of  the  preceding  example  is  also  algebraic.     [Ib.] 

(48)  With  the  notation  of  §  222, 


[Klein,  Math.  Ann.,  t.  xxvii.,  p.  455.] 

(49)  When  two  functions  u^  u2  are  harmonic  in  regions  which 
have  a  common  two-dimensional  simply  connected  region  F,  and 
coincide  throughout  a  portion  of  F,  however  small,  they  coincide 
throughout  F,  and  their  continuations  beyond  T  coincide.     [Schwarz, 
Werke,  p.  202.] 

(50)  In  the  case  of  the  equation  x4  -+-  y4  =  1,  we  can  take  as  the 
linearly  independent  integrals  of  the  first  kind 


These  integrals  are  elliptic.  [§  280.  See  Amstein,  Bulletin  de  la 
Societe  Vaudoise,  1888,  where  this  case  is  fully  worked  out  as  an 
example  of  Weber's  memoir  on  Abelian  functions  of  deficiency  3.] 

(51)  Given  the  equation 

F(w,  z)  =  2 ie  -  5  w2  -  z(az>-  +  2  bz  +  c)2  =  0, 
where  c,  b2  —  ac  are  different  from  0,  prove  that 

•X  (az1  +  2  bz  +  c)  +  2  Bicz  +  Cu*  +  2 


is  an  integral  of  the  first  kind,  whatever  be  the  values  of  A.,  B,  C,  E. 
[Kaffy.] 
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(52)  The  number  of  linearly  independent  integrals  of  the  first 
kind  may  be  >  p  when  the  basis-equation  is  reducible.    [Christoffel.] 

(53)  Prove  that  Q?^  +  Q?fi  +  Q%2 

is  an  integral  of  the  first  kind.     [§  285.     See  Clebsch  and  Gordan, 
p.  22  et  seq.~] 

(54)  The   number   of   three-sheeted   surfaces   with  ft   assigned 
branch-points  is  i(3^~-  — 1).      [§  284.     See  Kasten,  Zur  Theorie  der 
dreiblattrigen  Biemann'schen  Flache;  Hurwitz,  Math.  Ann.,  t.  xxxix.] 

(55)  The  comparison  drawn  in  §  297  between  the  function  o-  in 
the  case  p  =  I,  and  the  function  6  in  the  general  case,  is  not  exact, 
inasmuch  as  in  the  former  case  the  surface  T'  has  been  mapped  by 
means  of  an  integral  u  of  the  first  kind  on  the  w-plane.     Show  that, 
in  the  general  case,  the  surface  T'  is  mapped  by  means  of  an  integral 
of  the  first  kind  into  p  parallelograms  which  lie  one  over  another, 
and  which  hang  together  at  2p  —  2  branch-places.      By  a  proper 
choice  of  the  cross-cuts  of  T',  the  parallelograms  become  rectilinear. 
[Biemann,  Werke,  1st  ed.,  p.  114.] 

(56)  In  §  303,  when  the  sextic  contains  only  even  powers  of  z 
(a  form  into  which  a  sextic  can  be  inverted  when  the  roots  are  in 
involution),  prove  that  2  -i 

flS    —  TUT22  =  I- 

If  the  sextic  be  of  the  form  z*  +  a6,  then 

rn  =  r22  =  2  i/  V3,  TJ2  =  -  I'/VS. 

[A  discussion  of  the  values  of  raj3,  for  sextics  which  can  be 
linearly  transformed  into  themselves,  is  given  in  section  iii.  of 
Bolza's  paper,  American  Journal,  t.  x.] 

(57)  Between   four   odd   double   sigma-functions   there   is   the 


square  relation 


=  0, 


aa  being  the  branch-point  associated  with  cra.     [§  305.     Compare 
§  244.] 

(58)  Prove  the  four  product-relations 


1 

a5 


a2 


°"3°"32 


=0, 


where  o-a/3  =  0a/3/ca/3  for  any  even  mark.     [§  304.     Compare  §  247.] 
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Abelian  functions,  defined,  472. 
Abelian  integral,  defined,  249  ; 
discontinuities  of,  428 ; 
general,  how  built  up  from  elementary 

integrals,  446 ; 

of  first  kind,  defined  by  properties, 
431 ;  how  many  linearly  indepen 
dent,  433 ; 
of  second  kind,  defined  by  properties, 

438; 

of  third  kind,  defined  by  properties, 
44.'! :  in  Clebsch  and  Gordau's  nota 
tion,  452 :  when  of  first,  second,  or 
third  kinds,  429; 
when  elementary,  429 : 
when  of  first,  second,  or  third  kind,  429. 
Abel's  theorem,  converse  of,  for  integrals 

of  first  kind,  464; 
for  integrals  of  first  kind,  454 : 
for  normal  integrals  of  third  kind,  45G ; 
remarks  on,  458; 
Riemann's  proof  of  general  form  of, 

457. 

Absolute  convergence,  64,  67. 
Addition  theorem  for  double  theta-func- 

tions,  363 ; 

for  function  <ru,  312  et  seq.; 
for  function  pw,  300; 
for  function  &t,  304. 
Adjoint  curve  of  order  ?i-3,  449 ; 

of  order  n-2,  453. 
Affix,  2. 

Algebraic  configuration,  definition  of,  328 ; 
equation,  when  prepared,  154: 
functions,  9 ;  series  for,  252 ; 
function  of  (or  on)  an  arbitrary  Rie- 
mann  surface,  440;  defined  by  zeros 
and  poles,  248; 

in  terms  of  theta-functious,  464 ; 
when  integral,  263; 
Alternating  process,  403  et  seq.; 

extension  to  doubly  connected  region, 

limit  of  series  at  corners  in,  406 ; 
series  of  harmonic  functions  in,  are 
uniformly  convergent,  405. 


Analytic  lines,  regular  arcs  of,  398. 
Anharmonic  ratios,  20,  21; 

connected  with  invariants,  34. 
Argand  diagram,  2; 

representation  for  space,  impossibility 

of,  8. 
Arithmetic  mean  of  n  points,  7. 

Basis  curve,  329. 

Basis  equation,  233. 

Basis  of  system  of  algebraic  functions, 

definition  of,  263. 
Bicircular  quartic,  216,  219. 
Bilinear,  used  in  the  sense  of  lineo-linear, 

19. 
Bilinear  relations  of  periods  of  Abelian 

integrals,  4.">4. 
Box,  Clifford's,  235. 
Branch,  defined,  11. 
Branch-cut,  206. 

Branches  of  algebraic  function,  continu 
ity  of,  128 ; 

expansions  for,  128  et  seq. 
Branch-place,  212. 
Branch-points,  definition  of,  106 ; 
in  the  theory  of  curves,  130; 
number  of,  154 ; 
when  manifold,  130,  139; 
when  simple,  130. 
Bridge,  see  branch-cut. 

Canonical  dissection  of  a  Riemann  sur 
face,  234. 
Canonical  forms,  of  cubic,  26: 

of  quartic,  35. 

Cartesian,  focal  properties  of,  336. 
Cartesian  theory,  10,  130. 
Cassinian,  37. 

Cauchy's  fundamental  theorem  on  inte 
gration  round  a  contour,  and  con 
sequences  of,  164  to  170; 
Riemann's  extension  of,  246. 
second  theorem  on  integration  round 

a  contour,  173 ; 

theorem  on  number  of  roots  in  con 
tour,  11. 
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Circle  of  convergence,  88; 
for  n  variables,  89 ; 
Abel's  theorem  on  approach  to,  99 ; 
behaviour  on,  96. 
Circle,  r-fold,  249. 
Class-moduli,  441. 
Clebsch  and  Gordan,  lower  limits  of  Abe- 

lian  integrals  selected  by,  463; 
method  of,  for  Abelian  integrals,  447 

et  seq. 

Conditional  convergence,  65. 
Conform  representation,  14; 

connexion  with  Dirichlet's  problem, 

393; 

examples  of,  in  connexion  with  Dirich 
let's  problem,  393; 

of  polygonal  region  on  half-plane,  395 ; 
references  on  subject  of,  397 ; 
simple  examples  of,  14  to  18,  36  to 

39; 

statement  of  problem  of,  394. 
Conjugate  potential  functions,  equations 

for,  12 ; 

in  multiply  connected  region,  414. 
Connexion  of  surface,  when  multiple,  228 ; 

theorems  on,  229  et  seq. 
Constituents  of  a  mark,  343. 
Contact  curves,  denned,  454 ; 
proper  and  improper,  469. 
Continuation  of  a  function,  105. 
Continuity  of  function  of  one  variable, 

when  uniform,  57; 
of  one-valued  functions  of  one  or  more 

variables,  8 ; 
passage  of  potential  function  to  rim 

values  with  uniform,  378. 
Contours,  simple  and  complex,  160. 
Convergence  of  infinite  real  series,  when 
absolute,  64 ;  when  conditional,  65 ; 
when  semi-,  64 ; 

of  infinite  complex  series,  when  abso 
lute,  67 ;  when  conditional,  67 ; 
when  infinitely  slow,  70;  when 
uniform,  69,  72 ; 

of  infinite  products,  78  et  seq.;   when 
absolute,  82;  when  unconditional, 
81 ;  when  uniform,  84 ; 
region  of,  69;  can  consist  of  isolated 

pieces,  118. 
Coresidual,  329,  451. 

Correspondence,  (1, 1)  between  numbers 

and  points  of  Argand  diagram,  1; 

(1,  1)  between  real  numbers  and  points 

of  a  straight  line,  46 ; 
of  to  and  z,  (2,  1),  215;  (3,  1),  216; 

(2,  2),  220. 
Covariants  of  cubic,  26,  27 ; 

of  quartic,  32  to  34. 
Critical  points,  127. 
Cross-cut,  banks  of,  253 ; 


Cross-cut  (continued). 

definition  of,  228. 

forms  of,  228 ; 

use  of,  in  integration,  246. 
Cyclic  permutation,  130. 

Decomposition  into  simple  elements,  ex 
ample  of,  305; 
Deficiency  one,   reduction    to    standard 

form  of  equation  of,  329; 
invariance  of,   with  regard   to   bira- 

tional  transformations,  233; 
Riemann's  definition  of,  233. 
Definite  real  integrals,  196. 
Deformation    of    surfaces,  remarks   on, 

261. 

Delimiting  curves,  239. 
Derived  mass  of  points,  50. 
Derived  series,  theorems  on,  103. 
Diagram,  Argand,  2. 
Differential  equations,  199; 

existence  of  integral  of,  199. 
Dirichlet's  problem  for  region  which  in 
cludes  so ,  397 ; 
generalized  form  of,  391 ; 
Harnack's  treatment  of,  411  et  seq., 
and  completion  of  Harnack's  solu 
tion,  414; 
Schwarz's  alternating  process  applied 

to,  403 ; 
solution  of  for  simple  region  bounded 

by  analytic  lines,  406; 
statement  of,  376 ; 
uniqueness  of  solution  of,  382. 
Discontinuities  of  functions  of  one  real 

variable,  49,  55; 

of  functions  of  two  real  variables,  61. 
Discrete  mass  of  points,  50. 
Discriminant,  geometric  aspect  of,  272 ; 

Kronecker's  theory  of,  262. 
Divisors   of  discriminant,  essential  and 

unessential,  267. 
Domain,  defined,  85. 

Double  theta-functions,  addition  of  peri 
ods  and  half-periods  to  arguments 
of,  350 ; 

differential  equations  satisfied  by,  343 ; 
discussion  of  convergence  of  series  for, 

341; 

marks  of,  343 ; 
moduli  of,  343 ; 
periods  of,  347 ; 
product  theorems  of,  368 ; 
quasi-periods  of,  348 ; 
relations  of  four  squares  of,  365 ; 
relations  of  five  squares  of,  367 ; 
relations  which  define,  348; 
series  for,  341 ; 

with  zero  arguments,  relations  of,  366 ; 
zeros  of,  354. 
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Double  theta-functions  on  Riemann  sur 
face,  476 ; 

expressed  in  terms  of  configuration, 
when  even,  477;  when  odd,  479; 

how  associated  with  branch-points,477. 

Element  in  No'ther's  theory  of  multiple 

points,  131 ; 
of  a  mark,  343; 
of  an  analytic  function,  105 ; 
resolution  of  K— ,  131. 
Elliptic  configuration,  331  ; 

expression  of  elliptic  function  in  terms 

of,  338; 

members  of,  can  be  expressed  ration 
ally  in  terms  of  pw  and  p'u,  331. 
Elliptic  functions,  283; 

connexion  between  two,  291 ; 
connexion  of  an  elliptic  function  with 

its  derivative,  292 ; 

construction  of  the  fundamental,  284 ; 
definition  of,  283  ; 
expressed  by  means  of  <m,  310; 
order  of,  289 ; 
ratio  of  periods  of,  must  be  complex, 

279; 

Weierstrass's  treatment  of,  306. 
Elliptic  integral,  three  kinds  of,  328  et  seq.; 
is  integral  of  elliptic  function,  332 ; 
three  kinds  of,  332. 
Equation  with  three  terms,  Weierstrass's, 

312. 

Equianharmonic  ratio,  23. 
Equivalent,  see  coresidual ; 
paths,  455; 

systems  of  points,  329. 
Essential  singularity,  112,  183 ; 

nature  of  one-valued  function  near,193. 
Existence  theorem   for  general  Abelian 

integral,  485 ; 
Schwarz's.  for  harmonic  function  in 

circular  region,  384; 
theorems  for  Riemann  surface,  481  et 
seq. 

Factor-theorem,  Weierstrass's  statement 

of,  186  ; 
proof  of,  189 ; 
example  of,  192. 

Formation,  algebraic,  see  algebraic  con 
figuration. 

Fourier's  theorem,  52,  277. 
Function,  Abelian,  280,  472; 
algebraic,  9 ; 

analytic,  definition  of,  105;  element 
of,  106;    Weierstrass's  theory  of, 
101  et  seq.; 
when  regular,  111 ; 
continuous,  54,  60; 


Function  (continued). 

continuous,  without  differential  quo 
tient,  58; 
differential    equations    for    real    and 

imaginary  parts  of,  12,  374  : 
everywhere  holomorphic  is  constant 

174; 

exponential,  120; 
history  of  word,  51 ; 
integral  algebraic,  of  a  surface,  263 ; 
integral  rational,  9; 
limit  of,  53,  54 ; 
7n-placed,  245; 

n-valued,  8;  when  algebraic,  195; 
of  one  variable,  one-valued  and  triply 

periodic,  cannot  exist,  280; 
of  two  variables,  61 ;  continuity  of,  61 ; 

rational,  9; 

one- valued,    when    expressible    as    a 
quotient  of  transcendental  integral 
functions,  185; 
Riemann's  discussion  of,  by  means  of 

potentials,  375 ; 
theory  of,   from    the    stand-point  of 

Differential  Equations,  391 ; 
theta-,  Jacobi's,  326 ; 
transcendental  integral,  185; 
upper  and  lower  limits  of,  54; 
when  infinite,  55 ; 
when  integrable,  49; 
when  holomorphic,  161 ; 
when  meromorphic,  161 ; 
when  monogenic,  13; 
when  transcendental,  112;  when  tran 
scendental  integral,  112 ; 
pw,  addition  theorem  of,  298;  invari 
ants  of,  296;  expressed  by  means 
of  elliptic  configuration ;  Riemann 
surface  of  deficiency  one-mapped  by 
means  of,  333;  theory  of, -295  et  seq. 
<rii,  g-series  for,  325;    theory  of,  305 

et  seq.; 
<7A?/,  ^-series  for,  325 ;  theory  of,  £08 

et  seq.; 

£u,    elliptic    function     expressed    by 

means  of,  304 ;  theory  of,  302  et  seq.; 

<t>,  definition  of,  436  ;  number  of  zeros 

of,  437. 
Fundamental  theorem  of  Algebra,  10. 

Geometric  mean  of  71  points,  7. 
Gopel,  biquadratic  relation  of,  370 ; 

tetrads,  definition  of,  354. 
Graphic  representation,  of  equation,  re 
quires  two  planes,  10. 
Green's  function  and  the  (/-function,  408; 

connexion    of,    with   conform    repre 
sentation,  413;  theorems  on,  409. 
Green's  theorem,  380; 

application  of,  432. 
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Handles,  Klein's  sphere  with,  236. 
Harmonic  function  defined,  377  ; 

continuation  of,  399 ; 

properties  of,  382  et  seq. 
Harmonic  mean  of  n  points,  7. 
Haraaek's  theorems  on  series  of  harmonic 

functions,  400. 
Hessian  of  binary  form,  28; 

of  cubic,  33 ; 

of  quartic,  33,  301. 
Holomorphic  function,  161. 
Hyperelliptic  case,  438; 

integral,  259,  328. 

Index  of  a  system  of  surfaces,  228 ; 

of  Riemann   surface,   232;    and  con 
nexion  with  deficiency,  233. 
Infinity  of  algebraic  function,  127; 

of  Abelian  integral,  428  et  seq, 
Integral,  Abelian,  249; 

effect  produced  on,   by  passage  over 

cross-cut,  254 ; 

when  independent  of  path,  249. 
curvilinear,  1(11 ; 
elliptic,  328  et  seq ; 
hyperelliptic,  328 ; 
of    many- valued    function,    Cauchy's 

treatment  of,  170 ; 

series,    Cauchy's    theorem   on  coeffi 
cients  of,  106  ;  quotient  of,  115  ;  re 
version  of,  116 ;  sums  of,  113. 
Integration  on  Riemann  surface,  245; 
simple  examples  of,  25f>  et  seq; 
on  the  normal  surface,  255 ; 
round  dissected  Riemann  surface,  430 ; 
nse  of  cross-cut  in,  246. 
Interchange  of  limits  and  parameters  in 
Abelian    integral    of    third    kind, 
445. 

Invariant  of  quartic,  34,  35. 
Inversion,  18,  29. 
Inversion  of  elliptic  integral,  203 ; 

of  hyperelliptic  integral,  203. 
Inversion  Problem,  Jacobi's,  470  et  seq  ; 
solution  of,  471 ; 
statement  of,  471. 
Involution,  19. 
Involutions  determined  by  four  points, 

30. 
Isogonality,  14. 

Jacobi's  elliptic  functions,  309. 
Jacobian  of  binary  form,  28 ; 

of  cubic,  26 ; 

of  quartic,  32,  301 ;  zeros  of,  302. 

Kronecker's  theory  of  the  discriminant, 

262; 

extended    to    non-integral    algebraic 
function,  271. 


Kummer's  surface,    in    connexion    with 

double  theta-functions,  372 ; 
the  co-ordinates  of  nodes  of,  372. 

Lacunary  spaces,  119. 

Laplace's  equation,  13,  375. 

Laurent's  theorem,  175. 

Legendre's  bilinear  relation  of  periods  of 

elliptic  function,  319. 
Like-branched  functions,  form  a  system, 

245. 

Limacon,  15. 

Limit  of  a  sequence,  42,  44. 
Linear  mass  of  points,  50. 
Liouville's  theory  of  double  periodicity, 

287  et  seq. 
Logarithm,  121; 

chief  branch  of,  122 ; 
defined  by  integral,  256. 
Logarithmic  singularity,  nature  of,  185, 256. 
Loops,  deformation  of,  154 ; 
on  Riemann  surface,  212  ; 
theorems  of  Luroth  and  Clebsch  on,  155 

et  seq. ; 

theory  of,  151. 
Lower  limit,  48. 

Many-valued  functions,  examples  of,  36 

to  39. 

Marks,  theory  of,  344. 
Means,  arithmetic,  geometric,  7 ; 

harmonic,  8. 
Meromorphic  function,  161; 

consists  of  fractional  part  and  holo- 

morphic  part,  180 ; 

determined  by  zeros  and  infinities,  181. 
Minimal  basis,  definition  of,  265. 
Mittag-Leflier's   theorem,  statement  of, 

187; 

example  of,  192 ; 
proof  of,  188. 
Mobius's  theorem,  20. 
Monogenic  function,  13. 
Multiple  factors  in  lowest  terms  of  an 

algebraic  equation,  139. 
Multiplication  of  argument  of  pw,  315; 
<ru,  315. 

Neighbourhood,  50,  85. 
Non-uniform  convergence,  70. 
Normal  curve,  451. 

Normal  Abelian  integrals  of  first  kind, 
linear  independence  of,  435; 

of  second  kind,  439;  periods  of,  440; 

of  third  kind,  443;  periods  of,  444. 
Normal  surface,  236 ; 

dissection  of,  237. 
Numbers,  limiting,  48 ; 

real,  definition  of,  46 ; 

irrational,  42 ;  definition  of,  45. 
Number-system,  41. 
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Operations,  fundamental  and  secondary, 

61. 
Oscillation,  49. 

Painleve,  theorems  by,   on  rim  values, 

377. 
Parallelogram,  Newton's,  147; 

examples  on,  150. 

Parameters  of  a  theta-f unction,  334. 
Path,  deformation  of,  152. 
Period  of  Abeliau  integral,  introduction 

of,  254. 

Periods  of  elliptic  function,  change  from 

one  primitive  pair  to  another,  282 ; 

and  invariants  of,  relations  between, 

321  to  324 ; 
primitive,  277; 
primitive  pairs  of,  281 ; 
round  branch-cut  compared  with  peri 
ods  across  branch-cut,  255. 
Periodicity,  lemmas  on,  278; 
moduli  of,  see  period  ; 
single,  277;  double,  278;  multiple,  280, 

472. 

Place,  denned,  205. 
Pliicker's  equations,  233. 
Point  » ,  18. 
Points  and  numbers,  correspondence  of, 

1,  41,  46. 

Points,  derived  mass  of,  50. 
discrete  mass  of,  49 ; 
distribution  of,  50 ; 
linear  mass  of,  50. 
Poissoifs  integral,  388; 

Paraf 's  proof  of  convergence  for  series 

in  connexion  with,  388. 
Polars  of  a  point  with  regard  to  a  cubic, 
28; 

with  regard  to  a  binary  form,  27. 
Pole,  definition  of,  112 ; 

order  of,  112. 
Potentials,  juxtaposition  of,  483; 

of  first  kind,  on  Riemann  surface,  481 ; 

linear  independence  of,  484 ; 
of  second  kind,  481 ;  existence  of  one- 
valued  elementary ; 
of  third  kind,  482; 

Schwarz's  upper  limit  of  oscillation  of, 
in  case  of  circle,  421;   Neumann's 
closer  limit,  424; 
superposition  of,  483 ; 
theorems  on,  382;  j 

upper  limits  of,  along  paths  in  region, 

404: 

with  discontinuities,  theorems  on,  424. 
Power,  complex,  126. 
Prepared  equation,  154. 
Primitive  pair  of  periods,  281;    period, 

277. 
Principal  value  of  an  integral,  196. 


Product,  doubly  infinite,  85 ; 

singly  infinite,  77  et  seq.;  expression 

of  <ru  as,  317 ;  expression  of  <r ,  u  as, 

321. 
Product  theorems  for  double  theta-func- 

tions,  368. 
Punctured  Riemann  surface,  229. 

Quadrangle,    harmonic,    23; 

equianharmonic,  25. 
Quasi-inversion,  see  inversion. 

Radius  of  convergence,  88. 
Rational  function,  9. 
Reduced  mark,  345. 

Residues  of  integral  of  one- valued  func 
tion,  181; 

of  Abelian  integral,  253 ; 

sum  of,  when  zero,  182,  430. 
Retrosection,  231. 

Riemann,  lower  limits  of  Abelian  inte 
grals  selected  by,  460; 

treatment  of  functions  by,  peculiari 
ties  of,  427. 
Riemann-Roch  theorem,  441 ; 

application  of,  450. 
Riemann  sphere,  208. 
Riemann  surface,  algebraic  functions  on, 
243; 

canonical  dissection  of,  234 ; 

examples  of,  213 ; 

for  algebraic  function,  construction 
of  211 ; 

functions  one- valued  on,  227 ; 

integration  on,  245 ; 

Klein's  new  kind  of,  274; 

loops  on,  212. 
Riemann 's  theta-f  ormula,  335; 

deductions  from,  357  et  seq.; 

Prym's  extension  of,  356. 
Rosenhain  hexads,  definition  of,  353. 

when  pentagonal,  353 ; 

when  triangular,  353. 

Semi-convergence,  64. 
Sequence,  42 ; 

regular,  42. 

Series  derived  from  P(z),  when  derived 
directly,  101;  when  derived  in 
directly,  102 ; 

integral,  85  et  seq.;  defines  continuous 
function,  90:  in  one  variable,  86; 
in  7i  variables,  87;  in  1/z,  107;- 
product  of,  100 ; 

double  complex,  absolute  convergence 
of,  76,  77 ; 

double  real,  75 ; 

integration  of,  176 ; 

multiple,  72 : 

with  real  terms,  63  et  seq. 
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Sigma  functions,  double,  481. 
Singularities  of  algebraic  functions,  ex 
amples  on  resolution  of,  145. 
Singularity  of  algebraic  curve,  resolution  j 

of,  133. 

Singular  line,  119. 
Singular  points,  definition  of,  106 ; 

of  analytic    function,   discussion    of, 

108. 

Special  algebraic  functions,  defined,  441 ; 
expressed  by  means  of  theta-f  unctions, 

467. 

Sphere,  representation  on,  18; 
of  cubic,  29 ; 
of  quartic,  35. 
Stroke,  3  ; 

elementary  operations  with,  5,  6. 
Surface,  unilateral,  Mobius's  example  of, 

227. 
when  simply,  doubly,  etc.,  connected, 

228. 

Symbols,  equality  and  inequality  of  num 
ber-. 
Symmedian  point,  25,  29. 


Taylor's  theorem,  Cauchy's  extension  of 
91,  173; 

for  two  variables,  178. 
Theta-f  unctions,  p-tuple,  372 ; 

when  even  or  odd,  373. 


Theta-function  on  Riemann  surface,  arbi 
trary  constants  in,  expressed  as 
half-periods,  468; 

differences  of  notation  of,  460 ; 

has  p  zeros,  459 ; 

identical  vanishing  of,  466,  469 ; 

relations  between  zeros  of,  461. 
Transcendental  function,  112; 

integral  function,  112. 
Transformation,  bilinear,  19; 

birational,  260; 

Cremona,  134  ; 

orthomorphic,  14 ; 
Turn-point,  defined,  214. 

Undetermined   coefficients,  theorem    of, 

for  one  variable,  92 ; 
for  n  variables,  94. 
Upper  limit,  48. 

Variable,  continuity  of,  48  ; 
upper  and  lower  limit  of,  48. 

Weierstrass's  theorem,  preliminary  to 
study  of  functions  of  n  variables, 
94; 

theory  of  the  analytic  function,  101 
et  seq.; 

theory  of  elliptic  functions,  295  et  seq. 

Zero,  definition  of,  93  ; 
order  of,  179. 
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Abbildung,  conforme,  conform  represen 
tation. 

Abweichung,  amplitude. 

Absolute  value,  module,  absoluter  Be 
tray,  p.  2. 

Absoluter  Betrag,  absolute  value. 

Algebraic  configuration  (or  formation), 
algebraisches  Gebilde,  p.  328. 

Algebraischcs  Gebilde,  algebraic  config 
uration. 

Amplitude,  argument,  Abieeichung,  p.  2. 

Analysis  Situs,  topology,  geometry  of  sit 
uation  (H.  J.  S.  Smith),  geometry 
of  position  (Clerk  Maxwell),  p.  232. 

Argument,  amplitude. 

Ausserv:esentlicher  singularer  Punkt, 
non-essential  singularity,  pole. 

Bank  (of  a  cross-cut),  Ufer. 

Barrier,  coupure  (Hermite) ;  see  cross 
cut. 

Bereich,  region. 

Betrag,  absoluter,  absolute  value. 

Bilinear  transformation,  Kreisvem.-and- 
schaft. 

Birational  transformation,  correspon 
dence,  transformation  birationelle, 
correspondance  uniforme  ou  bi 
rationelle,  eindeutige  Transforma 
tion. 

Branch,  Ziceig. 

Branch-cut,  cross-line  (Clifford),  Verzwei- 
gungschnitt. 

Branch-place,  Verziceigungsstelle.  See 
branch-point. 

Branch-point,  spire,  spiral  point  (Smith), 
point  singulier  d'embranchement, 
point  de  ramification,  Verzwei- 
gungsp u nkt,  Win du ngspu nkt. 

Characteristic,  mark. 

Circuit,  used  by  Briot  and  Bouquet  in  the 
sense  of  a  closed  path  which  en 
closes  all  the  loops  drawn  from 
some  point  to  the  branch-points, 
vollstandiger  Umgang. 


Class-moduli,  Ifoduln  einer  Klasse  (Rie- 
mann),  p.  441. 

Conform  representation,  orthomorphic 
transformation,  representation  con- 
forme,  conforme  Abbildung,  p.  14. 

Connexion,  Zusammenhang. 

Continuation,  extension  analytique,  Fort- 
setzung. 

Contour  elementaire  (Puiseux),  loop. 

Convergenz  in  gleichem  Grade,  uniform 
convergence. 

Correspondance  uniforme,  birational  cor 
respondence. 

Coupure  (Hermite),  cross-cut,  barrier. 

Critical  points,  p.  12,  p.  127. 

Cross-cut,  section  (sometimes  coupure}, 
Querschnitt. 

Deficiency,  rank,  genus  (H.  J.  S.  Smith), 
Geschlecht,  Rang. 

Delimited,  vollstundig  begranzt. 

Discontinuitiit  erster  Gattung,  non-essen 
tial  singularity,  pole,  infinity. 

Domain,  domaine,  Umgebung.  Some 
times  used  in  other  senses. 

Doppelflache ,  unilateral  surface. 

Einandrig,  one-valued  (not  in  common 
use). 

Eindeutig,  one-valued. 

Eindeutige  Transformation,  birational 
transformation. 

Einfach  zusammenhdngend,  simply  con 
nected. 

Equivalent  paths,  simultane  Bahnen  der 
Nwecntpvnkte  (Neumann). 

Essential  singularity,  point  singulier 
essentiel,  icesentlicher  singularer 
Punkt. 

Extension  analytique,  continuation. 

Facteur  primaire,  primary  factor. 
Fonction  entiere,  holomorphic  function, 

integral  function. 
fractionnaire,  meromorphic  function, 

fractional  function. 
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Fonction  {continued}. 

holomorphe,  holomorphic  function. 

meromorphe,  meromorphic  function. 

monogene,  function,  mouogenic  func 
tion. 

synectique,  holomorphic  function. 
Fortsetzung,  continuation. 
FiiHctionenpaar,  p.  141. 

Ganze  algebraische  Function,  integral 
algebraic  function. 

Ganze  eindeutige  Function,  or  ganze 
Function,  holomorphic  throughout 
finite  part  of  plane. 

Gebiet,  region. 

Genre,  deficiency.  Used  by  Laguerre  in 
another  sense,  p.  187. 

Geometry  of  situation,  see  Analysis  Situs. 

Geschlecht,  deficiency. 

Gleichmdssig  convergent,  uniformly  con 
vergent. 

Gleichverzweigt,  like-branched. 

Grenzpunkte,  limiting  points. 

Grundzahl,  index. 

Harmonic  function,  harmonisch.  The 
term  is  used  in  a  special  sense  in 
the  chapter  on  Dirichlet's  problem, 
p.  377. 

Holomorphic  function,  fonction  holomor 
phe,  entiere  (Halphen),  synectique 
(Cauchy),  ganze  eindeutige  Func 
tion,  ganze  Function,  (holomorphic 
throughout  finite  part  of  plane,  p. 
161). 

Index  of  a  surface  (or  system  of  sur 
faces),  order  of  connexion  (for  a 
single  surface),  ordre  adelphique 
(Laurent),  Grundzahl. 

Infinitely  slow  (convergence),  unendlich 
verzogerte. 

Infinity,  injini,  (Jnstetigkeitspunkt.  See 
non-essential  singularity. 

Integral  algebraic  function  of  a  Riemann 
surface  (p.  263),  ganze  algebraische 
Function. 

Integral  function,  whether  rational  (p.  9) 
or  transcendental  (p.  112) ,  fonction 
entiere,  ganze  Function. 

Integral  series,  power-series,  serie  entiere, 
serie  de  puissances,  Potenzreihe. 

Isogonal  transformation,  isogonale  Ver- 
wandtschaft. 

Kreisverwandtschaft,  bilinear  transfor 
mation. 
Kreuzungspunkt,  turn-point. 

Lacet,  loop. 


Like-branched,  gleichverzweigt,  p.  245. 

Limiting  points,  Grenzpunkte. 

Loop,  lacet,  contour  elementaire(Pmse\ix), 

tichleife. 

Many-placed,  mehnverthig. 
Many-valued,    multiforme,   plurivoque, 

poly  trope,  mehrdeutig,  sometimes 

mehrwerthig, 
Mark,  Characteristik. 
Mass  of  points,  masse,  Punktmenge. 
Mehrdeutig,  many-valued. 
Mehrfach    zusammenhdngend,  multiple 

connected. 
Mehnverthig,    many-placed    (sometimes 

many- valued) . 

Meromorphic  function,  Fonction  mero 
morphe,  Fonction  fractionnaire 

(Halphen). 

Module,  absolute  value. 
Moduln  einer  Klasse,  class-moduli. 
Moduli  of  a  theta-f  unction,  Theta-moduln, 

p.  343. 

Monadelphe,  simply  connected. 
Monodrome,  one-valued. 
Monogenic  function,  function,  fonction 

monogene,  monogene  Function. 
Monotrope,  one-valued. 
Multiforme,  many-valued. 
Multiply    connected     (region),    aire    a 

multiple    connection,  polyadelphe, 

mehrfach  zusammenhdngend. 

Nahe,  neighbourhood. 

Neighbourhood,  voisinage,  Nahe. 

Non-essential  singularity,  pole,  ausser- 
wesentlicher  singuldrer  Punkt, 
Discontinuity  erster  Gattung,  Pol. 

One-valued,  uniforms,  univoque,  mono- 
drome,  monotrope,  eindeutig,  ein- 
iverthig,  eindndrig. 

Order  of  connexion,  see  index. 

Ordre  adelphique,  index. 

Orthomorphic  transformation  (Cayley), 
see  conform  representation. 

Place,  Stelle. 

Point  de  ramification,  branch-point ; 
singulier  d'embranchement,   branch 
point  ; 

singulier  essentiel,  essential  singular 
ity. 

Pole,  see  non-essential  singularity. 
Polyadelphe,  multiply  connected. 
Polytrope,  many-valued. 
Potenzreihe,  integral  series. 
Poioer-series,  integral  series. 
Primary  factor,  facteur  primaire,  Prim- 
factor,  p.  190. 


GLOSSARY. 


503 


Prim-factor,  primary  factor. 
Punktmenye,  mass  of  points. 

Querschnitt,  cross-cut. 

Ramification,  point  de,  branch-point. 
Rang,  deficiency. 
Region,  Bereich,  Gebiet; 

of  continuity,  Stetigkeitsbereich. 
Regular  sequence,  reguldre  Folge. 
Retrosection,     retrosection,      Riickkehr- 

schnitt. 
Riickkehrschnitt,  retrosectiou. 

Schleife,  loop. 

Section,  cross-cut. 

Serie  de  puissances,  integral  series; 

entiere,  integral  series. 
Simply    connected     (region),     (aire)     a 

simple  connexion,  monadelphe,  ein- 

fach  zusammcnhangend. 
Simultane  Bahnen   der   Niveaupunkte, 

equivalent  paths. 
Spire,  see  branch-point. 
Stelle.  place. 
Strecke,  stroke. 
Stroke,  strecke. 
Synectique,  holomorphic. 

Tied,  verknupft,  p.  441. 

Transcendental  integral  function,   tran- 

scendente  ganze  function,  p.  112. 
Turn-point,  Kreuzungspunkt. 

!'/>  /-.  bank  (of  a  cross-cut). 

Ultraelliptic functions,  hyperelliptic  func 
tions  in  the  case  p  =  2.  This  term 
is  falling  into  disuse. 

Umgang,  circuit. 


Umgebung,  domain. 

Unbedingt  convergent,  unconditionally 
convergent. 

Unconditionally  convergent,  unbedingt 
convergent. 

Unendlich  verzogerte  (Convergeuz),  infi 
nitely  slow  (convergence) . 

Un (ferine,  one- valued. 

Uniform  (convergence) ,  gleichmdssig,  in 
gleichem  Grade. 

Unilateral  surface,  one-sided,  Doppel- 
fldche. 

Vnstetigkeitspunkt,  discontinuity,  often 
infinity. 

Verknupft,  tied. 

Verzweigungschnitt,  branch-cut. 
Verziceiyunyspunkt,  branch-point. 
Voisinage,  neighbourhood. 
Vollstdndig  begrdnzt,  delimited. 

Werthigkeit,  number  of  times  that  a  func 
tion  takes  any  assigned-value. 
[An  /??-placed  function  has  'Werthig- 
keit'  m.] 

Wesentlicher  singuldrer  Punkt,  essential 
singularity. 

Wesentliche  singuldre  Stelle,  essential 
singularity. 

Windungsflache,  \vinding-surface ;  ex 
ample  on  p.  207. 

Windungxpunkt,  branch-point. 

Zusammenhang ,  connexion. 
Zusammenhdngend,  einfach,  simply  con 
nected. 

•mehrfach,  multiply  connected. 
Ziceig,  branch. 
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